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PREFACE TO THE FOURTH IMPRESSION 



T he present impression is substantially a repnnt of the original 
work. Since the book was first published a few errors have 
been corrected, and one or two paragraphs rewritten. Among the 
friends and correspondents who kindly drew my attention to 
desirable changes were Mr A S. Ramsey of Magdalene College, 
Cambridge, who suggested the revision of § 5, and the late R J. A 
Barnard of Melbourne University, whose influence was partly 
responsible for my initial interest in the subject. 

The demand for the book, since its first appearance twenty years 
ago, has justified the writer’s belief in the need for such a vectorial 
treatment. By the use of vector methods the presentation of the 
subject is both simplified and condensed, and students are 
encouraged to reason geometrically rather than analytically. At a 
later stage some of these students will proceed to the study of 
multidimensional differential geometry and the tensor calculus. 
It is highly desirable that the study of the geometry of Euclidean 
3-space should thus come first, and this can be undertaken with 
most students at an earlier stage by vector methods than by the 
Ricci calculus. A student’s appreciation of the more general case 
will undoubtedly be enhanced by an earlier acquaintance with 
differential geometry of three dimensions 

The more elementary parts of the subject are discussed in 
Chapters I-XI. The remainder of the book is devoted to differ- 
ential invariants for a surface and their applications. It will be 
apparent to the reader that these constitute a powerful weapon for 
analysing the geometrical properties of surfaces, and of systems of 
curves on a surface. The unit vector, n, normal to a surface at the 
current point, plays a promment part in this discussion The first 
curvature of the surface is the negative of the divergence of n; 
while the second curvature is expressible simply in terms of the 
divergence and the Laplacian of n with respect to the surface. 
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VI PREFACE 

Extensive applications of these invariants to the geometry of 
surfaces are given in the second volume of this book. Applications 
to physical problems connected with curved surfaces have been 
given elsewhere* by the author. 

* 1. On differential invariants in geometry of surfaces, with some applications to 
mathematical physics Quarterly Journal of Mathematics, Vol 50, pp. 280-60 
(Cambridge, 1925). 

2 On small deformation of surfaces and of thin elastic shells. Ibid., Yol. 50, 
pp. 272-96 (1925). 

8. On the motion of an extensible membrane m a given ourved surface. Phil 
Mag , Yol 23, pp 578-80 (1087). 

4 On transverse vibrations of curved membranes. Phil Mag , Yol 28, pp 632— 
84 (1989). 

C E. W. 

University ofWA, 

Perth, 

Western Australia, 

22 January, 1947. 
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INTRODUCTION 



VECTOR NOTATION AND FORMULAE 

SlNOE elementary vector methods are freely employed throughout 
this book, some space may be given at the outset to an explana- 
tion of the notation used and the formulae required*. Vectors are 
denoted by Clarendon symbols f. The position vector r, of a point 
P relative to the origin 0, is the vector whose magnitude is the 
length OP, and whose direction is from 0 to P. If ac, y, z are the 
coordinates of P relative to rectangular axes through 0, it is 
frequently convement to write 

r = (cc, y, z ), 

bo, y, z being the resolved parts of r in the directions of the co- 
ordinate axes. The point, whose position vector is r, is referred to 
as “ the point r.” If n is a unit vector, that is to say a vector of 
unit length, and if 

n = (l, 771, w), 

then l, 7?i, n are the direction cosines of n. The module or modulus 
of a vector is the positive number which is the measure of its 
length. 

The law of vector addition is a matter of common knowledge. 
If three points 0, P, Q are such that the vectors OP and PQ are 
equal respectively to a and b, the vector OQ is called the sum of a 
and b, and is denoted by a + b. The negative of the vector b is a 
vector with the same modulus but the opposite direction. It is 
denoted by — b. The difference of two vectors a and b is the sum 
of a and — b. We write it 

a-b = a + (-b). 

* For proofs of the various formulae the reader is referred to the author’s 
Elementary Vector Analysts (G. Bell Ss Sons), of whioh Arts 1 — 8, 12, 15 — 17, 
28—20, 42 — 46, 49—51, 55 — 57 would constitute a helpful oompanion oourse of 
reading (References are to the old edition ) 
t In MS. work Greek letters and script capitals will be foand convement. 

W. 1 
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The commutative and associative laws hold for the addition of any 
number of vectors. Also the general laws of association and dis- ij 
tribution for scalar multipliers hold as in ordinary algebra. Thus j 
if p and q are scalar multipliers, J 

p(qr)=pqr = q(pr), \ 

(p + q)r=pr + qr, ( 

p (r + s) =pr +pa. [ 

If r is the position vector of any point on the straight line t 
through the point a parallel to the vector b, then , 

r = a + <b, ! 

where t is a number, positive or negative. This equation is called ‘ 
the vector equation of the straight line. I 



Products of Vectors 

Ifa,b are two vectors whose moduli are a, b and whose direc- 
tions are inclined at an angle 6 , the scalar product of the vectors 
is the number ab cos 6. It is written a «b Thus 
a • b = ab cos 6 = b • a. 

Hence the necessary and sufficient condition that two vectors be 
perpendicular is that their scalar product vanish 

If 1 the two factors of a scalar product are equal, the product is t 
called the square of either factor. Thus a • a is the square of a, r 
and is wntten a 3 . Hence 

a® = a • a = a?, 

so that the square of a vector is equal to the square of its modulus. 

If a and b are unit vectors, then a»b = cos 9 Also the resolved 
part of any vector r, in the direction of the unit vector a, is equal 

to r«a. 

The distributive lam holds* for scalar products. Thus 
a«(b + c + ...) = a«b + a«c+ ..., 
and so on. Hence, in particular, 

(a + b) 1 = a a + 2a «b -f b s , 

(a + b) • (a - b) = a s - b*. 

* JElem. Vect. Anal., Art. 28. j 
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Also, if we write a = (o^ Og, a a ), 

b = (fin b a , l>t), 

the coordinate axes being rectangular, we have 
a«b = aj^ + Oa&a + Os&s 
and a a = af + af + a s s 

The last two formulae are of constant application. 

The unit vector n perpendicular to a given plane is called its 
wnit normal If r is any point on the plane, r*n is the projection 
of r on the normal, and is therefore equal to the perpendicular p 
from the origin to the plane The equation 
r»n =p 

is therefore one form of the equation of the plane. If a is any other 
point on the plane, then a»n =p, and therefore 
(r — a)«n =0. 

This is another form of the equation of the plane, putting m 
evidence the fact that the line joining two points r and a m the 
plane is perpendicular to the normal. 

The positive sense for a rotation about a vector is that which 
bears to the direction of the vector the same relation that the 
sense of the rotation of a right-handed sorew bears to the direction 
of its translation. This convention of the right-handed screw plays 
an important part in the following pages 

Let OA , OB be two intersecting straight lines whose directions 

Na 



axb 




Fig. A. 



are those of the two vectors a, b, and let ON be normal to the 
plane OAB By choosing one direction along this normal as posi- 
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tive we fix the sense of the rotation about ON which must he 
regarded as positive. Let 0 be the angle of rotation from OA to 
OB in this positive sense Then if a, b are the moduli of a, b the 
vector product of a and b is the vector ah sin 6n, where n is the 
unit vector in the positive direction along the normal. This is 
denoted by a x b, and is often called the cross product of a and b 
Thus 

a x b = ab sin 0n. 

It should be noticed that the result is independent of the choice 
of positive direction along the normal For, if the opposite direc- 
tion is taken as positive, the direction of n is reversed, and at the 
same time 6 is replaced by — 6 or 2tt — 6, so that ab sin 0n remains 
unaltered. Hence the vector product a x b is a definite vector. 

It is important, however, to notice that b x a is the negative of 
a x b For, with the above notation, the angle of rotation from 
OB to OA in the positive sense is 2ir — 8, so that 
b x a = ab sin (2tt — 0) n == — a x b. 

Thus the order of the factors in a cross product cannot be changed 
without altering the sign of the product. 

If a and b are parallel, sin 0 = 0, and the cross product vanishes. 
Hence the necessary and sufficient condition for parallelism of two 
vectors is that their cross product vanish. 

A right-handed system of mutually perpendicular unit vectors t, 
n, b (Fig. 8, Art. 3) is such that 

t = nxb, n = bxt, b = txn, 
the cyclic order of the factors being preserved throughout. We 
shall always choose a right-handed system of rectangular coordinate 
axes, so that unit vectors m the directions OX, 0Y, OZ satisfy the 
above relations. 

The distributive law holds* also for vector products; but the 
order of the factors in any term must not be altered. Thus 
ax(b + c + ...) = axb + axc + ... 

and (b + c + ...)xa = bxa + cxa+.... 

And if we write a = ( a ^ a *, Og), 



Mem. Vect. Anal, Art. 28. 
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then, in virtue of the distributive law, and the fact that the co- 
ordinate axes form a right-handed system, we have 
a x b = (djfej U363, — ch.bs) cti&j 

This formula should be careful !y remembered. 

If a vector d is localised m a line through the point whose 
position vector is r relative to 0 , the moment of d about 0 is the 
vector r x d. Thus the moment of a vector about a point is a 
vector, sometimes called its “ vector moment.” It will, however, be 
seen shortly that the moment of d about an axis is a scalar 
quantity. 

The scalar triple product a«b x c is the scalar product of a 
and b x c Except as to sign it is numerically equal to the volume of 
the parallelepiped whose edges are determined by the three vectors*. 
Its value is unaltered by interchanging the dot and the cross, or by 
altering the order of the factors, provided the same cyclic order is 
maintained Thus 

a«bxc = axb»c = cxa«b, 

and so on. The product is generally denoted by 
[a, b, c], 

a notation which indicates the three vectors involved as well as 
their cyclic order If the cyclic order of the factors is altered, the 
sign of the product is changed Thus 

[a, c, b] = — [a, b, c] 

In terms of the resolved parts of the three vectors, the scalar triple 
product is given by the determinant 

[a, b c] = eh Ob Oj, . 
b\ &a 
Cj Ca C 3 

It is also clear that, if the three vectors a, b, c are coplanar, 
[a, b, c] = 0, and conversely. Thus the necessary and sufficient 
condition that three vectors be coplanar is that their scalar triple 
product vanish. 

If one of the factors consists of a sum of vectors, the product 
may be expanded according to the distributive law. Thus 
[a, b, c + d] = [a, b, c] + [a, b, d], 
and similarly if two or all of the factors consist of vector sums. 

# Elem. Vect. Anal , Art. 48. 
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The vector triple product a x (b x c) is the vector product of 
a and b x c. It is a vector parallel to the plane of b and c, and 
its value is given by* 

ax(bxc) = a*cb- a • b c. 

Similarly (bxc)xa=b*ac-c»ab. 

Both of these expansions are written down by the same rule Each 
scalar product in the expansion contains the factor outside the 
brackets, and the first is the scalar product of the extremes. 

The scalar product of four vectors, (a x b) • (c x d), is the 
scalar product of a x b and c x d. It may be expanded f as 
(axb)»(cxd) = a*cb»d-a«db«c. 

The vector product of four vectors, (a x b) x (c x d), may be 
expanded in terms either of a and b or of c and d ThusJ 
(a x b) x (c x d) = [a, c, d] b - [b, c, d] a 
= [a, b, d] c — [a, b, c] d. 

On equating these two expressions for the product we see that any 
vector d is expressible m terms of any three non-coplanar vectors 
a, b, o by the formula 

[a, b, c] d = [d, b, c] a + [d, c, a] b + [d, a, b] c. 

If a vector d is localised in a line through the point r, its moment 
about an axis through the origin 0, parallel to the umt vector a, 
is the resolved part in this direction of its vector moment about 0. 
It is therefore equal to 

M = a • r x d = [a, r, d]. 

Thus the moment of a vector about an axis is a scalar quantity. 
The mutual moment of the two straight lines 
r = a +fb, 
r = a' + tb', 

with the positive senses of the unit vectors b and b' respectively, 
is the moment about either line of the unit vector localised in the 
other. Thus, bemg the moment about the second line of the umt 
vector b localised m the first, it is given by 
Jf=b'*(a-a')xb 
= [a — a', b, b']. 

The condition of intersection of two straight lines is therefore 
[a-a', b, b'] = 0 

• EUm. Vent. Anal., Art. 44. + Ibid., Art 45. 



t Ibid., Art. 46. 
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This is also obvious from the fact that the two given lines are then 
coplanar with the line joining the points a, a', so that the vectors 
b, b', a — a' are coplanar 



Differentiation of Vectors 



Let the vector r be a function of the scalar variable s, and let Sr 
be the increment in the vector corresponding to the increment Ss 
m the scalar. In general the direction of Sr is different from that 
of r. The limiting value of the vector Sr/Ss, as Ss tends to zero, is 
called the derivative of r with respect to s and is written 

fa T+ $£ 

* 

When the scalar variable s is the arc-length of the curve traced out 
by the point whose position vector is r, the derivative is frequently 
denoted by r'. Its direction is that of the tangent to the curve at 
the pomt considered (Fig 1, Art. 1). 

The derivative is usually itself a function of the saalar variable 
Its derivative is called the second derivative of r with respect to 8, 
and is written 

d tdr\ __ d 2 r „ 
ds {.ds) ~ ds*- T * 

and so on for derivatives of higher order. If 
r = (a, y, z), 

then clearly r' = (a)', y', z') 

and r" = (m", y", z") 

If 8 is a function of another scalar variable t, then, as usual, 
dr _dr ds 
dt ~ ds dt‘ 



The ordinary rules of differentiation hold for sums and products ol 
vectors*. Thus 



d . , , x dr ds 

2i (r + 8+ -) = S + 5^ 
d . x dr ds 



dt ' 



d , .dr , ds 
B ( r x.)- a x. + p x 5 . 



Elem . Vect . Anal ., Art. 56. 
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If r is the modulus of r, then r^r 9 . 
this formula we have 

dr dr 



Hence on differentiating 



which is an important result In particular if n is a vector of 
constant length, but variable direction, we have 
dn 

Thus a vector of constant length is perpendicular to its derivative 
This property is one of frequent application. 

To differentiate a product of several vectors, differentiate each 
m turn, and take the sum of the products so obtained For instance 
" 






Suppose next that r is a function of several independent variables 
u,v, uf, .... Let the first variable increase from u to u + Su, while 
the others remain unaltered, and let Sr be the corresponding incre- 
ment in the vector. Then the limiting value of Sr/Sw, as Bu tends 
to zero, is called the partial derivative of r with respect to u, and 

is written Similarly for partial derivatives with respect to the 
other variables 

These derivatives, being themselves functions of the same set of 
variables, may be again differentiated partially, yielding second 

We denote the derivatives of ^ with 
du 



order partial derivatives, 
respect to u and v respectively by 



0 a r , 9 a r 
3« a 8X1 dudv ’ 
and, as m the scalar calculus, 

9 2 r d-r 
dudv dvdu * 

Also, in the notation of differentials, the total differential of r is 
given by the formula 

, 9r , 9r , 

dr = 7r du + ^-dv + .... 
d a dv 

And, if n is a vector of constant length, n 2 = const., and therefore 
n • da. = 0. 

Thus a vector of constant length is perpendicular to its differential 
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In the geometry of surfaces , the various quantities are usually 
'unctions of two independent variables (or parameters) u, v. Partial 
lenvatives with respect to these are frequently indicated by the 
ise of suffixes 1 and 2 respectively. Thus 
_9r _0r 

ri 0a' T *~dv y 
_0 2 r 0 a r _0V 

rn “ 0u a ’ riB ~ dudv ’ raa 0^’ 

L nd so on. The total differential of r is thus 
dr = r 1 du + r 2 dv. 



SHORT COURSE 

In the following pages the Articles marked with an asterisk 
nay be omitted at the first reading 

The student who wishes to take first a short course of what is 
Qost essential in the development of the subject should read the 
ollowing Articles • 

1—5, 8, 13—17, 22—43, 46—53, 54 (first part), 

56—57, 67—75, 84—86, 91—101. 

The reader who is anxious to begin the study of Differential 
invariants (Chap, xn) may do so at any stage after Chap, vl 




CHAPTER I 



CURVES WITH TORSION 

1. Tangent. A curve is the locus of a point whose position 
vector r relative to a fixed origin may he expressed as a function 
of a single variable parameter. Then its Cartesian coordinates 
as t y, z are also functions of the same parameter When the curve 
is not a plane curve it is said to be skew, tortuous or twisted We 
shall confine our attention to those portions of the curve which are 
free from singularities of all kmds. 

It is usually convenient to choose as the scalar parameter the 
length 8 of the arc of the curve measured from a fixed point A on 
it. Then for points on one side of A the value of s will be positive, 
for points on the other side, negative. The positive direction along 
the curve at any point is taken as that corresponding to algebraical 
increase of s. Thus the position vector r of a point on the curve is 
a function of 8, regular within the range considered. Its successive 



O 




derivatives with respect to s will be denoted by r', r", r"', and so on. 
Let -P> Q be the points on the curve whose position vectors are r, 
r + 8r corresponding to the values s, s + Ss of the parameter, then 
Sr is the vector PQ. The quotient Sr /Ss is a vector in the same 
direction as Sr; and in the limit, as Ss tends to zero, this direction 
becomes that of the tangent at P. Moreover the ratio of the lengths 
of the chord PQ and the arc PQ tends to unity as Q moves up to 
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1 , 2 ] 



coincidence with P. Therefore the limiting value of St / 8s is a unit 
vector parallel to the tangent to the curve at P, and in the positive 
direction We shall denote this by t and call it the unit tangent 
at P. Thus 



T , Sr dr 

= Lt r = T =r' (1). 

os as ' ' 



The vector equation of the tangent at P may be written down at 
once. For the position vector R of a current point on the tangent 
is given by 

R = r + wt, 

where u is a variable number, positive or negative. This is the 
equation of the tangent. If cc, y, z are the Cartesian coordinates of 
P referred to fixed rectangular axes through the same origin, and 
i, J, k are unit vectors in the positive directions of these axes, 
r = aA + yj+*k 

and t = r' = afi + i/J + z'k. 

The direction cosines of the tangent are therefore bo', y', z'. The 
normal plane at P is the plane through P perpendicular to the 
tangent. Hence its equation is 

(R — r)«t = 0. 

Every line through P m this plane is a normal to the curve. 



2. Principal normal. Curvature. The curvature of the 
curve at any point is the arc-rate of rotation of the tangent. Thus 
if 89 is the angle between the tangents at P and Q (Fig. 1), 89/ 8s 
is the average curvature of the aro PQ; and its limiting value as 
8s tends to zero is the curvature at the pomt P. This is sometimes 
called the first curvature or the circular curvature. We shall 
denote it by k. Thus 



,.89 d9 „ 

K = Lt = j- = a . 

OS as 

The unit tangent is not a constant vector, for its direction changes 
from point to point of the curve. Let t be its value at P and t + St 
at Q. If the vectors BE and BF are respectively equal to these, 
then St is the vector FFand 89 the angle EBF. The quotient 8t/8s 
is a vector parallel to St, and therefore in the limit as Ss tends to 
zero its direction is perpendicular to the tangent at P. Moreover 
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since BE and BF are of unit length, the modulus of the limiting 




rig. 2. 



value of St /Bs is the limiting value of 89/8s, which is k . Hence 
the relation 

dt T St /0 . 

® = Lt 8- S = * n (2) ' 

where n is a unit vector perpendicular to t, and in the plane of the 
tangents at P and a consecutive pomt This plane, containing two 
consecutive tangents and therefore three consecutive points at P, 
is called the plane of curvature or the osculating plane at P If R 
is any pomt m this plane the vectors R — r, t and n are coplanar. 
Hence the relation 

[R-r, t, n] = 0, 

which is the equation of the osculating plane. It may also be 
expressed 

[R-r, r', r"] = 0. 

The unit vectors t and n are perpendicular to each other, and 
their plane is the plane of curvature The straight line through P 
parallel to n is called the principal normal at P. Its equation is 
clearly 

R = r + un, 

R being a current point on the line The vector n will be called 
the vmt (principal) normal. It may be assigned either of the two 
opposite directions along the principal normal. If we give it that 
from P toward the concave side of the curve it follows from (2) 
that k must be regarded as positive, for t' has also this direction. 
But it is sometimes convenient to take n as being directed from 
the curve toward its convex side. In this case k is negative, for t' 
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and n have then opposite directions*. Writing (2) in the form 



and observing that n is a unit vector, we see that its direction 
cosines are Also on squaring (2) we find the formula 



H ? = r"* = x"* + y”* + z' ,i 

for determining the magnitude of the curvature, though not its 
sign. 

The circle of curvature at P is the circle passing through three 
points on the curve ultimately coincident at P. Its radius p is 
called the radius of {circular) curvature, and its centre 0 the centre 
of curvature. This circle clearly lies in the osculatmg plane at P, 
and its curvature is the same as that of the curve at P, for it has 
two consecutive tangents in common with the curve. Thus 
1 dd 
p~ds~ Ki 

so that the radius of curvature is the reciprocal of the curvature, 
and must be regarded as havmg the same sign as the curvature 
The centre of curvature 0 lies on the principal normal, and the 
vector PO is equal to pn or n /«. The direction cosines of n as found 
above may now be written poo", py", pz', and the equation (2) given 
the alternative form 

n = pit = pr". 



3. Binomial. Torsion. Among the normals at P to the 
curve that which is perpendicular to the osculating plane is called 
the binormal. Being perpendicular to both t and n it is parallel 
to t x n. Denoting this unit vector by b we have the trio t, n, b 
forming a right-handed system of mutually perpendicular unit 
vectors, and therefore connected by the relations 
t«n = n«b = b*t = 0 

and txn = b, nxb = t, bxt = n, 

the cyclic order being preserved m the cross products. We may 



* This is a departure from the usual practice of regarding * as essentially 
positive. 
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call b the unit binormal. The positive direction along the binormal 
is taken as that of b, just as the positive direction along the principal 
normal is that of n. The equation of the binormal is 
R = r + ub, 

or, since b = t x n = pr' x r", we may write it in the form 

R = r f x r". 



L 




The direction cosines of the bmormal, being the resolved parts of 
b, are the resolved parts of pi/ x r", and are therefore 
piy'z" -/y"), p (s' x" — af z"\ p(a/y" -y'cc") 

Since b is a vector of constant length it follows that b' is per- 
pendicular to b. Moreover by differentiating the relation t*b = 0 
with respect to s we find 

/cn*b + t«b' = 0. 



The first term vanishes because n is perpendicular to b, and the 
equation then shows that b' is perpendicular to t But it is also 
perpendicular to b, and must therefore be parallel to n We may 
then write 



db 

ds 



.(3). 



Just as in equation (2) the scalar k measures the arc-rate of turning 
of the unit vector t, so here t measures the arc-rate of turning of 
the unit vector b. This rate of turning of the binormal is called 
the torsion of the curve at the point P. It is of course the rate of 
rotation of the osculating plane. The negative sign in (3) indicates 
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that the torsion is regarded as positive when the rotation of the 
binomial as s increases is in the same sense as that of a right- 
handed screw travelling in the direction of t. It is clear from Fig. 3 
that in this case b' has the opposite direction to n. 

The derivative of n may now be deduced from those of t and b 
For 

dn d 

™xt+bx(*n) 

= Tb — «t (4). 

The equations (2), (3) and (4) are the vector equivalents of the 
Serret-Frenet formulae. They will be much used m the following 
pages, and the reader should commit them to memory. We may 
gather them together in the form 

t 7 = ten ^ 

n' = Tb-/ct- ( 5 ). 

b' = — m ; 

As given by Serret (1851) and Frenet (1852) these were formulae 
for the derivatives of the direction cosines of the tangent, the 
principal normal and the binormal. 

A formula for the torsion m terms of the derivatives of r may 
now be found. For 

r' = t, r" =« yen, 

and therefore x f " = k'ji + k (rb - *t). 

Forming then the scalar triple product of these three derivatives 
and neglecting those triple products in the expansion which contain 
a repeated factor, we have 

[r 7 , r", r"'J = [t, /m , ten + « (-rb - /et)] 

= /c a T [t, n, b] 

= /C a T. 

Hence the value of the torsion is given by 

r = I[r',r",r'"] (6). 

An alternative formula, giving the square of the torsion, may be 
deduced from the expression for r /// found above. On squaring this 
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and dividing throughout by k* we obtain the result 




By analogy with the relation that the radius of curvature 
equal to the reciprocal of the curvature, it is customary to apes 
of the reciprocal of the torsion as the radius of torsion, and 
denote it by <r. Thus a- = 1/t But there is no circle of torsion ■ 
centre of torsion associated with the curve m the same way as tl 
circle and centre of curvature. 

Ex. 1. The circular helix. This is a curve drawn on the surface of 
circular cylinder, cutting the generators at a constant angle 0 Let a be t 
radius of the cylinder, and let its axis be taken as the axis of z The pla 
through the axis and the point (x, y, z) on the helix is inclined to the zx pla 
at an angle 6 suoh that x = a cos 6 and y = a sin 6, while z=a6 cot 0. The positi 
vector r of a point on the curve may then be expressed 
r=a (oos 6, sin Q, 6 cot 0). 

Differentiating with respect to a we have 

t== r ' =a ( — sm 6, cos B, cot 0) ff. 

But this is a unit vector, so that its square is unity, and therefore 
o 2 5' a =sm a 0 

Thus ff is constant. To find the curvature we have, on differentiating t, 
«n=r"= - a (cos 6 , sin 6, 0) ff 2 . 

Thus the principal normal is the unit vector 

n= - (cos 6, sinfl, 0), 

and k = aff 2 = - sin 2 0. 

a 

To find the torsion we have 

r"'=a (sin 6, - cos 6 , 0) ff s , 
and therefore r" x r"' = a 2 (0, 0, 1) ff 5 

Hence icV-Cr', r", r'"]=a 2 cot 00* 

On substituting the values of k and ff we find 

T=^sin 0cos0. 

Thus the curvature and the torsion are both constant, and therefore their i 
is constant. The principal normal mterseots the axis of the cylinder or 
gonally ; and the tangent and binormal are inclined at constant angles to 
fixed direction of the generators. 




Ex. 2. For the curve 



show that 



x=a{ Zu-v?), y=Zav?, a=a(3u+« 8 ), 
1 

' C==T “3a(l + u‘) s ' 



4. Locus of centre of curvature. Just as the arc-rate of 
turning of the tangent ia called the curvature, and the arc-rate of 
turning of the binormal the torsion, so the arc-rate of turning of 
the principal normal is called the screw curvature. Its magnitude 
is the modulus of n'. But we have seen that 
n' = rb — 

Hence the magnitude of the screw curvature is J k? + r a . This 
quantity, however, does not play such an important part in the 
theory of curves as the curvature and torsion. 

The centre of curvature at P is the pomt of intersection of the 
prmcipal normal at P with that normal at the consecutive point 
P' which lies in the osculating plane at P. Consecutive principal 
normals do not in general intersect (cf. Ex. 8 below). It is worth 
noticmg that the tangent to the locus of the centre of curvature 
lies in the normal plane of the original curve For the centre of 
curvature is the pomt whose position vector c is given by 
c = r + pn 

The tangent to its locus, being parallel to ^ , is therefore parallel 

to t+ p'n + p (Vb —Aft), 

that is, to p'n 4- pr b. 

It therefore lies in the normal plane of the original curve, and 
is inclined to the principal normal n at an angle /8 such that 

tan yS = ^7 = -y- . 

P P° 

If the original curve is one of constant curvature, p = 0, and the 
tangent to the locus of G is then parallel to b. It will be proved in 
Art,. 6 that the locus of G has then the same constant curvature as 
the original curve, and that its torsion varies mversely as the 
torsion of the given curve. (Cf also Ex. 19 below.) 
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EXAMPLES I 

1 . Prove that 

r"'=ic'n-Ac 2 t+ /«rb, 

and hence that r ,,,, ®»(jc' , -ic s - icr 2 )ll-3jcjc , t+(2jc'r-|-r'jc)b. 

2. Prove the relations 

^•^'=0, r'*r"'= -k 2 , r , »r""«=» -S kk', 
r".r"'= K / C ', r" • r"" = *(«"-**- kt 2 ), 
r"'. r"" = k'k" + 2nV + kV + Kic'r 3 . 

3 . If the nth derivative of r with respect to s is given by 

iK")»a n t+5 n n+c ll b, 
prove the reduotion formulae 

^71 + 1 = ^'+^-^, 

Cn+l = <>n +T& n 

4. If k is zero at all points, the curve is a straight line If r is zero at all 
points, the curve is plane. The necessary and sufficient condition that the 
curve be plane is 

|Y, r", r"]aO. 

6. Prove that for any curve t'»b'= — *r 

6. If the tangent and the bmormal at a point of a curve make angles 8, <p 
respectively with a fixed direction, show that 
sin 8 dd _k 
sin (fi dej} t ‘ 



7 . Coordinates in terms Of t If s is the arc-length measured from 
a fixed point A on the curve to the current point P, the position vector r of 
P is a function of s ; and therefore, by Taylor’s Theorem, 

. s 2 „ tp 

r=»r 0 +«r 0 + jg-r 0 +nr 0 +. , 

where the suffix zero indicates that the value of the quantity is to be taken for 
the point A. If t, n, b are the unit tangent, principal normal and binorma] 
at A, and k, t the curvature and torsion at that point, we have 
r<) = t, ^ “ m, 

while the values of r 0 '" and r 0 "" are as given in Ex. 1. Hence the abov< 
formula gives 

a 2 a 3 

r = ro + «t + tq- m + (k'ii — + icrby 

If. l£ 

+ jj {(«" - <C 8 - KT 8 ) n - 3 KK 't + (2kV + / cr') b} + . . . 
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Lf then A is taken as origin, and the tangent, principal normal and binormal 
il as coordinate axes, the coordinates of P are the coefficients of t, n, b in 
the above expansion. Thus since r 0 is now zero, we have 



X «*+ 





*=* g*™ 8 + (SkV + Kt') «* + . ... 

From the last equation it follows that, for sufficiently small values of «, 
e ohanges sign with a (unless k or t is zero). Henoe, at an ordinary point of the 
curve, the ourve crosses the osoulating plane On the other hand, for sufficiently 
small values of a, y does not ohange sign with * (*=t=0). Thus, m the 
neighbourhood of an ordinary point, the ourve lies on one side of the plane 
determined by the tangent and bmormaL This plane is oalled the rectifying 
plane. 



8 . Show that the principal normals at conseoutive points do not intersect 
unless r=0. 

Let the consecutive points be r, r+o?r and the unit principal normals 
n, n + dn For intersection of the pnnoipal normals the necessary condition 
is that the three vectors dr, n, n+dn be coplanar that is, that r', n, n' be 
ooplanar. This requires 

[t, n, T-b-ict]=0, 

that is r[t,n, b]=0, 

whioh holds only when t vanishes 

9. Prove that the shortest distanoe between the principal normals at 
conseoutive points, distant s apart, is spj Jp* + a -2 , and that it divides the radius 
of ourvature in the ratio p i • a 3 . 



1 0. Prove that 



b" = r ( k t - rb) — r'n, 
n" =>/b - (k s + t 2 ) n - *'t, 



and find similar expressions for b'" and n'". 



1 1 . Parameter other than a. If the position veotor r of the current 
point is a function of any parameter u, and dashes denote differentiations with 



respect to w, we have 



r drds t 
r = da du 



*% 



r"=a"t+K«' s n, 

r"'=(8"' - kV 8 ) t +a , (3K8" + * V) n + (cr/®b 



2—2 
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Hence prove that 






19. In the oase of a curve of constant curvature find t 
torsion of the locus of its centre of curvature 0. 

The position vector of C is equal to 

c=r+pn 

Hence, since p is constant, 

do *= it+p(rb-tft)}ok=-bcZa. 



b=r'xr'7K«' 8 , 
n=(«'r"-«"rOM 8 , 

At a =(r" 2 — a" 3 )/^ 4 , 
r=[r' ) r", r"'],W 8 . 

12. For the curve 

a?=4acos 8 «, y=4asin 8 w, «=*3 ccos2m, 
prove that n = (ein cos «, 0), 

and K=J a 

6(a a +c a )ein2tt 

1 3. Find the curvature and torsion of the curve 

se=a (24— emu), y=*a(l -cos«), z=bu. 

14. Find the curvature, the centre of curvature, and the torsion of the 
curve 

£t=acostt, y*=a einw, e=acos2u 

15. If the plane of curvature at every point of a curve passes through a 
fired point, show that the curve is plane (r=0). 

16. If mi, nij, m3 are the moments about the origin of unit vectors 
t, n, b localised m the tangent, pnnoipal normal and binormal, and dashes 
denote differentiations with respect to «, show that 

m^BKma, m 3 ' = b — xDii + rm 3 , ma'=- n— rmj. 

If r is the current point, we have 

mi=rxt, m 2 =r x n, m 3 =rxb. 

Therefore mi'-=txt+r x (Kn)=/cm 2 , 

and similarly for the others 

1 7 . Prove that the position veotor of the current point on a curve satisfies 
the differential equation 

d ( d ( <Pr\\ ^ d {<rdr\^pcPT _ 

% r * V d?)s + s \~p a ) + ; 

(Use the Serret-Frenet formulae ) 

18. If is the arc-length of the locus of the centre of curvature, show 
that 



't 



r 



> curvature and 
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Let the suffix unity distinguish quantities belonging to the loons of C. Then 
ic = ti efoi. We may take the positive direction along this locus so that tj = b 
rhen it follows that 

ds 1 T 

&~k- 

'Text differentiating the relation ti=b we obtain 
ds 

f c 1 n 1 =-rn 5 -=- K n. 

Tierafore the two principal normals are parallel. We may ohoose 
ni= -n, 

nd therefore 

'hus the locus of G has the same constant curvature as the given curve. The 
mt binormal bi is now fixed : for 

bi=tixni=bx(-n)=t. 

'ifierentiating this result we obtain 

ds 

id therefore ri=K 2 /r. 

20. Prove that, for any curve, 

[t 1 , t", r"\ 

id also that [b', b”, b"l = ^ (« V - .r 1 ) = r» ^ ^ . 

*5. Spherical curvature. The sphere of closest contact with 
e curve at P is that which passes through four points on the 



n 




ve ultimately coincident with P. This is called the osculating 
iere or the sphere of curvature at P. Its centre S and radius R 
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are called the centre and radius of sphenoal curvature. The cen 
of a sphere through P and an adjacent point Q on the curve (Fig 
lies on the plane which is the perpendicular bisector of PQ ; a 
the limiting position of this plane is the normal plane at P. Tt 
the centre of spherical curvature is the limiting position of i 
intersection of three normal planes at adjacent points. Now 1 
normal plane at the point r is 

(s-r)»t = 0 (i) 

s being the current point on the plane The limiting position 
the lme of intersection of this plane and an adjacent normal pis 
is determined by ( 1 ) and the equation obtained by differentiati 
it with respect to the arc-length s, viz. (cf Arts. 15, 19) 
k (s - r>n - 1 = 0 

or its equivalent 

(s-r>n = p (ii) 

The limiting position of the point of intersection of three adjace 
normal planes is then found from ( 1 ), (ii) and the equation obtair 
by differentiating (ii), viz. 

(s — r)»(rb — /et) = p ' 
which, in virtue of (i), is equivalent to 

(s - r)*b = op' (lii) 

The vector s — r satisfying (l), (ii) and (iii) is clearly 

s-r = pn + <rp'b (8) 

and this equation determines the position vector s of the centre 
spherical curvature Now pn is the vector PO, and therefore o) 
is the vector CS Thus the centre of spherical curvature is on 1 
axis of the circle of curvature, at a distance erp' from the centre 
curvature. On squaring both sides of the last equation we ht 
for determining the radius of spherical curvature 

P^p^erV 3 (9) 

Another formula for R* may be deduced as follows. On squar 
the expansion for r we find 

r'" 1 = / C ' s + /c* + KV» 

= ^(1+^), by (9). 




23 



5, 6] CENTRE OE SPHERICAL CURVATURE 

Hence the formula 

JR? = p W" a - cr>, 

which is, however, not so important as (9). 

For a curve of constant curvature, p > = 0, and the centre of 
spherical curvature comcides with the centre of circular curvature 
(cf. Art 4). 



6. Locus of centre of spherical curvature. The position 
vector s of the centre of spherical curvature has been shown to be 
B = r + pn + <rp'b. 

Hence, for a small displacement ds of the current point P along the 
original curve, the displacement of $ is 

da = [t + p n + p (t!> — /ct) + o-'pl) + up " b — p' n} ds 
= ds ^ + <r'p' + <rp' j b. 



Thus the tangent to the loous of 8 is parallel to b (Fig. 4). We 
may measure the aro-length of the locus of S in that direction 
which makes its unit tangent tj have the same direction as b. 



Thus tj = b, 

and, since da = t^, it follows that 



-tt* = - + per + crp' 



ds 






To find the curvature k x of the locus of S differentiate the equation 
ti = b, thus obtaining 



db ds ds 

fCi Uj = — j— —j — = — Til — ; — . 

ds dsi d&i 



Thus the principal normal to the locus of 8 is parallel to the 
principal normal of the original ourve. We may choose the direction 
of as opposite to that of n Thus 



n 2 = - n. 

The unit bmormal b x of the locus of S is then 
bi = tj x n x = b x (- n) = t, 

and is thus equal to the unit tangent of the original curve. 
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The curvature k x as found above is thus equal to 
da 

* 1 = T ^ 

The torsion T a is obtained by differentiating b x = t Thus 



dt da 



da 



TlDl da da! Kn da / 



so that 

From the last two results it follows that 



da 



KKi = TT V 

so that the product of the curvatures of the two curves is equal to 
the product of their torsions The binormal of each curve is parallel 
to the tangent to the other, and their principal normals are parallel 
but m opposite directions (Fig. 4). 

If the original curve is one of constant curvature, p = 0, and & 
coincides with the centre of circular curvature. Then 

dsi p r 

ds tr k * 

and Ki = k 

Thus the locus of the two centres of curvature has the same 
(constant) curvature as the original curve Also 

Tl = K?/ T , 

so that the product of the torsions of the two curves is equal to the 
square of their common curvature The circular helix is a curve of 
constant curvature. 



Ex. 1 . If ^ is such that d^^rds, show that 




,dR 

da 






Ex. 22. Prove that 
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Ex. 3. Prove that, for ourves drawn on the surface of a sphere, 

£ + Js ( o7>,)=0; 



that is p + ^p=0, 

where d^^rds. 

Ex. 4. If the radius of spherical curvature is oonstant, prove that the curve 
either lies on the surface of a sphere or else has oonstant ourvature. 



Ex. 5. The shortest distance between oonsecutive radii of spherical 
curvature divides the radius m the ratio 




Ex. 6. Show that the radius of sphenoal ourvature of a ciroular helix is 
equal to the radius of ciroular ourvature 



7. Theorem. A curve is uniquely determined, except as to 
position tn space, when its curvature and torsion are given functions 
of its arc-length s. 

Consider two curves having equal curvatures k and equal torsions 
r for the same value of s. Let t, n, b refer to one curve and tj, n lt b x 
to the other. Then at points on the curve determined by the same 
value of s we have 

~ (t • tj) = t • (kUj) + ku • tj, 

(n . n x ) = n • (Tb 2 — «ti) + (rb — /et) • n x , 

(b • b x ) = b • (- mj) + (- m) • b x . 

Now the sum of the second members of these equations is zero. 

Hence ^(t*t 1 + n*n 1 + b«b 1 ) = 0, 

and therefore t«t x + n«n x + b »b x = const. 

Suppose now that the two curves are placed so that their initial 
points, from which s is measured, coincide, and are then turned 
(without deformation) till their principal planes at the initial point 
also comcide Then, at that point, t = tu n = n 1( b = b x , and the 
value of the constant in the last equation is 3. Thus 
t'ti + n-nid- b*b x = 3. 
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But the sura of the cosines of three angles can be equal to 3 only 
when each of the angles vanishes, or is an integral multiple of 2tr. 
This requires that, at all pairs of corresponding points, 
t = ti, n — - n x , b = l)j, 

so that the principal planes of the two curves are parallel. Moreover, 
the relation t =tj may be written 

4 (r - r ' )=0 ’ 

so that r — r a = a const, vector. 

But this difference vanishes at the initial point; and therefore it 
vanishes throughout Thus r = r a at all corresponding points, and 
the two curves coincide. 

In making the initial points and the principal planes there 
coincident, we altered only the position and orientation of the 
curves in space; and the theorem has thus been proved. When a 
curve is specified by equations giving the curvature and torsion as 
functions of 8 

*=/(«), t*=F(s), 

' these are called the intrinsic equations of the curve. 

8. Helices. A curve traced on the surface of a cylinder, and 
cutting the generators at a constant angle, is called a helix. Thus 
the tangent to a helix is inolined at a constant angle to a fixed 
direction If then t is the unit tangent to the helix, and a a constant 
vector parallel to the generators of the cylinder, we have 
t«a = const. 

and therefore, on differentiation with respect to s, 
k n • a = 0. 

Thus, since the curvature of the helix does not vanish, the principal 
normal is everywhere perpendicular to the generators. Hence the 
fixed direction of the generators is parallel to the plane of t and b ; 
and since it makes a constant angle with t, it also makes a constant 
angle with b. 

An important property of all helices is that the curvature and 
torsion are in a constant i atio. To prove this we differentiate the 
relation n« a = 0, obtaining 

(Tb — K t) • a = 0. 
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Thus a is perpendicular to the vector Tb — «t. But a is parallel to 
the plane of t and b, and must therefore be parallel to the vector 
Tt + «rb, -which is inclined to t at an angle tan -1 k/t. But this angle 
is constant. Therefore the curvature and torsion are m a constant 
ratio. 

Conversely we may prove that a curve whose curvature and 
torsion are in a constant ratio is a helix. Let t = ck where c is 
constant. Then since 

t' = KU, 

and b' = — -rn = — c«n, 

it follows that ~ (b + ct) = 0, 

and therefore b + ct = a, 

where a is a constant vector. Forming the scalar product of each 
side with t we have 

t»a = c 

Thus t is inclined at a constant angle to the fixed direction of a, 
and the curve is therefore a helix. 

Finally we may show that the curvature and the torsion of a 
helix are m a constant ratio to the curvature * 0 of the plane section 
of the cylinder perpendioular to the generators. Take the $-axis 




parallel to the generators, and let s be measured from the inter- 
section A of the curve with the xy plane. Let u be the arc-length 
of the normal section of the cylinder by the xy plane, measured 
from the same pomt A up to the generator through the current 
point (a, y, z). Then, if 0 is the constant angle at which the curve 
cuts the generators, we have 

u = s sin 0, 
u' = sin# 



and therefore 
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The coordinates x, y are functions of u, while z = s cos ft. Hence for 
the current point on the helix we have 



r = (®» Vt * cos ft), 




Hence the curvature of the helix is given by 

" {GeD' + «**-V**A 

so that « = /c 0 sin 9 # 

For the torsion, we have already proved that 
ft = tan -1 «/r, 

so that T = «cot/S = A: 0 sin^cos^. 

From these results it is clear that the only curve whose owrvature 
and, torsion are loth constant is the circular helve. For such a curve 
must be a helix, since the ratio of its curvature to its torsion is also 
constant. And since k is constant it then follows that k 0 is constant, 
so that the cylmder on which the helix is drawn is a circular 
cylinder. 



Ez. Show that, for any ourve, 



This expression therefore vanishes for a helix and conversely, if it vanishes, 
the curve is a helix. 



9. Spherical indicatrix. The locus of a point, whose position 
vector is equal to the unit tangent t of a given curve, is called the 
spherical indicatrix of the tangent to the curve Such a locus hes 
on the surface of a unit sphere, hence the name. Let the suffix 
unity be used to distinguish quantities belonging to this locus. 
Then r 1 = t, 

and therefore = ^ = 

as! as ds-i * 

showing that the tangent to the spherical indicatrix is parallel to 
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the principal normal of the given curve. We may measure s 1 so 
that 

ti = n, 

and therefore = k. 

ds 

For the curvature ^ of the indicatrix, on differentiating the relation 
tj = n, we find the formula 

„ dn ds 1 . _ . 

Squaring both sides we obtain the result 

*1 a =(/c a + T a )/« J , 

so that the curvature of the indicatrix is the ratio of the screw 
curvature to the circular curvature of the curve. The umt binormal 
of the indicatrix is 

Tt + ycb 
— tj x n x = , 

tctc x 

The torsion could be obtained by differentiating this equation; but 
the result follows more easily from the equation [cf. Examples I 
(ll) ] 

*■’ t > (S) = *."> *•.'"] = [*'. t", n 

= /e 8 (/ct' — kt), 

which reduces to r x = ^ T . 

/e^ + r 3 ) 

Similarly the spherical indicatrix of the binormal of the given 
curve is the locus of a point whose position vector is b. Using the 
suffix unity to distinguish quantities belonging to this locus, we have 

r i = b, 



which reduces to 



and therefore 



1=1 ds dsj, rn ds! * 



We may measure s ^ so that 



and therefore 



To find the curvature differentiate the equation ^ = — n. Then 

d , . ds 1 . . . x 

*,n 1 = 5 (-n)^ = ; (* t -Tb), 




so 



CURVES WITH TORSION 



[I 



giving the direction of the principal normal. On squaring this result 
we have 



ACl 3 = ( /e a + T s)/ T ». 



Thus the curvature of the indicatrix is the ratio of the screw 
curvature to the torsion of the given curve. The unit hinormal is 



bi 



tj X llj = 



rt + *b 
T 



and the torsion, found as in the previous case, is equal to 

_ TK — KT 
Tl ~ T (/£■* + T®) ’ 



Ez. 1 . Find the torsions of the spherical indioatnoes from the formula 
where i2*=l and /j 1 = 1/k 1 is known. 

Ez. 22 . Examine the sphenoal indioatnx of the prmcipal normal of a given 
curve 



10. Involutes. When the tangents to a curve G are normals 
to another curve G lf the latter is called an involute of the former, 
and G is called an evolute of G^. An involute may be generated 




Fig. 6. 



mechanically in the following manner Let one end of an inex- 
tensible string be fixed to a point of the curve G, and let the string 
be kept taut while it is wrapped round the curve on its convex 
side. Then any particle of the string describes an involute of 0, 
since at each instant the free part of the string is a tangent to 
the curve G, while the direction of motion of the particle is at 
right angles to this tangent. 

From the above definition it follows that the pomt i*i of the 
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involute which lies on the tangent at the point r of the curve 0 is 
given by 

i*! = r + ut, 

where u is to be determined. Let ds 1 be the arc-length of the 
involute corresponding to the element ds of the curve G. Then the 
uni t tangent to is 

. d^ ds , ds 

To satisfy the condition for an involute, this vector must be per- 
pendicular to t. Hence 

l + w' = 0, 



so that u = c — s, 

where c is an arbitrary constant Thus the current point on the 
involute is 



t! = r + (c — s) t, 



and the unit tangent there is 

. . v ds 



Hence the tangent to the involute is parallel to the principal 
normal to the given curve. We may take the positive direction 
along the mvolute so that 

t,=n, 



and therefore 






To find the curvature tc x of the mvolute we differentiate the 
relation = n, thus obtaining 

Tb — *:t 

k(c-s)' 

Therefore, on squaring both sides, we have 






/e’+T 3 
K 3 (C — s) 3 ' 



The unit prmcipal normal to the mvolute is 



and the unit bmormal 

bi 



_ rb — /ct 

KKi ( C — S )* 



= ta X n x 



«b+ Tt 
KKi (C — fi) * 
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Since the constant c is arbitrary, there is a single infinitude of 
involutes to a given curve; and the tangents at corresponding 
points of two different involutes are parallel and at a constant 
distance apart. 

Ex. 1 . Show that the torsion of an involute has the value 
kt' — k't 

k(ic 2 +t*) (a-*)* 

Ex. St. Prove that the involutes of a circular helix are plane ourves, whose 
planes are normal to the axis of the cylinder, and that they are also mvolutes 
of the circular sections of the oylinder. 



*11. Evolutes. The converse problem to that just solved is 
the problem of finding the evolutes of a given curve 0. Let r x be 
the point on the evolute corresponding to the pomt r on 0. 
Then, smce the tangents to Oi are normals to 0, the point r t lies 
m the normal plane to the given curve at r. Hence 
t 1 = t+ un + flb, 

where u, v are to be determined. The tangent to the evolute at r, 
is parallel to drjds, that is, to 

(1 — uk) t + (u — i>T)n + (ur + v')b 
Hence, in order that it may be parallel to un + -ub we must have 
l — u/c = 0, 

. U' — VTUT+ V' 

and = 

u v 



The first of these gives u = ~ = p, and from the second it follows 
that 

vp'-pv’ 

u a + p a • 

Integrating with respect to s and writing \fr = I rds, we have 

Jo 

yjr + c = tan -1 ^ , 



so that v = — p tan (ty + c). 

The pomt r : on the evolute is therefore given by 
r 1 = r + p{n — tan (\jr + c) b}. 

It therefore lies on the axis of the circle of curvature of the given 
curve, at a distance — p tan + c) from the centre of curvature. 
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The tangent to the e volute, "being the line joining the points r 
and r 2 , is in the normal plane of the given curve C, and is inclined 
to the principal normal n at an angle (yjr + c ). 

Let the Buffix unity distinguish quantities referring to the 
evolute Then on differentiating the last equation, remembering 
that dyfr/ds = t, we find 

*i ^ = {P + P T tan W + c)} fn - tan (yfr + c)b}. 

Thus the unit tangent to the evolute is 

t! = cos (i|f + c)n-sm(i|r + c)b 

<md therefore Bm < + + °\~? °° B <+' + c > . 

ds * 3 cos 3 (yjr + c) 

The curvature of the evolute is obtained by differentiating the 
vector tj. Thus 

dsi dtj . . 

K ' Ul ds s= ds = ~ KCUB ^ + c ^ t 

The principal normal to the evolute is thus parallel to the tangent to 
the cui've C. We may take 

Hi = — t, 

ds 

and therefore Ki=> k cos (i/r + c) 

_ k . 8 cos’ (i/r + c) 

KT Bin (ifr ■+ c) — K COS (yjr + c) * 

The unit binormal to the evolute is 

b x = t! x Hi = cos (i/r + c) b + sin (yfr + c) n. 

The torsion is found by differentiating this. Thus 
ds 

— Tinj ^ = -K8m(i|f + c)t 

and therefore 

/ . , v ds 

Ti = — k sm (yfr + c) 

_ /c 3 sm (i/r + c) cos 3 (yfr + o) 

KT sm (yjf + c) — K COS (-v/r + c) * 

Thus the ratio of the torsion of the evolute to its curvature is 
- tan (yfr + c). , 

Since the constant c is arbitrary there ib a smgle infinitude of 



w. 
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evolutes The tangents to two different evolutes, corresponding to 
the values Ox and c a , drawn from the same pomt of the given curve, 
are inclined to each other at a constant angle Ci — c 2 . 

Ex. 1 . The locus of the centre of curvature is an evolute only when the 
curve is plane. 

Ex. 2. A plane curve has only a single evolute in its own plane, the locus 
of the centre of curvature All other evolutes are helices traced on the right 
cylinder whose base is the plane evolute. 



* 1 2. Bertrand curves. Saint-Venant proposed and Bertrand 
solved the problem of finding the curves whose principal normals 
are also the principal normals of another curve. A pair of curves, 
0 and 0 1} having their principal normals in common, are said to he 
conjugate or associate Bertrand curves. We may take their prin- 
cipal normals in the same sense, so that 
TLj =n. 

The pomt rj on 0 1 corresponding to the point r on G is then given 
by 

r x = r + on (i), 

where it is easily seen that a is constant. For the tangent to G x i£ 
parallel to dr z fds, and therefore to 

t + a'n + a (Tb — /et) 

This must he perpendicular to n, so that a' is zero and therefore 
a constant. Further, if symbols with the suffix unity refer to th< 
curve C 1} we have 

^ (t . tx) = /cn . tx + 1 . (*, n) ^ = 0, 
showing that t • tx = const. 




Fig. T. 
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Thus the tangents to the two curves are inclined at a constant angle 
But the principal normals coincide, and therefore the binomials of 
the Wo curves are inclined at the same constant angle. Let o be 
the inclination of b x to b measured from b toward t. Then a is 
constant 

On differentiating the above expression for r x we have 

r/e 

tj = (1 — ax) t + arb (li). 

Then, forming the scalar product of each side with b lf we obtain 
0 = ( 1 — a/e) sin a + ar cos a. 

Thus there is a linear relation with constant coefficients between the 
curvature and torsion of 0; 

t = ( k — tan cl 



Moreover it is obvious from the diagram that 

= t COS CL — b SID CL 

On comparing this with (n) we see that 



cos a = (1 — a/c) 



Now the relation between the curves G and G 1 is clearly a recip- 
rocal one The point r is at a distance — a along the normal at 
r lf and t is inclined at an angle - a to tj Hence, corresponding to 
(lii), we have 

cos a = (1 + aKi) ~j~ 

(iv) ' 

sma “~ aTi di J 

On multiplying together corresponding formulae of (lii) and (iv) 
we obtain the relations 

1 



(1 - a/c) (1 + a/c : ) = cos 4 aj 

The first of these shows that the torsions of the two curves have 
the same sign , and their product is constant. This theorem is due to 
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Schell. The result contained in the second formula may be ex- 
pressed as follows : If P, P 1 are corresponding points on two con- 
jugate Bertrand cwrves, and 0, 0 2 their centres of curvature , the 
cross ratio of the range ( P0P 1 0 1 ) is constant and, equal to sec* a. 
This theorem is due to Mannheim. 

Ex. 1 . By differentiating the equation 

(1— an) Bin a+ar cos a=0, 
deduce the following results: 

For a ourve of oonstant ourvature the oonjugate is the locus of its centre of 
curvature. 

A ourve of constant torsion ooinoides with its conjugate. 

Ex. 2. Show that a plane ourve admits an i nfini ty of conjugates, all 
parallel to the given ourve 

Prove also that the only other curve whioh has more than one oonjugate is 
the oircular helix, the conjugates being also circular helices on coaxial 
cylinders 



EXAMPLES II 

1 . The pnnoipal normal to a ourve is normal to the locus of the centre of 
ourvature at points for which the value of k is stationary 

2. The normal plane to the locus of the centre of circular ourvature of a 
curve C bisects the radius of spherical ourvature at the corresponding point 
of Q 

3 . The binomial at a point P of a given curve is the limiting position of 
the common perpendicular to the tangents at P and a consecutive point of 
the curve. 

4 . For a curve drawn on a sphere the centre of ourvature at any point is 
the foot of the perpendioular from the centre of the sphere upon the osoulatmg 
plane at the point 

5. Prove that, in order that the pnnoipal normals of a curve be binomials 
of another, the relation 

aO^+T 2 )- k 

must hold, where a is oonstant 

6. If there is a one-to-one correspondence between the points of two 
ourves, and the tangents at corresponding points are parallel, show that the 
pnnoipal normals are parallel, and therefore also the binormals. Prove also 
that 

K\ _d» _ Tl 

K f/?, _ T ‘ 

Two ourves so related are said to be deducible from each other by a Combea- 
cwre transformation. 
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7 . A ourve is traced on a right circular cone so as to out all the generating 
lines at a constant angle. Show that its projection on the plane of the base is 
an equiangular spiraL 

8 . Find the curvature and torsion of the ourve in the preceding example. 

9 . A curve is drawn on a right circular cone, everywhere inclined at the 
same angle a to the axis. Prove that K =»r tan a. 

1 0. Determine the curves which have a given ourve G as the locus of the 
centre of Bpherical curvature 

If Ci is a curve with thiB pioperty then, by Art 6, Ti lies m the osculating 
piano of C at r. Thus 

r^r+Zt+mn 

Further, the tangent to O t is paiallel to b Hence Bhow that 
l' = K m— 1 , 
m'= — kI 

Integrate the equations, and show that there is a double infinitude of curves 
with the required property. 

11. On the binormal of a ourve of constant torsion r a pomt Q is taken at 
a constant distance c from the cur\ o Show that the binormal to the locus 
of Q is inclined to the binormal of the given ourve at an angle 

_i or 2 

tan 1 , 

ks/cV + 1 



12. On the Umgent to a given curve a pomt Q is taken at a constant 
distance c from the point of contact Prove that the curvature of the locus 
of Q is given by 

K! 8 (I + cM+^+ck'+o 2 * 8 ) 2 

13. On the binormal to a given curve a pomt Q is taken at a constant 
distance o from the curve. Prove that the curvature ki of the locus of Q is 
givon by 

Kl 2 (1 + cM)®= oV (1 + o 2 r 2 ) + (k - c/ + C 2 (cr 2 ) 2 



14. Prove that the curvature of the loous of the centre of (ciroular) 
curvature of a given curve is given by 



( p 3 <r d_ /V\ _ !\ 2 

1 & ds\ P ) R] ' 



p 2 ^’ 



where the symbols have their usual meanmgs. 




CHAPTER II 

ENVELOPES. DEVELOPABLE SURFACES 

13. Surfaces. We have seen that a curve is the locus of a 
point whose coordinates x, y, z are functions of a single parameter. 
We now define a surface as the locus of a point whose coordinates 
are functions of two independent parameters u , v. Thus 

« =/i (u, v ), y =/ B (u, v), z =/„ ( u,v ) (1) 

are parametric equations of a surface In particular cases one, or 
even two, of the functions may mvolve only a single parameter. 
If now u, v are eliminated from the equations (1) we obtain a 
relation between the coordinates which may be written 

F{°o,y,z) = 0 (2). 

This is the oldest form of the equation of a surface. The two- 
parametric representation of a surface as given m (1) is due to 
Gauss. In subsequent chapters it will form the basis of our in- 
vestigation. But for the discussion in the present chapter the 
form (2) of the equation of a surface will prove more convenient. 

14. Tangent plane. Normal. Consider any curve drawn 
on the surface 

F(oc, y, z) = Q 

Let s be the arc-length measured from a fixed pomt up to the 
current point (oc, y, z). Then, smce the function F has the same 
value at all points of the surface, it remains constant along the 
curve as s varies. Thus 

dF doe d F dy dF dz_n 
doe ds + dy ds + dz ds~ * 
which we may write more briefly 

F a x + F v y 4- F,d = 0. 

Now the vector (oe\ y\ z!) is the unit tangent to the curve at th 
point (ec, y, z)\ and the last equation shows that it is perpendicula 
to the vector (F m , F y , F z ). The tangent to any curve drawn on 
surface is called a tangent line to the surface Thus all tanger 
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13, 14] 

lines to the surface at the point (as, y, z) are perpendicular to the 
vector (F a , F y , F t ), and therefore lie in the plane through (as, y, z) 
perpendicular to this vector. This plane is called the tamgent plane 
to the surface at that point, and the normal to the plane at the 
point of contact is called the normal to the surface at that point. 
Since the line joining any point (X, Y, Z) on the tangent plane to 
the point of contact is perpendicular to the normal, it follows that 






..(3). 



This is the equation of the tangent plane. Similarly if (X, Y, Z) 
is a current point on the normal, we have 

X -as Y-y Z-z ... 

d£ ~ d_F ~ d£ 

das 3 y 3 z 

These are the equations of the normal at the point (x, y, z). 

Ex. 1. Prove that the tangent plane to the surface wyz=a?, and the 
coordinate pianos, bound a tetrahedron of constant volume. 

Ex. 2. Show that the sum of the squares of the intercepts on the co- 
ordinate axes made by the tangent plane to the eurfaoe 

a;? -l-yS + af =a^ 

is constant. 

Ex. 3. At points common to the surfaoe 

a(yz+zx+xy)**xye 

and a sphere whose centre is the origin, the tangent plane to the surfaoe 
makes intercepts on the axes whose sum is constant. 

Ex. 4. The normal at a point P of the ellipsoid 
a 2 + 6 8+ 0 a 1 

meets the coordinate planeB m G u (7 S , G s Prove that the ratios 
PG l . PG 2 • PG 5 

are constant. 

Ex. 5. Any tangent plane to the surface 

a(aP+y 3 )+xi/s—Q 

meets it again m a oomo whose projection on the plane of ay is a rectangular 
hyperbola. 
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One-parameter Family of Surfaces 
15. Envelope. Characteristics. An equation of the form 
F (oc, y, z, a) = 0 (5), 



in -which a is constant, represents a surface. If the value of the 
constant is altered, so in general is the surface. The infinitude of 
surfaces, which correspond to the infinitude of values that may be 
assigned to a, is called a family of surfaces with parameter a. On 
any one surface the value of a is constant ; it changes, however, 
from one surface to another. This parameter has then a different 
significance from that of the parameters u, v in Art. 13 These 
relate to a single surface, and vary from point to point of that 
surface They are curvilinear coordinates of a pomt on a single 
surface. The parameter a , however, determines a particular mem- 
ber of a family of surfaces, and has the same value at all points of 
that member. 

The curve of intersection of two surfaces of the family corre- 
sponding to the parameter values a and a + Sa is determined by 
the equations 

F{a ;, y , z, a) = 0, F (a, y, z,a + Sa ) = 0, 
and therefore by the equations 

/(a)-0. £J2t*j-rs2)_o i 

m which, for the sake of brevity, we have written F (a) instead of 
F(as, y, z, a), and so on. If now we make Sa tend to zero, the 
curve becomes the curve of mtersection of consecutive members of 
the family, and its defining equations become 

F(a) = 0, ^i» = 0 (0). 

This curve is called the characteristic of the surface for the para- 
meter value a. As the parameter varies we obtain a family of such 
characteristics, and their locus is called the envelope of the family 
of surfaces. It is the surface whose equation is obtained by elimi- 
nating a from the two equations (6), 

Two surfaces are said to touch each other at a common point 
when they have the same tangent plane, and therefore the same 
normal, at that pomt. We shall now prove that the envelope touches 
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each member of the family of sw faces at all points of its character- 
istic 



The characteristic corresponding to the parameter value a lies 
both on the surface with the same parameter value and on the 
envelope Thus all points of the characteristic are common to the 
surface and the envelope. The normal to the surface 
F (x, y , 2 , a) = 0 

is parallel to the vector 

dF 9^\ 

vte ’ 9 y ’ 9 z) 

The equation of the envelope is obtamed by eliminating a from 
the equations (6). The envelope is therefore represented by 
F (x, y, z, a) = 0 , provided a is regarded as a function of x, y, z 
given by 

^(®, y. a) = 0. 



The normal to the envelope is then parallel to the vector 
(dF + dFda BF BFBa B_F BFBa\ 

\9ff BaBx’ By + Ba By ’ Bz + BaBz)* 
which, in virtue of the preceding equation, is the same as the 
vector (l) Thus, at all common points, the surface and the en- 
velope have the same normal, and therefore the same tangent 
plane ; so that they touch each other at all points of the charac- 
teristic. 



Ex. 1 . Tho envolopo of the family of paraboloids 
aP+y 2 =s4a (*-a) 

is the circular cone aP+y 2 =g 2 . 

Ex. 2. Spheres of oonstanb radius b have their oentres on the fired oirole 
x i +y 2 =a 2 , 0=0. Prove that their envelope is the surface 
(x 2 +y 2 +z 2 +a 2 — b 2 ) 2 = 4 a 2 (x 2 +y 2 ). 

Ex, 3. The envelope of the family of surfaces 
F{x , y, s, a, b)= 0, 

m whioh the parameters a, b are connected by the equation 
/(a, b)= 0, 

is found by eliminating a and b from the equations 



F=0, /=0, 



Fa 

Jo, fb 
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16. Edge of regression. The locus of the ultimate intersec- 
tions of consecutive characteristics of a one-parameter family of 
surfaces is called the edge of regression. It is easy to show that 
each characteristic touches the edge of regression, that is to say, the 
two curves have the same tangent at their common pomt. For if 
A, B, G are three consecutive characteristics, A and B intersecting 
at P, and B and 0 at Q, these two pomts are consecutive points 
on the characteristic B and also on the edge of regression. Hence 
ultimately, as A and 0 tend to coincidence with B } the chord PQ 
becomes a common tangent to the characteristic and to the edge 




Fig. 8. 



The same may be proved analytically as folio ws. The character- 
istic with parameter value a is the curve of intersection of the 
surfaces 



F (a) = 0, J^F(a) = 0 



.( 6 ). 



The tangent to the characteristic at any pomt is therefore per- 
pendicular to the normals to both surfaces at this point. It is 
therefore perpendicular to each of the vectors 



f dF dF dF\ , / 9 a P d*F &F_\ 
3 x l dy’ 3 z) 011 \dacda’ dyda* 3*3cJ 



The equations of the consecutive characteristic, with the parameter 
value a + da, are 



dF j . dF 3*P, 
da a ’ da da 2 



Hence, for its pomt of intersection with (6), since all four equations 
must be satisfied, we have 

ir (a)-0, ^J(o)-0. |^(«) = 0 (8). 

The equations of the edge of regression are obtained by eliminating 
a from these three equations. We may then regard the edge of 
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egression as the curve of intersection of the surfaces (6), m which 
/ is now a function of x, y, z given by 

?hus the tangent to the edge of regression, being perpendicular 
o the normals to both surfaces, is perpendicular to each of the 
r ectors 

(dF dFda dF dFda dF dFda\ 

3a 3 m * 3 y da dy’ dz 3a dz) 




vhich, in virtue of the equations (8), are the same as the vectors 
*7 ). Thus the tangent to the edge of regression is parallel to the 
angent to the characteristic, and the two curves therefore touch 
i*b their common point. 

Ex. 1 . Find the envelope of the family of planes 
3a?x-3ay+z=aP, 

.nd show that its edge of regression is the ourve of intersection of the surfaces 
«j=y, xy=z 

Ex. 22 . Find the edge of regression of the envelope of the family of planes 
x sm 6 — y cos 9 + s = ad, 

> "being the parameter. 

Ex. 3. Find the envelope of the family of oones 

(ax+x+y +e- 1) (ay +a) = aa (x+y +e- 1), 
t being the parameter. 

Ex. 4. Prove that the charaoteristios of the family of osculating spheres 
>f a twisted ourve are its circles of curvature, and the edge of regression is the 
turve itself. 

Ex. 5 . Find the envelope and the edge of regression of the spheres which 
>ass through a fixed point and whose centres he on a given curve. 

Ex. 6 . Find the envelope and the edge of regression of the family of 
Qlipsoids 




vbere c is the parameter. 



17. Developable surfaces. An important example of the 
precedmg theory is furnished by a one-parameter family of planes 
[n this case the characteristics, bemg the mtersections of consecu- 
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tive planes, are straight lines. These straight lines are called the 
generators of the envelope, and the envelope is called a developable 
surface , or briefly a developable. The reason for the name lies in 
the fact that the surface may he unrolled or developed into a 
plane without stretching or tearing. For, since consecutive gene- 
rators are coplanar, the plane containing the first and second of 
the family of generators may be turned about the second till it 
comcides with the plane containing the second and third, then 
this common plane may be turned about the third till it coincides 
with the plane containing the third and the fourth ; and so on. 
In this way the whole surface may be developed into a plane. 

Smce each plane of the family touches the envelope along its 
characteristic, it follows that the tangent plane to a developable 
sui face is the same at all paints of a generator. The edge of re- 
gression of the developable is the locus of the intersections of 
consecutive generators, and is touched by each of the generators. 
Moreover, smce consecutive generators are consecutive tangents to 
the edge of regression, the osculating plane of this curve is that 
plane of the family which contains these generators But this 
plane touches the developable. Hence the osculating plane of the 
edge of regression at any point is the tangent plane to the developable 
at that paint. 

Suppose the equation of a Burface is given m Monge’s form, 

y) (9), 

and we require the condition that the surface may be a develop- 
able The equation of tho tangent plane at the point (cc, y , z) is 

and, m order that this may be expressible m terms of a single 
parameter, there must be some relation between f a and f y , which 
we may wnte gy 

da ^ 

On differentiation this gives 




a*-* ^ 



1 '/ 
dcody 






(djf\d *1 
\dy) diedy ’ 
(df\'aff 
\dy) dy 3 ’ 
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and from these it follows that 



&f&/_ / ayv 

da? dy* \daidy) 



( 10 ). 



This is the required condition that (9) may represent a develop- 
able surface. 

Ex. Prove that the surface xy=(z-c ) 2 is a developable. 



Developables associated with a Curve 

18. Osculating developable. The principal planes of a 
twisted curve at a current point P are the osculating* plane, which 
is parallel to t and n, the normal plane, which is parallel to n and 
b, and the rectifying plane, which is parallel to b and t The 
equations of these planes contain only a single parameter, which is 
usually the arc-length s; and the envelopes of the planes are 
therefore developable surfaces. 

The envelope of the osculating plane is called the osculating 
developable. Since the intersections of consecutive osculating planes 
are the tangents to the curve, it follows that the tangents are the 
generators of the developable. And consecutive tangents intersect 
at a point on the curve, so that the curve itself is the edge of 
regression of the osculating developable. 

The same may be proved analytically as follows. At a point r 



on the curve the equation of the osculating plane is 

(R-r).b = 0 (11), 

where r and b are functions of s. On differentiating with rospect 

to s we have -t.b-r (R-r)*n = 0, 

that is (R-r)«n = 0 (12), 



which is the equation of the rectifying plane. Thus the character- 
istic, being given by (11) and (12), is the intersection of the oscu- 
lating and rectifying planes, and is therefore the tangent to the 
curve at r. To find the edge of regression we differentiate (12) 

and obtain (R - r).(rb — «t) = 0 (18). 

For a pomt on the edge of regression all three equations (11), (12) 
and (13) are satisfied. Hence (R — r) vanishes identically, and the 
curve itself is the edge of regression 
Ex. Find the osoulating developable of the circular helix. 
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19. Polar developable. The envelope of the normal plane 
of a twisted curve is called the polar developable, and its generators 
are called the polar lines. Thus the polar line for the point P is 
the intersection of consecutive normal planes at P. The equation 

of the normal plane is ^ . 

r (R — r)*t=0 (14), 

where r and t are functions of s. Differentiating with respect to s 

W6find k (R — r).n — t.t = 0, 



which may be written (R — r — pn) • n = 0 (15). 

This equation represents a plane through the centre of curvature 
perpendicular to the principal normal It intersects the normal 
plane in a straight line through the centre of curvature parallel to 
the binomial (Fig 4). Thus the polar line is the aids of the circle 
of curvature. On differentiating (15) we obtam the third equation 
for the edge of regression, 

(R — r)*( T b — tft) = p\ 



which, in virtue of (14), may be written 

(R — r)«b =<rp' (16). 

From the three equations (14), (15) and (16) it follows that 
R — r — pn+ o-p'b, 

so that the point R comcides with the centre of spherical curva- 
ture. Thus the edge of regression of the polar developable is the 
locus of the centre of spherical curvature. The tangents to this locus 
are the polar lines, which are the generators of the developable. 



20. Rectifying developable. The envelope of the rectifying 
plane of a curve is called the rectifymg developable, and its gene- 
rators are the rectifying lines. Thus the rectifying line at a point 
P of the curve is the intersection of consecutive rectifymg planes. 
The equation of the rectifying plane at the point r is 

(R-r).n = 0 (17), 

where r and n are functions of s. The other equation of the recti- 
fying line is got by differentiating with respect to s, thus obtaining 

(R-r).(rb-«t)=0 (18). 

From these equations it follows that the rectifying line passes 
through the pomt r on the curve, and is perpendicular to both n 



i 

r 

f 

t 

r 



r 



f 



f 
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and (Tb — «t). Hence it is parallel to the vector (rt + /cb), and is 
therefore inclined to the tangent at an angle <}> such that 

tan 0 = ^ (19). 



n 

A 




Fig 9. 



To find the edge of regression we differentiate (18) and, in 
virtue of (17), we obtain 

(R-r)«(T'b — k t) + k — 0 (20). 

Further, since the rectifying line is parallel to rt + *b, the point 
R on the edge of regression is such that 

(R — r) = Z (rt + /rb), 

where l is some number. On substitution of this m (20) we find 



1 = 



K 

K.' T — ACT 7 ’ 



Thus the point on the edge of regression corresponding to the 
pomt r on the curve is 



B = r+ ATt + «b) 
K T— KT 



.( 21 ). 



The reason for the term “ rectifying ” applied to this developable 
lies m the fact that, when the surface is developed into a plane by 
unfolding about consecutive generators, the original curve becomes 
a straight line. The truth of this statement will appear later when 
we consider the properties of “ geodesics M on a surface. 

We may notice in passing that, if the given curve is a helix, 
«/t is constant, and the angle <f> of (19) is equal to the angle ft of 
Art. 8. Thus the rectifying lines are the generators of the cylinder 
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on which the helix is drawn, and the rectifying developable is the 
cylinder itself 

Ex. Prove that the rectifying developable of a curve is the polar develop- 
able of its involutes, and conversely. 



Two-parameter Family of Surfaces 

21. Envelope. Characteristic points. An equation of the 
form 

F(x,y,z i a,b) = 0 (22), 

in which a and b are independent parameters, represents a doubly 
infinite family of surfaces, corresponding to the infinitude of values 
of a and the infinitude of values of b On any one surface both a 
and b are constant. The curve of intersection of the surface whose 
parameter values are a, b with the consecutive surface whose para- 
meter values are a + da, b + db is given by the equations 
F (a, b) = 0, F(a + da, b + db) = 0, 
or by the equations 

F(a, b) = 0, F(a, b) + ^F(a,b)da + ^ F(a, b) db = 0. 

This curve depends on the ratio da db ; but for all values of this 
ratio it passes through the point or points given by 

F (a, b) = 0, ^-F(a,b) = 0 ) ^F(a,b) = 0 .. (23). 

These are called charactenstic points, and the locus of the charac- 
teristic pomts is called the envelope of the family of surfaces. The 
equation of the envelope is obtained by eliminating a and b from 
the equations (23) 

Each characteristic point is common to the envelope and one 
surface of the family ; and we can prove that the envelope touches 
each surface at the characteristic point (or points). The normal to 
a surface of the family at the point (x, y, z) is parallel to the vector 
(dF dF dF } 

Ue* Si) '■ *> 

The equation of the envelope is got by eliminating a and b from 
the equations (23). We may therefore take F (x, y, z, a, b)= 0 as 
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the equation of the envelope, provided we regard a, b as functions 
of sc, y, z given by 

I£= 0 ' w 

Then the normal to the envelope is parallel to the vector 

(dF dFda 3^36 d_F dFda dFdb \ 

\ 3 ® + da dsc + 3 b dsc’ By + da dy + 36 dy ’ “ / ’ 
which, in virtue of (25), is the same as the vector (24). Thus the 
envelope has the same normal, and therefore the same tangent 
plane, as a surface of the family at the characteristic point. The 
contact property is thus established. 

E». 1 . Show that the envelope of the plane 

-cos0sind> + 7 Sin 6 sm <A+-oos <i=l, 
a o 

where 6, $ are independent parameters, is the ellipsoid 

^4X 2 + f? = i 
a i+ b* + d* 

Ex. 2. Prove that the envelope of a plane which forms with the co- 
ordinate planes a tetrahedron of constant volume' is a surface xye = const 

Ex. 3. The envelope of a plane, the sum of the squares of whose inter- 
cepts on the axes is constant, is a surface 

+ z l = const. 

Ex. 4. The envelope of the plane 

(u - v) boic+ (1 +uv) cay +(l-uv)abz= abc (tt+tf), 
where u, v are parameters, is the hyperboloid 



Ex. 5. Prove that the envelope of the surface F(x, y, t, a, b, c)«*= 0, 
where a, b, c are parameters connected by the relation f(ct, b, c)=»0, is obtained 
by eliminating a,b,o from the equations 

i^O, /= 0, = 

i Ex. 6. The envelope of the plane lw+my+m=p, where 
p a=a 2 Z 2 +6 2 w 2 +c 2 « a , 

is an ellipsoid. 



4 
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EXAMPLES III 



1 . Find the envelope of the planes through the centre of an ellipsoid an< 
cutting it in sections of constant area. 

2. Through a fixed point on a given circle chords are drawn Find th 
envelope of the spheres on these ohords as diameters. 

3. A plane makes intercepts a, 6, c on the coordinate axes such that 

1 ,1 !_! 
ii + J5 + ?-F- 

Prove that its envelope is a comcoid with equi- conjugate diameters along th 
axes. 



4. A fixed point 0 on the s-axis is joined to a variable pomt P on th 
ya-plane Find the envelope of the plane through P at right angles to OP. 

5. Find the envelope of the plane 



x . V 
a+u~ r b+u 



+ 



c+w' 



. 1 , 



where u is the parameter, and determine the edge of regression. 

6. The envelope of a plane, suoh that the eum of the squares of i 
distances from n given points is constant, is a comcoid with oentre at tl 
centroid of the given points 

7. A fixed pomt 0 is joined to a variable pomt P on a given spheric 
surface. Find the envelope of the plane through P at right angles to OP. 

8 . A sphere of constant radius a moves with its oentre on a given twist' 
curve. Prove that the oharaotenstic for any position of the sphere is its gre 
circle by the normal plane to the ourve. Show also that, if the radius 
curvature p of the curve is less than a, the edge of regression consists of b 
branches, on whioh the current point is 

T+pn±Ja^yb 

The envelope is called a canal surface 

9. Show that the radius of ourvature of the edge of regression of t 

rectifying developable (Art. 20) is equal to cosec <f> ^ ^sin 2 <f> , wh. 

tan <£=>-, and that the radius of torsion is equal to 
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CURVILINEAR COORDINATES ON A SURFACE. 
FUNDAMENTAL MAGNITUDES 

22. Curvilinear coordinates. We have seen that a surface 
may be regarded as the locus of a point whose position vector r is 
a function of two independent parameters u, v. The Cartesian 
coordinates as, y, z of the point are then known functions of u, v, 
and the elimination of the two parameters leads to a single rela- 
tion between oo, y, z which is usually called the equation of the 
surface. We shall confine our attention to surfaces, or portions of 
surfaces, which present no singularities of any kind 
Any relation between the parameters, say f(u, v ) = 0, represents 
a curve on the surface. For r then becomes a function of only one 
independent parameter, so that the locus of the point is a curve 
In particular the curves on the surface, along which one of the 







.Fig. 10. 



parameters remains constant, are called the parametric curves 
The surface can be mapped out by a doubly infinite set of para- 
metric curves, corresponding to the infinitude of values that can 
be assigned to each of the parameters. The parameters u, v thus 
constitute a system of curvilinear coordinates for points on the 
surface, the position of the pomt bemg determined by the values 
of u and v. 
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Suppose, for example, that -we are dealing with the surface of a 
sphere of radius a, and that three mutually perpendicular diameters 
are chosen as coord mate axes The latitude X of a pomt P on the 
surface may be defined as the inclination of the radius through P 
to the xy plane, and the longitude </> as the inclination of the plane 
containing P and the 2 -axis to the zx plane. Then the coordinates 
of P are given by 

x = a cos \ cos <£, y = a cos X sm <£, z = a sin X. 

Thus X and <£ may be taken as parameters for the surface. The 
parametric curves X = const, are the small circles called parallels 
of latitude; the curves const. are the great circles called 
meridians of longitude. As these two systems of curves cut each 
other at right angles, we say the parametric curves are orthogonal . 

As another example consider the osculating developable of a 
twisted curve. The generators of this surface are the tangents to 
the curve. Hence the position vector of a point on the surface is 
given by 

R = r + ut, 

where u is the distance of the pomt from the curve measured 
along the tangent at the pomt r. But r, t are functions of the 
arc-length s of the given curve Hence 8, u may be taken as para- 
meters for the osculating developable. The parametric curves 
8 = const, are the generators; and the curves u = const cut the 
tangents at a constant distance from the given curve. 

If the equation of the surface is given m Monge’s form 

*“/(«>?). 

the coordinates x, y may be taken as parameters In this case the 
parametric curves are the intersections of the surface with the 
planes x = const, and y = const 

Ex. 1 . On the surface of revolution 

a?*=ticos<£, y=u sin^>, z=f(v), 

what are the parametrio curves «= const , and what are the curves 0= const ? 
Ex. 2. On the right helicoid given by 

a?=i4cos0, y=UB\ncf>, B=c<f), 

show that the parametric curves are circular helices and straight lines. 
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Ex. 3 . On the hyperboloid of one sheet 

x _ \+n y _ 1 — \fi s \ — p 
a 1 + \/t ’ b 1 + \/x ’ c 1 + A /a ’ 

the parametrio ourves are the generators. What curves are represented by 
\=p, and by A/a= const ? 



23. First order magnitudes. The suffix 1 will be used to 
indicate partial differentiation with respect to u, and the suffix 2 
partial differentiation with respect to v. Thus 



ii = 



9r 

3 u ’ 



r a 



3r 

dv ’ 



_3 2 r _ 3 a r _3 2 r 

ru 0 u 1 ' ria_ 3 udv’ raa ~dtf’ 



and so on. The vector r, is tangential to the curve v = const at 
the point r, for its direction is that of the displacement dr due to 
a variation du in the first parameter only. We take the positive 
direction along the parametric curve v = const, as that for which u 
increases This is the direction of the vector r x (Fig 10) Similarly 
r, is tangential to the curve u = const in the positive sense, which 
corresponds to increase of v. 

Consider two neighbouring points on the surface, with position 
veotors r and r + dr, corresponding to the parameter values u, v 
and u + du, v + dv respectively Then 

dr = du + dv 
du dv 

= r 1 du+ r a dv. 

Since the two points are adjacent points on a curve passing through 
them, the length ds of the element of arc joining them is equal to 
their actual distance | dr | apart. Thus 
ds 2 = dr s = (r x du + r a dv) a 

= r 2 * du* + 2r x • r a dudv + r a s dv 1 . 



If then we write E = rf, F=r 1 »r a , G^ra 2 (1), 

we have the formula 

ds 2 = Edu 1 + 2 Fdudv +Qd'd a (2). 



The quantities denoted by E, F, 0 are called the fundamental 
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magnitudes of the first order. They are of the greatest import^ 11 
and -will occur throughout the remainder of this book. The eg. 1 *® 
tLty EG — j F* is positive on a real surface when u and v are 
For k/E and *JG are the modules of r x and r 2 , and, if co denote t 
angle between these vectors, F = */ EG cos <o, and therefore EG- ■ — 
is positive. We shall use the notation 

if 3 = EG - F 3 C 3 > 

and let E denote the positive square root of this quantity. 

The length of an element of the parametric curve v = const 
found from (2) by putting dv — 0. Its value is therefore 
The unit vector tangential to the curve v = const, is thus 



. 1 dr E7- 

1 — *JE du ~ ^ 



Similarly the length of an element of the curve m = const. 
*fGdv, and the unit tangent to this curve is 



The two parametric curves through any point of the surface© 
at an angle c o such that 



cos co = a«b 



fi»r 3 

</EG 



F , 



Therefore* 

and 



sf jEG-F* 



EG 



tan co = 



H 

F 



_E > 



<4*; 



Also since sin co = | a x b | = ~i= | r x x r 9 1, 

V EG 

it follows that ] r x x r a j = H (5 

The parametric curves will cut at right angles at any poir 
F = 0 at that point, and they will do so at all points if F= O < 
the surface. In this case they are said to be orthogonal. T 
F= 0 is the necessary and sufficient condition that the par come 
curves may form an orthogonal system. 



* See also Note I, p. 263. 
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DIRECTIONS on a surface 



X. 1 . For a surface of revolution (of. Ex. 1, Art. 22) 
r = ( u cos v, u sm v, f(u)), 

Ti = (cos v, sm v, f (u)), 
r 2 =(-ttsin v, u cos v, 0); 
j£= ri a =l+/' a , 
i? T =r 1 *ra=0, 

0=r a a -tt a 

s the parametrio curves are orthogonal, and 

d & = (1 + /' a ) du 2 + u 2 dv 2 . 

■X. 2. Calculate the same quantities for the surfaoe in Ex. 2 of the 
eding Art. 

S4. Directions on a surface. Any direction on the surface 
n a given point (u, v) is determined by the increments du, dv 
the parameters for a small displacement in that direction. 
t ds be the length of the displacement dr corresponding to 
increments du, dv , and let 8s be the length of another dis- 
lement Sr due to increments 8u, 8v. Then 
dr = r^du + r a dv, 

L 8r=r 1 8u + r i 8v 

3 inclmation yjr of these directions is then given by 
ds8s cos r = dr»8r 

= Edu8u + F(du8v + dv8u) + Gdv8v, 

[* ds8sam-\jr = \drx8r\ 

= | du8v — dvBu | | r x x r 9 1 
= E | duhv — dv8u \ . 

e two directions are perpendicular if cos yfr = 0, that is if 

E ^^ +F (^ + ^) +&=0 (6) - 

As an important particular case, the angle 6 between the direo- 




1 . 
1 - 
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tion du, dv and that of the curve v = const, may be deduced 
from the above results by putting Sv = 0 and 8s = */E8u Thus 



and 



am 6 = 



H \dv\ 



' >JE\ds\ 

Similarly its inclination S to the parametric curve u- 
obtained by putting 8u — 0 and 8s = VG8v. Thus 



■ on 



const, is 



and 



_ 1 f-pdu „dv\ 

aoa * = 7QVT s + G ds) 

H \du\ 

“^"78 s| 



..( 8 ). 



The formula (6) leads immediately to the differential equation 
of the orthogonal trajectories of the family of curves given by 
PSm+ Q8v= 0, 



where P, Q are functions of u, v. For the given family of curves 
we have 

_Q 
8v P’ 



and therefore from (6), if dujdv refers to the orthogonal trajectories, 
it follows that 

(EQ - FP ) du + (FQ — GP) dv = 0 ... (9). 

This is the required differential equation. If, mstead of the differ- 
ential equation of the original family of curves, we are given their 
equation m the form 

<j> (w, v ) = c, 

where c is an arbitrary constant, it follows that 

faSu + (f) t 8v = 0 , 

the suffixes as usual denoting partial derivatives with respect to u 
and v. The differential equation of the orthogonal trajectories is 
then obtained from the preceding result by puttmg P = <fh and 
Q = <f > s , which gives 

(P<£a — Ffa) d/a + (F(f> a — Gfc) dv = 0 (10)* 

An equation of the form 

Pdu s + Qdudv + Rdv 9 = 0 
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etermines two directions on the surface, for it is a quadratic in 
ufdv. Let the roots of the quadratic be denoted by dujdv and 
u/8v. Then 

du Sw _ _ Q 
dv + 8v~ P’ 

' duhu _R 

ld foh>~P' 



'n substituting these values in (6) we see that the two directions 
ill be at right angles if 

ER - FQ + QP = 0 (11). 



Ex. 1. 

low that 



If is the angle between the two directions given by 
P dvP + Q du dv + R dv % = 0, 



tan^= 



ER-FQ+GP' 



Ex. £2 . If the parametric curves are orthogonal, show that the differential 
[uation of lines on the Burface cutting the ourves u= const, at a constant 
lgle jS is 

du , . /G 

^ = tan/3 

Ex. 3 . Prove that the differential equations of the ourves which bisect 
ie angles between the parametric curves are 

*/Edu — 'JQ dv= 0 and •fEdu+'J Gd/o^O. 



25. The normal. The normal to the surface at any point is 
srpendicular to every tangent line through that point, and is 

n 




Fig. VL 
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therefore perpendicular to each of the vectors r x and r a . Hence it 
is parallel to the vector rj x r a ; and we take the direction of this 
vector as the positive direction of the normal. The unit vector n 
parallel to the normal is therefore 



( 12 ). 



r i x r a _ r,xr a 
I r x x r, | H 

This may be called the unit normal to the surface. Since it is 
perpendicular to each of the vectors r x and r a we have 



n*rj = 0, n«r a = 0 (13). 

The scalar triple product of these three vectors has the value 

[n, r Xj r a ] = n.ri x r s = ifh a = H (14). 

For the cross products of n with r x and r a we have 



r 1 xn = ^r 1 x(r 1 x r a ) = I (JfV : - Er a ), 

and similarly 

r, x n = i r a x (r : x r a ) = ^-(Gr, - Fr a ). 



26. Second order magnitudes. The second derivatives of r 
with respeot to u and v are denoted by 

_ 0*r 3 a r _ ^r 

r “ — 9JS’ r ”~W' 

The fundamental magnitudes of the second order are the resolved 
parts of these vectors in the direction of the normal to the surface. 
They will be denoted by L, M, N. Thus 

L = n«r u , M=n»r u , N = n»r sli . 

It will be convenient to have a symbol for the quantity LN — M*. 
We therefore write 

T' = LN-M\ 

though this quantity is not necessarily positive. 

We may express L , M, N m terms of scalar triple products of 
vectors. For 

On r a , r u ] = r x x r,.r u =Fn.r u = EL. 

Similarly [r lf r aj r u ] = r x x r a T ia = Hn • r„ = EM, 

and [r 1} r a , r a ] = r,xr a .r B = En • r a = EN. 
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It will be shown later that the second order magnitudes are 
intimately connected with the onrvature of the surface. We may 
here observe in passmg that they occur in the expression for the 
length of the perpendicular to the tangent plane from a point on 
the surface m the neighbourhood of the point of contact Let r be 
the point of contact, P, with parameter values u, v, and n the unit 
normal there The position vector of a neighbouring point Q 
(u + du, v + dv) on the surface has the value 

r + fadu, + Tidv) 4- £ (r u dw s + 2r 12 dudv + r *<£«•) + . .. . 

The length of the perpendicular from Q on the tangent plane at 
P is the projection of the vector PQ on the normal at P, and is 
therefore equal to 

n«(r 1 dw + r a du) + |n-(r u dM a + 2r ia dudv + r !a dv i ) + .... 

In this expression the terms of the first order vanish since n is at 
right angles to r x and r s . Hence the length of the perpendioular 
as far as terms of the second order is 

£ (Ldu* + 2 Mdudv + Ndtf). 

Ex. I . Calculate the fundamental magnitudes for the right helicoid given 

by 

® = «OOS0, y = MSin0, S = C<t>. 

With w, 0 as parameters we have 

r *=(16 008 0, u sin 0, c0), 
ri=(cos 0, sm0, 0), 
ra=(-MSin0, it cos 0, a ). 

Therefore 

B=r 1 2 =l, F=Ti»r a =0, G'=r a il =w a +c 2 , &*=■ EG-F*=u*+A 
Since F= 0 the parametric curves are orthogonal. The unit normal to the 
surface is 

n = = (° sin 0, -ccos 0, u)jE. 

Further r u = (0, 0, 0), 

r ia «=( — sin 0, oos 0, 0), 
r 22 = (-« COS 0, — m sin 0,0), 
so that the second order magnitudes are 

Z*=0, M=-l } iV=0. 
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Ex. 2. On the surface given by 

tc=a(u+ v), g = b (u—v), e=uv, 
the parametric ourves arc straight lines Further 
Ti=(a, b, •), 
ra=(aj w), 

and therefore 

E=a 2 +b 2 +v 2 , F=a 2 -b 2 +uv, G =a 2 +b 2 +u 2 , 
ff 2 =4 a 2 b 2 + a 2 (m - v) 2 +b 2 (u+ v) 2 . 

The unit normal is n= (bu+bv, cuo-au , -2 ab)IH. 

Agam rn = (°> Oj 0), 

ria = (0, 0, 1), 

r«- ( 0 , 0 , 0 ), 

and therefore L<= 0, — 2abjff, N= 0, 

T 2 =LN—M 2 = —4a 2 b^j3 2 

27. Derivatives of n. Moreover, by means of the funda- 
mental magnitudes we may express the derivatives of nm terms 
of r, and r a . Such an expression is clearly possible. For, smce n 
is a vector of constant length, its first derivatives are perpendicular 
to n and therefore tangential to the surface They are thus 
parallel to the plane of r x and r„, and may be expressed m terms 
of these 

We may proceed as follows. Differentiating the relation n^r^O 
with respect to u we obtain 

n*r a = 0, 

and therefore ni • r x = — n • r u = — L. \ 

In the same manner we find 

n 1 »T 2 = — n*r J3 = — M\ (15). 

n B T 1 = -n«r H1 = - M 
n 8 «r 9 = — n»r ffl = — N 

Now since n x is perpendicular to n and therefore tangential to the 
surface we may write 

Uj = oTj + 6r a , 

where a and 6 are to be determined. Forming the scalar products 
of each side with r x and r # successively we have 
— L = aE + bF t 
— M=aF + bQ. 





27, 28] DERIVATIVES OP UNIT NORMAL 61 

On solving these equations for a and b, and substituting the values 
so obtained m the formula for n 1} we find 

H * Hi = (FM — GL ) r a + (FL - EM) r 2 (16) 

Similarly it may be shown that 

H*n z = (FN - GM) r x + {FM - EN) r a .. (16'). 



If r a and ^ be elimmated in succession from these two equations 
we obtain expressions for Tj and r„ in terms of n a and n a . The 
reader will easily verify that 

T'r, = (FM - EN) n, + (EM - FL) n a | 

T a r a = (GM — FN) Dj + (FM — GL) n a j ‘ ‘ 

These relations could also be proved independently by the same 
method as that employed in establishing (16) 

From the equations (16) and (16') it follows immediately that 
M* n x x n 9 = {(FM - GL) (FM - EN) - (FL - EM)(FN-GM)) r, x r a 
= n, 

so that ifn 1 xn a = T a n (18) 

Thus the scalar triple product 

yia rfi 

[n, n lf n 2 ] = -grn.n=-g=. 

And as a further exercise the reader may easily verify the follow- 
ing relations which will be used later : 

H [n, n 1} rj = EM — FL ^ 

•STn, Hu r a ] = FM — GL I ( 

H[n, n^Tj^EN-FMi 

E[n, n*, r a ] = FN ~ GM) 

(Of. Ex. 13 at the end of this chapter.) 



28. Curvature of normal section. It has already been 
remarked that the quantities L, M, N are connected with the 
curvature properties of the surface. Consider a normal section of 
the surface at a given point, that is to say, the section by a plane 
containing the normal at that point. Such a section is a plane 
curve whose principal normal is parallel to the normal to the 
surface. We adopt the convention that the principal normal to the 
curve has also the same sense as the unit normal n to the surface 
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Then the curvature of the section is positive when the curve is 
concave on the side toward which n is directed. Let dashes denote 
differentiation with respect to the arc-length 8 of the curve. Then 
r" = /c n n, 

and therefore re n = n»r" (20). 

But r f = r 1 u' + r a u' 

and r" = r x u H + r 2 i/' + r u u 3 + 2r^u!v' + t^v' 3 . 

Consequently, on substituting this value in (20), remembering 
that n is perpendicular to r 2 and r a we obtain 

Kn = Lu 3 + 2 Mu'v 1 + Nv ' B (21). 

This formula may also be expressed 

_ Ldu 3 + 2Mdudv + Ndv 3 
Kn Edu 3 + 2 Fdudv + GdiP ' 

It gives the curvature of the normal section parallel to the direc- 
tion dujdv. We may call this briefly the normal curvature m that 
direction. Its reciprocal may be called the radius of normal 
curvature. 

Suppose next that the section considered is not a normal section. 
Then the principal normal to the curve is not parallel to n. It is 
parallel to r", and the unit principal normal is t"Jk, where k is the 
curvature of the section. Let 6 be the inclination of the plane of 
the section to the normal plane which touches the curve at the 
point considered. Then 6 is the angle between n and the principal 
normal to the curve Hence 

cos 6 = n«r"/« 

= ^ (Lu'* + 2 Mu’v' + Nv' 3 ). 

Now v! has the sam§ value for both sections at the given point, 
since the two curves touch at that point Similarly xf is the same 
for both. Hence the last equation may be written 

COS 6 = KnJtC 

or K n = k cos 6 (22) 

This is Meunier’8 theorem connecting the normal curvature in any 
direction with the curvature of any other section through the same 
tangent lme. 




63 



28] EXAMPLES 

Ex. 1 . If L, M, N vanish at all points the surface is a plane. 

Ex. 2. A real surface for which the equations 
E F Q 
L ~M = N 

hold is either spherical or plane. 

Ex. 3. The centre of curvature at any point of a curve drawn on a 
surface is the projection upon its osculating plane of the centre of curvature 
of the normal section of the surface whioh touches the curve at the given 
point. 

EXAMPLES IV 

1 . Taking x, y as parameters, calculate the fundamental magnitudes and 
the normal to the surface 

2z=ax l -{-'2fixy+by 2 . 

2. For the surface of re\ olution 

x=uooa<t>, y=MSin0, «=/(«), 
with u, <f> as parameters, show that 

E=l+f' 2 , F=0, Q=u\ E 2 =u 2 (\+f% 
n = m ( —f cos 0, -/'sin<jf>, 1)1 E, 



_«T 



X-0, T‘ 



3. Calculate the fundamental magnitudes and the unit normal for the 
conoid 

x=uGos<f > , y—uam<p, *=/($), 
with u, <f) as parameters. 

4 . On the surface generated by the binomials of a twisted curve, the 
position vector of the current point may be expressed r+«b where r and b 
are functions of a Taking u, s as parameters, show that 

E= 1, F= 0, G= 1+t*u 2 , E*~l+i*u\ 
n = (H+rut)/i?, 

where II is the principal normal to the curve j also that 

L= 0, M= -r/E, N={k + k^v?-t'u)\E. 

5. When the equation of the surface is given m Mongo’s form *«=/(#, y), 
the coordinates x, y may be taken as parameters If, as usual, p, q are the 
derivatives of z of the first order, and r, a, t those of the second order, show 
that 

E=l+p 2 , F=pq, 0=l + q 2 , E*=l+p 2 +q 2 , 
n=(-p, -q, 1 )/E, 

t mn rt-a* 



M* 



■b 



Deduce that T 2 is zero for a developable surface. 
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6 . Find the tangent of the angle between the two directions on the surface I 

determined by the quadratic | 

Pdu 2 + Qdudv+Rdv a =0 ) 

Let dujdv and 8u/bv be the roots of this quadratic in dujdv. Then, by the f 
first two results of Art. 24, 7 

gjdu _ — I 
tan & am ^ I dv 3v | 

n *“cos f " „du du _ (du 

E TvTv +F \drv+Tv) + Q 

H /V 45 f 

M \/pi-p ffs /&-4PR [ 

~ ER FQ^ a = ER- FQ+GP' | 

P P +< * 

7. By means of the formulae of Art. 27 show that 

P 2 ni x n = E (fai - ells), 

P 2 n a xn=27 (gni -/n 2 ), i 

where M*e=EM 2 -2FLM+GL 2 , \ 

H*f= EMN-F (LN+ Jf»)+ ffZJf, 

E 2 g=EN 2 - ZFMN+ GM 2 

8. From a given point P on a surface a length PQ is laid off along the 

normal equal to twice the radius of normal curvature for a given direction 
through P, and a sphere is described on PQ as diameter. Any curve is drawn j 

on the surface, passing through P m the given direction Prove that its circle I 

of curvature at P is the oircle in which its osculating plane at P outs the 
sphere 

9. Show that the curves du 2 — (m 2 +c 2 )c? 0 2 = 0 form an orthogonal system 
on the helicoid of Ex. 1, Art. 26 

1 0. On the surface generated by the tangents to a twisted curve, find the 
differential equation of the curves whioh cut the generators at a constant 
angle /9 

1 1 . Find the equations of the surfaoe of revolution for whioh 

ds 2 = du 2 +{a 2 -u 2 ) do 2 

1 22. Show that the curvature k at any point P of the curve of intersection 
of two surfaces is given by 

K 2 sin® 6 = K! 2 + k 2 2 - 2<i k 2 cos d, 

where k u k 2 are the normal curvatures of the surfaces in the direction of the 
curve at P, and 6 is the angle between their normals at that point. 

1 3. Prove the formulae (19) of Art. 27. 

From (17) of that Art. it follows that 

T 2 n! x ri = {EM- FL) ni x n a , 




28] EXAMPLES. HBLIOOtDS 65 

and therefore 2 Ta n*Hixri=(^i^— AZ)n»nixnj 
= (EM-FL ) T*IH. 

Thus H [n, ni , rj — EM- FL> 

and similarly for the others. 

1 4 . Prove the formulae 

Nnxn 1 ==ifr 1 -Zr a '| 

5nxn s = Nt! - 2/r a J ’ 

On differentiating the formula iZh=*r 1 xr 2 with respeot to u we have 
+Eni - ri x Ta + ru x r a . 

Form the cross product of eaoh side with n Then 

Mn x ni= n-Tmri - n« rnrj 
=ifri-Zr a , 

and similarly for the other. 

By substituting m these the values of Ti and ra given in (17) we could 
deduce the formulae of Ex. 7 

1 5 . Helicoids. A helicoid is the surface generated by a curve which 
is simultaneously rotated about a fixed axis and translated m the direction of 
the tt-Hm with a velocity proportional to the angular velooity of rotation. The 
plane sections through the axis are called meridians. No generality is lost by 
assuming the curve to be plane, and the surface oan be generated by the 
helicoidal motion of a meridian. 

Take the axis of rotation as z-axis. Let u be the perpendioular distance of 
a pomt from the axis, and v the inclination of the meridian plane through the 
point to the za?-plane. Then, if the meridian v*=0 is given by z=f(u)> the 
coord mates of a current pomt on the surfaoe are 

x=v, cosv, y=uA inn, z=f(u)+ov, 

where a is constant, and 2iro is called the pitch of the helicoidal motion From 
these it follows that 

E- l+/i 8 , F= of i , G=u*+<?, Z r *= 0 2 +M s(i + / 1 i). 

The parametno curves are orthogonal only when o is zero or /(«) constant. 
The former case is that of a surfaoe of revolution. The latter is the oase of a 
ngkt helicoid which is generated by the heliooidal motion of a straight line 
cutting the axis at right angles (Art. 26, Ex. 1). The unit normal to the 
general helicoid is 

n = i-(c sm w - ufi cos v, — a cos v — uf x sin it), 

M 

and the second order magnitudes are 




The parametno curves it = const, are obviously helices. 

1 6. Find the curvature of a normal section of a helicoid. 

1 7 . The locus of the mid-points of the chords of a circular helix is a right 
helicoid. 
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CHAPTER IY 
CURVES ON A SURFACE 
Lines of Curvature 

29. Principal directions. The normals at consecutive points 
of a surface do not in general intersect; but at any point P there 
are two directions on the surface, at nght angles to each other, such 
that the normal at a consecutive point in either of these directions 
meets the normal at P. These are called the principal directions 
at P. To prove this property, let r be the position vector of P and 
n the unit normal there. Let r + dr be a consecutive point in the 
direction du, dv, and n + dn the unit normal at this point. The 
normals will intersect if n, n + dn and dr are coplanar, that is to 
say, if n, dn, dr are coplanar. This will be so if their scalar triple 
product vanishes, so that 

[n, dn, dr] = 0 (1). 

This condition may be expanded in terms of du, dv. For 
dn = n x dw + n 2 dv, 
dr = r x du + r a dv, 

and the substitution of these values in (1) gives 
[n, n a , rj] du 2 + {[n, n^ rj + [n, n,,, r,]} dudv + [n, n,j, rj dv 2 = 0, 
which, by (19) of Art 27, is equivalent to 
(EM - FL) du* + (EN- QL) dudv + (FN -QM)dv* = 0 . . .(2). 
This equation gives two values of the ratio du : dv, and therefore 
two directions on the surface for which the required property holds. 
And these two directions are at right angles, for they satisfy the 
condition of orthogonality (11) of Art 24. 

It follows from the above that, for displacement in a principal 
direction, dn is parallel to dr. For dr is perpendicular to n, and 
dn is also perpendicular to n since n is a umt vector. But these 
three vectors are coplanar, and therefore dn is parallel to dr. Thus, 
for a principal direction, n' is parallel to r 7 , the dash denoting arc- 
rate of change. 
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A curve drawn on the surface, and possessing the property that 
the normals to the surface at consecutive points intersect, is called 
a hue of curvature. It follows from the above that the direction of 
a line of curvature at any point is a principal direction at that point. 
Through each point on the surface pass two lines of curvature 
cutting each other at right angles, and on the surface there are 
two systems of lines of curvature whose differential equation is (2). 
The point of intersection of consecutive normals along a line of 
curvature at P is called a centre of curvature of the surface, and 
its distance from P, measured in the direction of the unit normal 
n, is called a ( principal ) radius of curvature of the surface. The 
reciprocal of a principal radius of curvature is called a principal 
curvature. Thus at each point of the surface there are two principal 
curvatures, K a and Kb, and these aie the normal curvatures of the 
surface m the directions of the lines of curvature. They must not 
be confused with the curvatures of the lmes of curvature. For the 
principal normal of a line of curvature is not m general the normal 
to the surface. In other words, the osoulatmg plane of a line of 
curvature does not, as a rule, give a normal section of the surface, 
but the curvature of a lme of curvature is connected with the 
corresponding principal curvature as in Meunier’s Theorem. 

The principal radii of curvature will be denoted by a, (3. As these 
are the reciprocals of the principal curvatures, we have 
a K a = 1, j3Kb = 1. 

Those portions of the surface on which the two principal curvatures 
have the same sign are said to be synclastio. The surface of a sphere 
or of an ellipsoid is synclastio at all pomts. On the other hand if 
the principal curvatures have opposite signs on any part of the 
surface, this part is said to be anticlastic. The surface of a 
hyperbolic paraboloid is anticlastic at all pomts. 

At any point of a surface there are two centres of curvature, one 
for each principal direction. Both lie on the normal to the surface, 
for they are the centres of curvature of normal sections tangential 
to the lines of curvature. The locus of the centres of curvature is 
a surface called the surface of centres, or the centro-surface. It 
consists of two branches, one corresponding to each system of lines 
of curvature. The properties of the centro-surface will be examined 
in a later chapter. 
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Ez. JoachlmsthaPs Theorem. If the curve of intersection of two 
sv/rfaces is a line of curvature on both, the surfaces cut at a constant angle. 
Conversely, if two surfaces cut at a constant angle , and the foirve of intersection 
is a line of curvdture on one of them, it is a line of curvature on the other also. 

Let t be the unit tangent to the curve of intersection, and n, H the unit 
normals at the same point to the two surfaces. Then t is perpendicular to n 
and E, and therefore parallel to n x n Further, if the ourve is a line of 
curvature on both surfaces, t is parallel to n' and S', the dash as usual 
denoting arc-rate of change. Let 6 be the inclination of the two normals. 
Then oos 0«=n*E, and 

d „ _ 

^ cos0=n *n+n*E. 

Eut each of these terms vanishes because n' and S' are both parallel to t 
Thus oos 6 is constant, and the surfaces cut at a constant angle. 

Similarly if 6 is constant, and the curve is a hue of ourvature on the firs! 
surface, all the terms of the above equation disappear except the last. Hence 
this must vanish also, showing that n' is perpendicular to n. But it is alsc 
perpendicular to E, because E is a unit vector Thus S’ is parallel to nxE 
and therefore also to t. The curve of intersection is thus a line of curvature 
on the second surfaoe also 

30. First and second curvatures. To determine the prin 
cipal curvatures at any point we may proceed as follows. Let r b< 
the position vector of the point, n the unit normal and p a pnncipa 
radius of curvature. Then the corresponding centre of curvature i 
is r + pn. For an infinitesimal displacement of the point along tht 
line of curvature we have therefore 

ds = (dr + pdn) + n dp. 

The vector in brackets is tangential to the surface ; and consequent! j 



since ds has the direction of n (cf. Art. 74), 

0 = dr + pdn (3), 

or, if ac is the corresponding principal curvature, 

0 = Acdr + dn (3'). 



This is the vector equivalent of Rodrigues * formula. It is of ver 
great importance Inserting the values of the differentials m term 
of du and dv we may write it 

(Acr a + n x ) du + («r a + n 2 )dv= 0. 

Forming the scalar products of this with r x and r a successively w 
have, by (16) of Art. 27, 

(jcE —L)du + ( kF — M) dv = 0) 

(kF -M)du + (kG ~N) dv = 0) 
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These two equations determine the principal curvatures and the 
directions of the lmes of curvature. On eliminating du/dv we have 
for the principal curvatures 

(kE — L) (kG — N) = ( tcF - Mf, 

or HW-(EN-2FM + GL)k+T*=0 (5), 

a quadratic, giving two values of k as required. 

The first curvature of the surface at any point may be defined 
as the sum of the principal curvatures*. We will denote it by J. 
Thus 

J= K a + *&. 

Being the sum of the roots of the quadratic (5) it is given by 

J = jp(EN-2FM+GL) (6) 

The second curvature, or specific curvature, of the surface at any 
point is the product of the principal curvatures. It is also called 
the Gauss curvature, and is denoted by K. It is equal to the 
product of the roots of (5), so that 

E = K a ff b = j£t CO* 

When the principal curvatures have been determined from (5), 
the directions of the lmes of curvature are given by either of the 
equations (4). Thus corresponding to the principal curvature K a 
the principal direction is given by 

du__ (K a F - M\ _ /tc a G - N\ 

dv~ \jc a E-LJ ° r \jc a F-MJ' 

and similarly for the other principal direction. 

The directions of the lines of curvature may, of course, be found 
independently by eliminating k from the equations (4). This leads 
to 

(EM - FL) dv? + (EN - GL ) du dv + (FIT - GM) dv* = 0. . .(8), 

the same equation as (2) found by a different method. It may be 
remarked that this is also the equation giving the directions of 

* Some writers call J the mean curvature and K the total curvature. On this 
question see remarks in the Prefaoe and also on p. 264, Note II. 
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maximum and minimum normal curvature at the point. For, the 
value 'of the normal curvature, being 

_Ldu* + 2M dudv + Ndtf (c ^ 

~ Edv? + 2 Fdudv + Qdtf 

as found in Art. 28, is a function of the ratio du : dv‘, and if its 
derivative with respect to this ratio is equated to zero, we obtam 
the same equation (8) as before. Thus the principal directions at a 
point are the directions of greatest and least normal curvature. 

The equation (8), however, fails to determine these directions 
when the coefficients vanish identically, that is to say when 

E:F:Q = L-M:N (10). 

In this case the normal curvature, as determined by (9), is 
mdependent of the ratio du . dv , and therefore has the same value 
for all directions through the point. Such a pomt is called an 
umbilic on the surface 

If the amplitude of normal curvature, A, and the mean normal 
curvature, B, are defined by 



A = ^(jc b — k a ), B = ^(/c b + /c a ) (11), 

it follows that 

K a = B-A, Kb = B + A (12). 



Hence the second curvature may be expressed 
K = B*-A\ 



We may also mention in passing that, when the first curvature 
vanishes at all points, the surface is called a minimal surface. 
The properties of such surfaces will be examined in a later 
chapter. 

Ex. 1 . Find the principal curvatures and the lines of curvature on the 
right helicoid 

x=ucos <j>, y=ttsm<£, e=c<j). 

The fundamental magnitudes for this surface were found in Ex. 1, Art. 26 . 
Their values are 

E~ 1, F= 0, G=v?+d*, E*=v?+<fl, 
i-0, JV=0, ^=-^5. 

The formula (6) for the principal curvatures them becomes 
(t^+o 2 ) 2 ac 2 -C 2 =0, 



whence 



: « 2 +?- 
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The first curvature is therefore zero, so that the surface is a minimal surface. 
The seoond curvature is 

K * 

A (tt a +o a ) 2 ‘ 

The differential equation (2) for the lines of curvature beoomes 
- odv? + (ii 2 + o 2 ) ecUp? = 0, 

that is d(f)=± r ^ u _ . 



Ex. 2. Find the prmoipal directions and the principal curvatures on the 
surface 

x=a(u+v), y=b (u — v\ e=uv. 

It was shown in Ex. 2, Art 26, that 

E=a i -\ r lP+‘iP i F^aP — W+uv, G ! =o 2 +6 a +M a , 
fl a =4a a 6 a +a a (M— w) a +6 a (m+®) s , 

4a a 6 a 



and also 



£= 0, 



M- 2ah 

m -—r' 



F=0, T 2 = 



The differential equation (2) for the lines of curvature therefore gives 
(a 3 +b*+v*) dv? - (a a + 6 a + w a ) cfv 3 - 0, 

W ^ + flfo 

m fJaP+W+v? “\/o a + 6 !i +v a 

The equation (5) for the principal curvatures beoomes 

S i K i —iabB (a a — b^+vm) k — 4a a 6 a =0, 

_ 4<z a Z> a 

so that the specific curvature is K*=> — -gT" > 
and the first ourvature is 

•7"*=4o& (<z a -& 2 +iM>)/ir 8 . 



Ex. 3. Find the principal curvatures etc. on the surface generated by the 
binormals of a twisted curve. 

The position vector of the ourrent pomt on the surface may be expressed 
R=r+iib, 

where r and b are functions of the arc-length s. Taking u, s as parameters, 
and using dashes as usual to denote ^derivatives of quantities belonging to 
the curve, we have 

Rj = b, Rj'at-iirH^ 

where B is the unit principal normal to the curve. Hence 
1S-1, F=0, G=1 + t*u*, fl’ a =l+r 2 t« a 
and the unit normal to the surface is 

„ RixRj g+T^t 

n= a ~s— 

Rn = 0, R 12 = - ig, 

Raj =■(« -iir')H+«r («t- rb), 



Further 




72 



CURVES ON A SURFACE 



[IV 



and therefore Z=0, M= — -g, 

N=> (k +/cr a w 2 - r'l u)/B, 

The equation (6) for the pnnoipal radn of curvature then beoomes 

(1 + r® u a ) a — <y I+ t^u 2 ( k + kt® ti® — r'u) p — T a p a =0. 

The Gauss curvature is therefore 

E= T> - 
A (1+1^®)®’ 

and the first ourvature 

J k+kt^vP-t'u 

(l+r®tt®)* 

For points on the given ourve, «=0. At such points the Gauss ourvature is 
— t®, and the first curvature is k. 

The differential equation of the lines of ourvature reduoes to 
r £Jii®-(K+KT®M®— r'w) <iwcfo-(l+T®u®)refe®=0. 

31. Euler's theorem. It is sometimes convenient to refer 
the surface to its lines of curvature as parametric curves. If this 
is done the differential equation (2) for the lines of curvature 
becomes identical with the differential equation of the parametric 
curves, that is 

dudv = 0. 

Hence *we must have 

EH-FL = 0, FN-GM= 0, 
and EN-GL* 0. 

From the first two relations it follows that 
{EN-GL)M= 01 
(EN-GL)F = 0j* 

and therefore, since the coefficient of F and M does not vanish, 

F= 0, M = 0 (13). 

These are the necessary and sufficient conditions that the parametric 
turves be lines of curvature. The condition F = 0 is that of ortho- 
gonality satisfied by all lines of curvature. The significance of the 
condition M = 0 will appear shortly (Art. 36). 

We may now prove Euler’s theorem, expressing the normal 
curvature in any direction in terms of the principal curvatures at 
the point. Let the lines of curvature be taken as parametric curves, 
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hat F = M = 0. The principal curvature x a , being the normal 
ature for the direction dv = 0, is by (9) 
fc a = LfE, 

similarly the principal curvature for the direction du = 0 is 

Kb = N/G. 

aider a normal section of the surface in the direction du, dv, 
mg an angle yjr with the principal direction dv = 0. Then by 
if Art. 24 and Note I, since F= 0, we have 

r=,du 

cos 

• . dv 

sin = 

curvature of this normal section is by (9) 

L g i 

= -jj cos* yfr + -g sin* yfr , 

lat K n = K a cos 8 yfr + /cb sin* yfr (14). 

i is Euler’s theorem on normal curvature. An immediate and 
ortant consequence is the theorem, associated with the name 
)upm, that the sum, of the normal curvatures in two directions 
%ght angles is constant, and equal to the sum of the principal 
'atures. 

Then the surface is anticlastic m the neighbourhood of the point 
lidered, the principal curvatures have opposite signs, and the 
nal curvature therefore vanishes for the directions given by 
tan yff — i K a /K b 




re a, j9 are the principal radii of curvature. But where the 
ace is synclastic, the curvature of any normal section has the 
e sign as the principal curvatures, that is to say, all normal 
ions are concave in the same direction. The surface in the 
fhbourhood of the point then lies entirely on one side of the 
jent plane at the point. The same result may also be deduced 
a the expression 

£ (Ldu 1 + 2 M dudv + N dv 2 ), 
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found in Art. 26 for the length p of the perpendicular on the 
tangent plane from a point near the point of contact. For if K ia 
positive, LN—M 2 is positive by (7), and therefore the above 
expression for p never changes sign with variation of dujdv. 

Ex. If B is the mean normal ourvature and A the amplitude, deduce 
from Euler’s theorem that 

Kn=B- A cos 
K n ~K a =2A sin 2 ^, 

K b — K n =2A cos 2 -*//- 

32. Dupin ’ b lndicatrix. Consider the section of the surface 
by a plane parallel and indefinitely close to the tangent plane at 
the point P. Suppose first that the surface is synclastic in the 
neighbourhood of P. Then near P it lies entirely on one side of 
the tangent plane. Let the plane be taken on this (concave) side 
of the surface, parallel to the tangent plane at P, and at an 




r r 



P 



--c 

Fig. 18 

infinitesimal distance from it, whose measure is h in the direction 
of the unit normal n. Thus h has the same sign as the principal 
radii of curvature, a and J3. Consider also any normal plane QPQf 
through P, cuttmg the former plane in QQ'. Then if p is the radius 
of curvature of this normal section, and 2r the length of QQ', we 
have 

r a = 2hp 

to the first order. If is the inclination of this normal section to 
the principal direction dv = 0, Euler's theorem gives 
1 1 . . 1 2A 
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If then we write £ = r cos yfr and rj = r sin ^ we have 

£ + i= ». 



Thus the section of the surface by the plane parallel to the tan- 
gent plane at P, and indefinitely close to it, is similar and similarly 
situated to the ellipse 






..(15), 



whose axes are tangents to the hues of curvature at P This 
ellipse is called the indicatria at the point P, and P is said to be 
an elliptic point It is sometimes described as a point of positive 
curvature, because the second curvature K is positive. 

Next suppose that the Gauss curvature K is negative at P, so 
that the surface is anticlastic m the neighbourhood. The principal 
radii, a and ft, have opposite signs, and the surface lies partly on 
one side and partly on the other side of the tangent plane at P. 
Two planes parallel to this tangent plane, one on either side, and 
equidistant from it, cut the surface in the conjugate hyperbolas 






These are similar and similarly situated to the conjugate hyper- 
bolas 




= ±1 



.(16), 



which constitute the indicatnx at P. The point P is then called 
a hyperbolic point, or a point of negative curvature. The normal 
curvature is zero m the directions of the asymptotes. 

When K is zero at the point P it is called a parabolic pomt. 
One of the principal curvatures is zero, and the indicatnx is a 
pair of parallel straight lines. 



33. The surface z=f(m, y). It frequently happens that the 
equation of the surface is given m Monge’s form 

*“/(«. 2 /)- 

Let w, y be taken as parameters and, with the usual notation for 
partial derivatives of z , let 

z l = p, z, = q\ z n = r i z lt ** 8 , z n = t. 
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Then, if r is the position vector of a current point on the surface 
i*! = (1, 0, p), 

-( 0 , 1 , 2 ), 

and therefore 

E = \+p? } F=pq, G = l+g®, H a = l+p* + q\ 

The inclination co of the parametric curves is given by 



uua uj = , — • 

V(i+p“)a+ 9 >) 

The unit normal to the surface is 



- a = (-p,_ ? , 1)/JT. 



Further r u = (0, 0, r), 

Tjs = (0, 0, s), 
r a = (0, 0,*), 

so that the second order magnitudes are 



The specific curvature is therefore 

K = —= rt ~^ 
~E a ~(l+p a + q a ) a> 

and the first curvature is 



J = ( r (! + 3*) “ 2 M S + * (! +?“)}■ 

The equation (5) for the pnncipal curvatures becomes 

H — E [r (1 + q a ) — 2 pqs + 1 (1 + K + (rt — sP) = 0, 
and the differential equation of the lmes of curvature is 
{s (1 +£ a ) - rpq] do? + {t (1 + pf) - r (1 + q a )) dxdy 

+ {tpq - 8 (1 + 2 s )} dy a = 0. 

Since for a developable surface rt — s 3 is identically zero (Art. 17), 
it follows from the above value of K that the second curvature 
vanishes at all points of a developable surface; and conversely , if 
the specific curvature is identically zero, the surface is a developable. 

Ex. 1 . B'ind the equation for the principal curvatures, and the differen- 
tial equation of the hues of curvature, for the surfaces 

(l) 2s=^+^-, (u) Zz^asfi+bf, (m) f=ctan -1 ^. 
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Ex> 2 . The indioatnx at every point of the helicoid 

z=o tan -1 ^ 
x 

is a rectangular hyperbola. 

Ex. 3. The mdicatrix at a point of the surface z =f (x, y) is a rectangular 
hyperbola if 

(1 + p 2 ) t - 2 pqs + (1 + 5 2 ) r= 0. 

Ex. 4. At a point of intersection of the paraboloid xy=cz with the 
hyperboloid ■a? a +y 2 -« a +c 2 =0 the prinoipal radn of the paraboloid are 
* 2 (1 ±s/2)/o. 

34. Surfhce of revolution. A surface of revolution may be 
generated by the rotation of a plane curve about an axis in its 
plane. If this is taken as the axis of z, and u denotes perpendicular 
distance from it, the coordinates of a pomt on the surface may be 
expressed 

a? = MCOs0, 2 / = wsin</>, z=f{u\ 
the longitude (f> being the inclination of the axial plane through 
the given point to the £#-plane. The parametric curves v = con- 
stant are the “ meridian lines,” or intersections of the surface by 
the axial planes ; the curves u = constant are the “ parallels,” or 
intersections of the surface by planes perpendicular to the axis 

With w, <j b as parameters, and r the position vector of a current 
point on the surface, we have 

Tj = (cos <£, sin <j>, /i), 
r a = (— usin</>, ucoa<f>, 0). 

The first order magnitudes are therefore 

E=l+ft, F= 0, Q = u\ = 

Since F = 0 it follows that the parallels cut the meridians ortho- 
gonally. The unit normal to the surface is 

n = (-fiU cos <p, —fiU sm <p, u)/H. 

Further r u = (0, 0, f u ), 

r 12 = (— sm 0, cos <£, 0), 
r a = (— u cos <j> , — u sm <£, 0), 
so that the second order magnitudes are 
L = uf u /H, M= 0, N-u'fJH, 

Smce F and M both vamsh identically, the parametric curves are 
the lines of curvature. 

/ 
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The equation for the principal ourvatures reduces to 
« (1 + fiY ** - v 1 +/i a {uf n +/i (1 +/i a )} /C +/i/n 
the roots of which are 



and 





djf 


fn _ 


du 3 


(i +/.•)* 


j i+ do r 




V 


A _ 


du 


u V 1 +/ a a 


V i+ (0 



0 , 



The first of these is the curvature of the generating curve. The 
second is the reciprocal of the length of the normal intercepted 
between the curve and the axis of rotation. The Gauss curvature 
is given by 

jr _ 

«(i +f,T 

and the first curvature by 

j = V/n+/i(l+/i a ) < 

u (1 

Ex. 1 . If the surfaoe of revolution is a minimal surface, 






i+ 



Henoe Bhow that the only real minimal surfaoe of revolution is that formed 
by the revolution of a catenary about its directrix. 

Ez. 2. On the surface formed by the revolution of a parabola about its 
directrix, one principal curvature is double the other. 



EXAMPLES V 

1 . The moment about the origin of the unit normal n at a point r of the 
surface is m=r x n. Prove that the differential equation of the lines of 
curvature is 

<£m«<£n=0. 

2. Find equations for the principal radii, the lines of curvature, and the 
first and second ourvatures of the following surfaces : 

(i) the conoid «=ttcosfl, y=wsind, z=f(6 ) ; 

(ii) the catenoid 

#=ttcos0, liBind, a—olog( 2 i+N/« a -o*)j 

(m) the cylindroid «(a a +y s )e»2m. , cy; 
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(iv) the surface 'te^axP+Zhxy+by 2 ', 

(y) the surface 

««=3M(l+v a )-'!^ ) y = (1 + ii a ) — -w®, *=3(« a -®2); 

(vi) the surfaoe 

x 1 +uv y _ u—v s 1 -uv 
a = m+v’ o = u+v ’ 

(vu) the surface xyz=a?. 

3. The lines of curvature of the paraboloid xy=az he on the surfaces 

smh -1 - + sinh -1 - = const. 

Of Ot 

4. Show that the surface 

4a a e a = (x 2 — 2a a ) (y 2 — 2a 2 ) 
has a line of umbilios lying on the aphere 

x 2 +y 2 +z 2 =4a 3 . 

5 . On the surface generated by the tangents to a twisted curve the current 
point is R=*r +wt Taking u, a as parameters, prove that 

E- 1,' F-l, G=1+v?k 2 , E 2 =u 2 k 2 , 

n=b, 

L=0, M=0, N=ukt, T a =0, 



K= 0 , J~—, < a =0, ' k 6 -— . 

UK ’ UK 

The lines of curvature are 

3= const. , u+S” const. 



6. Examine, as in Ex. 5, the curvature of the surface generated by the 
principal normals of a twisted curve 

7 . Examine the ourvature of the surfaoe generated by the radn of spherical 
ourvature of a twisted curve. 



8. Show that the equation of the mdicatnx, referred to the tangents to the 
parametric curves as (oblique) axes, is 



L aA _ 2 M .N a _ 
+ ^ “ L 



9. Calculate the first and second curvatures of the heliooid [Examples 
IV, (15)] 

x=u oosv, y=u einv, z=f(u)+cv, 
and show that the latter is constant along a helix (u = const ). 

1 0. Show that the lines of curvature of the helicoid in Ex. 9 are given by 
o (1 +/i“+«/i/ii) du 2 +[(u 2 +<?)uf n -0.+f 1 s ) u 2 f{\ dudo 

- c (u 2 +<?+u 2 fi 2 ) dv 2 ** 0. 

The meridians will be lines of ourvature if 

1 +/i 2 + vfifn ™ 0. 

1 1 . Find the equations of the heliooid generated by a circle of radius a, 
whose plane passes through the ; and determine the lines of ourvature 
on the surface. 
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Conjugate Systems 

35. Conjugate directions. Conjugate directions at a given 
point P on the surface may be defined as follows. Let Q be a point 
on the surface adjacent to P, and let PR be the line of intersection 
of the tangent planes at P and Q. Then, as Q tends to coincidence 
with P, the limiting directions of PQ and PR are said to be conju- 
gate directions at P. Thus the characteristic of the tangent plane, 
as the point of contact moves along a given curve, is the tangent 
lme in the direction conjugate to that of the curve at the point of 
contact. In other words the tangent planes to the surface along a 
curve G envelop a developable surface each of whose generators has 
the direction conjugate to that of G at their point of intersection. 

To find an analytical expression of the condition that two direc- 
tions may be conjugate, let n be the unit normal at P where the 
parameter values are u, v, and n + dn that at Q where the values 
are u + du, v+ dv. If R is the adjacent point to P, in the direction 
of the intersection of the tangent planes at P and Q, we may denote 
the vector PR by Sr and the parameter values at R by u + Sw, 
v + Sv. Then since PR is parallel to the tangent planes at P and 
Q, Sr is perpendicular both to n and to n + dn. Hence Sr is per- 
pendicular to dn, so that 

dn.Sr = 0, 

and consequently 

{n x du + n^dv) • fa Su + r 3 Sv) = 0. 

Expanding this product and remembering that (Art. 27) 
nj.r ! = -P, n 1 *r i = n i *r 1 = -M, n a «r 2 = - A, 
we obtain the relation 



LduSu + M ( duSv+ Sudv) + NdvSv = 0 (17). 



This is the necessary and sufficient condition that the direction 
SuJSv be conjugate to the direction du/dv, and the symmetry of the 
relation shows that the property is a reciprocal one. Moreover the 
equation is linear in each of the ratios du : dv and Su : Sv, so that to 
a given direction there is one and only one conjugate direction. 

The condition (17) that two directions be conjugate may be 
expressed 
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Hence the two directions given by the equation 
Pdu 9 + Qdudv + Rdtf = 0 
will be conjugate provided 

that is 

LR — MQ + NP = 0 (18). 

Now the parametric curves are given by 
dudv = 0, 

which corresponds to the values P = R = 0 and Q= 1. Hence the 
directions of the parametric curves will be conjugate provided 
M=0 We have seen that this condition is satisfied when the lmes 
of curvature are taken as parametric curves. Hence the principal 
directions at a point of the surface are conjugate directions . 

Let the lines of curvature be taken as parametric curves, so that 
F=0 and M= 0. The directions dujdv and BuJBv are inclined to 
the curve v = const, at angles d, & such that (Art. 24) 

Substituting from these equations m (17), and remembering that 
M*= 0, we see that the two directions will be conjugate provided 

tanfltanfl 

that is to say, provided they are parallel to conjugate diameters of 
the indicatna . 

36. Conjugate systems. Consider the family of curves 
<f> (u, v ) = const. 

The direction Bu/Bv of a curve at any point is given by 
Bu + (f>iBv = 0. 

The conjugate direction dujdv, in virtue of (17), is then determined 

by 

(L<p a - Mcf> 0 du + (Mcf) a -N<f) 1 )dv = 0 (19). 

This is a differential equation of the first order and first degree, 
and therefore defines a one-parameter family of curves (u,v) = const. 
This and the family <p (u, v) = const, are said to form a conjugate 
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system .„ At a point of intersection of two curves, one from each 
family, their directions are conjugate. 

Further, given two families of curves 

(f> (u, v ) = const., 
i/r (u, v ) = const., 

we may determine the condition that they form a conjugate system. 
For, the directions of the two curves through a point u t v are giver 
by 

0! + 0 a Sfl = 0 I 

fadu + yjr 2 dv = 0 J ' 

It then follows from (17') that these directions will be conjugate 
if 

L(j> a^a - M (<£i ih + 0 B 0’i) + -A r 0 1 0'i = 0 (20). 

This is the necessary and sufficient condition that the two familie; 
of curves form a conjugate system. In particular the parametri< 
curves v = const., u = const, will form a conjugate system if M = 0 
This agrees with the result found in the previous Art. Thus M = ( 
is the necessary and sufficient condition that the parametric curve . 
form a conjugate system 

We have seen that when the lines of curvature are taken a 
parametric curves, both F= 0 and M = 0 are satisfied. Thus th 
lines of curvature form an orthogonal conjugate system. And the; 
are the only orthogonal conjugate system. For, if such a system o 
curves exists, and we take them for parametric curves, then F= < 
and M= 0. But this shows that the parametric curves are the] 
lines of curvature. Hence the theorem. 

Ex. 1 . The parametric curves are conjugate on the following surfaces . 
(i) a surfaoe of revolution 

a;=iicos0, y=UBin<f), e=f(u); 

(li) the surfaoe generated by the tangents to a curve, on which 
R = r + ict, ( u, 8 parameters) ; 

(lii) the surface #=<£ (u), y=0(«), t**f(u) + F(v ) ; 

(iv) the surface z=f(x)+F(i/), where x t y are parameters; 

(v) x=A (u-a) m (v-a) n , £ (u - b) m (v - b) n , t=C(u-c) m (v-c)* i 

where A , B, (7, a, b, o are constants. 

Ex. 2 . Prove that, at any point of the surface, the sum of the radii i 
normal curvature in conjugate directions is constant. 
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Asymptotic Lines 

37. Asymptotic lines. The asymptotic directions at a point 
on the surface are the self-conjugate directions; and an asymptotic 
line is a curve whose direction at every point is self-conjugate. 
Consequently, if in equation (17) connecting conjugate directions 
we put BufSv equal to du/dv, we obtain the differential equation of 
the asymptotic lines on the surface 

Ldu* + 2 M dudv + Ndtf = 0 (21). 

Thus there are two asymptotic directions at a pomt. They are real 
and different when M 1 — LN is positive, that is to say when the 
specific curvature is negative They are imaginary when K is 
positive. They are identical when K is zero In the last case the 
surface is a developable, and the single asymptotic line through a 
point is tho generator. 

Smce the normal curvature m any direction is equal to 
Lu' 3 + 2 Mu’i/ + Nv a , 

it vanishes for the asymptotic directions. These directions are 
therefore the directions of the asymptotes of the mdicatnx, hence 
the name. They are at right angles when the mdicatnx is a rect- 
angular hyperbola, that is when the principal curvatures are equal 
and opposite. Thus the asymptotic lmes are orthogonal when the 
surface is a minimal surface. 

The osculating plane at any point of an asymptotic line is the 
tangent plane to the surface. This may be proved as follows. Smce 
the tangent t to the asymptotic line is perpendicular to the normal 
n to the surface, n«t = 0. On differentiating this with respect to 
the arc-length of the lme, we have 

n'«t + n«(/cfi) = 0, 

where n is the principal normal to the curve. Now the first term 
in this equation vanishes, because, by Art 35, t is perpendicular 
to the rate of change of the unit normal m the conjugate direction, 
and an asymptotic direction is self-conjugate. Thus n'*t = 0 and 
the last equation becomes 

n*n = 0. 

Then since both t and fi are perpendicular to the normal, the 
osculating plane of the curve is tangential to the surface. The 
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bmormal is therefore normal to the surface, and we may take its 
direction so that 

b = n (22). 

Then the principal normal n is given by 
n = n x t 

If the parametric curves be asymptotic lines, the differential 
equation (21) is identical with the differential equation of the para- 
metric curves 

dudv = 0. 



Hence the necessary and sufficient conditions that the parametric 
curves be asymptotic lines are 

L = 0, W = 0, AT+ 0. 

In this case the differential equation of the lmes of curvature 
becomes 

Edu a — Gdv i = 0, 



and the equation for the princip il curvatures is 



so that 



+ 2 FMk -M* = 
J = - 



M a 

k —r -■ 



= 0 , 

2 FM 
E a ' 



.(23). 



38. Curvature and torsion. We have seen that the unii 
binormal to an asymptotic line is the unit normal to the surface 
or b = n. The torsion t is found by differentiating this relatior 
with respect to the arc-length s, thus obtaining 
— tH = n', 

where n = n x r' is the pnncipal normal to the curve. Forming 
the scalar product of each side with n, we have 
— t = n x r'»n', 

so that t— [n, n', r'] (24), 

which is one formula for the torsion. 

The scalar triple product in this formula is of the same form su 
that occurring m (1) Art. 29, the vanishing of which gave th< 
differential equation of the lines of curvature. The expression (24 
may then be expanded exactly as in Art 29, giving for*the torsioi 
of an asymptotic line 

T= K EM — FL) u> * + (EN — GL ) mV + (FN — GM) v *) . 
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Suppose now that the asymptotic lines are taken as parametric 
curves. Then L = N=> 0, and this formula becomes 

r = ^ {Eu'* — GV a ). 

Hence for the asymptotic line dv = 0 we have 




in virtue of (23) Similarly for the asymptotic line du — Q the 
torsion is 




Thus the torsions of the two asymptotic lines through a point are 
equal in magnitude and opposite m sign ; and the square of either is 
the negative of the specific curvature. This theorem is due to 
Beltrami and Enneper. 

To find the curvature k of an asymptotic line, differentiate the 
unit tangent t = r' with respect to the arc-length a. Then 

kVl = t". 

Forming the scalar product of each side with the unit vector 
n =s n x r / , we have the result 

k = [n, x > , r"] (26). 

Ex. 1 . On the surfaces m Ex 1 and Ex. 2 of Art 26 the parametric 
curves are asymptotic lines 

Ex. 2. On the surface »=/(#, y) the asymptotic lines are 
r do? + 2a dx dy + 1 dy 2 =* 0, 

and their torsions are ± 1 +p i + q 2 ). 

Ex. 3. On the surface of revolution (Art. 34) the asymptotic lines are 
/n du 2 +ufi dp = 0. 

Write down the value of their torsions. 

Ex. 4. Find the asymptotic lines, and their torsions, on the surface 
generated by the binormals to a twisted curve (Ex. 3, Art 30). 

Ex. 5. Find the asymptotio hues on the surface s=y sin a?. 



Isometric Lines 

39. Isometric parameters. Suppose that, in terms of the 
parameters u , v, the square of the linear element of the surface has 
the form dsP = \ (du 2 + dtf) (27), 
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where X is a function of u, v or a constant. Then the parametric 
curves are orthogonal because F= 0 Fuither, the lengths of 
elements of the parametric curves are -Jx du and Jx dv, and these 
are equal if du = dv. Thus the parametric curves corresponding to 
the values u, u + du, v, v + dv bound a small square provided 
du = dv. In this way the surface may be mapped out into small 
squares by means of the parametric curves, the sides of any one 
square corresponding to equal increments m u and v. 

More generally, if the square of the linear element has the form 

di? = X(Udu*+Vdtf) (28), 

where U is a function of u only and V a function of v only, we may 
change the parameters to </>, i[r by the transformation 
def) = Jlj du, df = JVdv. 

This does not alter the parametric curves; for tho curves u = const, 
are identical with the curves <£= const., and similarly tho curves 
v = const, are also the curves p = const. Tho equation (28) then 
becomes ds 9 = \ (dp + dp) (20), 

which is of the same form as (27). Whenever the square of the 
linear element has the form (28) so that, without alteration of the 
parametric curves, it may be reduced to the form (27), the 
parametric curves are called isometric lines, and tho parameters 
isometric parameters. Sometimes the term isothermal or isothermic 
is used. 



In the form (27) the fundamental magnitudes E and G are equal; 
but in the more general form (28) they are such that 



E U 
G~T 



•(30), 



“ dtharefore slk lo gg = 0 ( 31 )- 

Either of these equations, m conjunction with F= 0, expresses the 
condition that the para/metric variables may be isometric. For, if it 
is satisfied, ds* has the form (28) and may therefore be reduced to 
the form (27). 

A simple example of isometric curves is afforded by the meridians 
and parallels on a surface of revolution. With the usual notation 
(Art. 34) a; = u cos <jf>, y=u sm </>, z =/(w), 
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E = 1 + f 2 , F=0, Q = u a , 

ave ds 3 = (1 + /i a ) dw 3 + w a d<j> a 




h is of the form (28). The parametric curves are the meridians 
ionst. and the parallels u — const. If we make the transformation 

^=“s/ 1 +fi 3 du, 

curves ■yfr = const, are the same as the parallels, and the square 
L6 linear element becomes 

ds 9 = w 3 (dip + d<£ 3 ), 

;h is of the form (27). Thus the meridians and the parallels oj 
rface of revolution are isometric lines. 

X. 1 . Show that a system of oonfooal ellipses and hyperbolas are iso 
10 lines m the plane. 

X. 2. Determine /(v) so that on the right conoid 
x=-u cosd , y=u sin v, z=*f(v), 
larametrio curves may be isometric lines. 

X. 3 b Find the surface of revolution for which 
da 2 ^=du 2 + (a 2 - v?) do 2 

Null Lines 

tO. Null lines. The null hnes (or minimal curves) on a surface 
defined as the curves of zero length. They are therefore 
bginary on a real surface, and their importance is chiefly analytic, 
a differential equation of the null hnes is obtained by equating 
sero the square of the linear element. It is therefore 

Edu? + 2 Fdudv + Qdv a =0 (33). 

f the parametric' curves are null lines, this equation must be 
iivalent to dudv = 0. Hence E = Q, G = 0and F^O. These are 
necessary and sufficient conditions that the parametric curves be 
H u ne s In this case the square of the linear element has the 
m 

ds 3 = X dudv, 

iere X is a funotion of u, v or a constant; and the parameters u, 
ire then said to be symmetric. 
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When the parametrio curves are null lines, so that 

E=0, G = 0, H* = -F\ 

the differential equation of the lines of curvature is 
L du* - Ndv* = 0 , 

the Gauss curvature is 

„ LN-M ■ 

K ~ -F* * 

and the first curvature 

r 2M 
J== F ' 

In the following pages our concern will be mainly with real 
curves and real surfaces. Only occasional reference will be made 
to null lines. 



EXAMPLES VI 

1 . Find the asymptotics lines of the oonoid 

x=u cos®, y=usmv % z=f(v), 
and those of the oylin droid 

t^ucobv, y=u sinv, s=msin2v. 

2 . On the surfooe 

a?* 3 m ( 1 +«*)-«*, y=3i?(l+M 2 )— v 8 , s=3 (ii 9 — v 2 ), 
the asymptotio lines are u±v= const. 

*2 

3 . On the paraboloid 

the asymptotic lines are ^ ±|= const. 

4 . Find the lines of curvature and the principal curvatures on the 
cyhndroid 

z(s^+y i )<=^mxy. 

5 . If a plane cuts a surface everywhere at the same angle, the seotion is a 
line of ourvature on the surface. 

6. Along a line of ourvature of a oomcoid, one principal radius varies as 
the oube of the other. 

7 ■ Find the principal curvatures and the lines of ourvature on the surface 

8 . Find the asymptotic hnes and the lines of ourvature on the oatenoid 
of revolution 

M»coosh-. 

o 




EXAMPLES 



89 



i. If a> b> c, the ellipsoid 



x 3 y 3 2 s 
a2+' 6 a + ^= 



1 has umbilici at the points 



y-0, 



a 3 — a 1 ’ 



2 ®. 



<W-c®) 

: tf-c * “* 



0. The only developable surfaces which have isomotrio lines of ourva- 
> aro oitlior conical or cylindrical. 

1. Taking tho asymptotic lines os paramotrio ourves, and evaluating 
n', r'] along tho directions const and const, vonfy the values 

Jl for the torsions of tho asymptotic linos 

2 . Show that the meridians and parallels on a sphere form an isomotrio 
,em, and determine the isometric p ministers. 

,3. Find tho osyniptatio Iiiioh on tho surface 
a?=a(l + costt)cot», y=a(l+cosw), 



4. Provo that tho produot of tho radii of normal curvature in conjugate 
otions ib a minimum for linos of curvature. 



5 . A curve, wlnoh touches an asymptotic lino at P, and whoso osculating 
ic is not tangential to tho Hurfaco at 1\ has P for a point of inflection. 

6. The normal curvature in a direction perpendicular to an asymptotio 
is twico the mean normal curvature 



. 7. Show that tho umbilici of tho surface 

(S'*©'*©'- 

m a sphere. 

8. Examine tho curvature, and ilnd the linos of ourvature, on the 
ace xyi**abc. 

9. Show that tho curvature of an asymptotio line, as given in (26) of 
. 38, may bo expressed 

(ri •r' r a *r"-r a *r' jvr")//?". 

SO. Tho asymptotic linoH on the helicoid of Examples IV (16) are given 



vf n du 3 - 2c du dv + w s /i dv 3 ■» 0. 




CHAPTER V 

THE EQUATIONS OF GAUSS AND OF CODAZZI 



4 1 . Gauss’s formulae for r u , r 12 , r m . The second derivatives 
of r with respect to the parameters may be expressed in terms of 
n, r a and r 2 . Remembering that L, M, N are the resolved parts of 
r u» r u> normal to the surface, we may write 
r n = Ln + lr l + \r a j 

r u = Mn + mr-L + px a (1), 

raa = Nn + urj + vr a I 



and the values of the coefficients Z, m, n, \ /a, v may be found as 
follows. Smce 






and 



’ r “ “ ^ ^ “ \Tv ^ “ Fl " 



we find from the first of (1), on forming the scalar product of each 
side with r 1 and r a successively, 

■J- E x — IE + \F 1 

F^^E^IF + XG]' 

Solvmg these for Z and \ we have 



l = ~(GE l ~^FF 1 + FE,) 

1 f (2). 

\ = Tgi (2EF 1 -EE t -FE 1 ) 

Again since ^ « r^ = \E 2 and r a • r 12 = ^ Q 1} we find from the second 
of (1), on forming the scalar product of each side with r x and r a 



Solving these for 



\E a = mE + fiF\ 

iGi = mF + fiQ\' 
m and /x we have 



m 2 if 2 ~ 

A* = y£p(.EG x —FE^ 



.( 3 ). 
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,rly, using the relations i*j • r M = F„ — \ G t and r a • \ G it 

i from the third of (1) 

1 



' 2JF 



(2GF 2 -GG 1 -FG,)\ 



v-~ fi V!O t -2FF, + FG t ) 



..(4). 



rmnlae (1), with tho values of the coefficients* given by (2), 
d (4), aro the equivalent of Gauss’s formulae for r n , r IS> r Ml 
ay bo referred to under this name. 

en the parametric curves are orthogonal, the values of tho 
coefficients are greatly simplified. For, in this case, F = 0 
9 = EG, so that 



r A'a 

r ““ / ' n + 2A' r ‘-2e r - 



r„= Mn + r, + ^r, l (A). 

r M — A r n — r , + gj!j r. 

• are unit vectors parallel to r, and r 8 , wc have 




a, b, n form a riglit.-hundod Hystom of unit vectors, mutually 
idicular. From flie.se formulae we deduce immediately that 



o a l /o 9 
du “ ftt “ 2 II 



9a M _ . 0, 
do 






3b M E t 
dirfG n + 2II 



a 



.(B). 



&b N G x 
du " fU n " 2 // *\ 

erivatives of a are perpendicular to a, and the derivatives of 
perpendicular to b, since a and b are vectors of constant (unit) 



i refrain from introducing the OhriHtoiTel three-index symbols, having little 
a in the following pages to uho the function!! they represent. 
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Ex. 1. Show that for the surface z=f{x, y), with x, y as parameters 
(Art. 33), 



= 3*' 



_ 9? 



<p» 

W “2Z # ’ 

gs 




Ex. 2. For the surface of revolution (Art. 34) show that 
771=0, n=-u s /S a , 

X=0, u= — , v = 0. 

r u 



Ex. 3. For the right hehooid (Ex 1, Art. 26) prove that 
1=0, m=0, n= 

X=0, n=u/(u 2 +c i ), v=0 

Ex. 4. For a surface whose linear element is given by 
ds i =du 2 +D 2 dv 2 , 

Bhow that 1=0, 77i=0, n=-DD 1 , 

X=0, p=D ifD, v*=DzlD. 

Ex. 5 . Liowrille surfaces are suoh that 

+ F) (iW+ 

where 17, P are functions of u alone, and V, Q are functions of v alone Prove 
that, for these surfaces, 

7 u> , P\ 7' QU' 

Z\U+V + P)' ” l= 2 (17+7)’ n= 2P(U+V)' 
x _ P V W 1 ( V , q\ 

26(17+7)’ *‘"2(17+7)’ \UTV + QJ- 

Ex. 6. For the surface generated by the tangents to a twisted curve 
[Examples V (6)J show that 

Z=0, m= — n= -{(1+m 8 k 2 ) K+tijc'J/iiK, 

X=0, /i=^, v=(uk'+k)Iuk 



Ex. 7. For the surface generated by the bmormals to a twisted curve 
(Ex. 3, Art. 30) show that 

1=0, m=0, n= —ur 3 , 



X=0, M = 



Ex. 8. If the asymptotic lines are taken as parametno ourves, prove that 
the curvature of the line v = const, is and that of the line u = const, is 

-nE/G*. 
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Using the formula (26) of Art. 38 we have along the line v** const. 

r ' Q J_r 1 JLf-L) 

•SB 1 ' r E + Je™\Je)' 



and therefore r' x r"= ri x r n/A$ 

The curvature of the hne is then 

[n, r', r"]=[n, r 1} r„]/^=[n, r b Irj+XrJ/^ 

and similarly for the asymptotic line u= const. 

Ex. 9 . For a surface given by da?=cj> (du* + dv 3 ) show that 
2=i$i l<t>> n,=—^<f> l l<f>, 

Ez. lO. If the null hnes are taken an parametric curves, show that 
1—FxjFy m=0, n= 0, 

X=0, /x=0, v=F s jF 



42. Gauss characteristic equation. The six fundamental 
magnitudes E, F, G, L, M, N are not functionally independent, 
but are connected by three differential relations One of these, due 
to Gauss, is an expression for LN — M‘ 1 m terms of E, F, G and 
their derivatives of the first two orders. It may be deduced from 
the formulae of the preceding Art. For, in virtue of these, 
ru •r fl9 = LN -(- ImE + (Ip + \n) F+\vG, 
and + m 2 E + 2 mpF + p? G. 

It is also easily verified that 

Tu 2 — r u «r2a = (-Sja + G u — 2 F i 2 ). 



Adding the first and third, and subtracting the second, we obtain 
the required formula, which may be written 
LN-M' = % (2 F u -E a - G n ) + (m 3 E + ZmpF + p?G) 

— [InE + (lv + \7i) F + Xj/C?} (5). 

This is the Gauss characteristic equation. It is sometimes expressed 
in the alternative form 



d_E 

EH dv 



+ * 4 { 



_ 1.30) 

H 3mJ 

2 9 F 19# F dE\ 

Hdu H dv EHdu J W ‘ 



The equation shows that the specific curvature K, which is equal to 
(. LN -M S )/I/ S , is expressible in terms of the fundamental magni- 
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tudes E t F, 0 and their derivatives of the first two orders. In this 
respect it differs from the first curvature. 

Cor. Surfaces which have the same first order magnitudes 
E, F, Q (irrespective of the second order magnitudes L, M, N) 
have the same specific curvature. 

Ex. Verify the Gauss equation (5) for the surfaces in Examples 2, 3, 6i 
7 of Art. 41. 

43. Malnardi-Codazzi relations. In addition to the Gauss 
characteristic equation, there are two other independent relations 
between the fundamental magnitudes and their derivatives. These 
may be established as follows. If m the identity 




we substitute the values of r n and r u given in (1), we obtain 
Li n + 1 2 r x + \r 2 + An, + It w 

= M x n + + fh r a + Jfcfnj + mr„ + /ir ia . 

If in this we substitute again from (1) the values of the second 
derivatives of r, and also for n a and na from Art. 27, we obtain a 
vector identity, expressed in terms of the non-coplanar vectors 
r i> *a* We may then equate coefficients of like vectors on the 
two sides, and obtain three scalar equations. By equatmg coeffi- 
cients of n, for example, we have 

Li + 1 M + — M ! + mL + fiM, 

that is Li - M x = mL - (I - p) M - \N (7). 

3 3 

Similarly from the identity ^ r^ = ^- r^, on substituting from 

(1) the values of r la and r M we obtain the relation 
M a n + rriiTi + ^ r a + Mn a + mr u + fir w 

= JVjii + + Nn-L + nr u + vr ia . 

Substituting again for the second derivatives of r and for n a m 
terms of n, r 1} r a , and equating coefficients of n on the two sides 
of the identity, we obtain 

M i + mM + (jlN = N x + nL + vM, 

M i -N l = nL-(m-v)M- H .N 



that is 



•(B). 
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43, 44] 

The formulae (7) and (8) are frequently called the Codazzi 
equations. But as Mainardi gave similar results twelve years earlier 
than Codazzi, they are more justly termed the Main ardi- Codazzi 
relations. Four other formulae are obtained by equating coefficients 
of Ti and of r a in the two identities : but they are not independent. 
They are all deducible from (7) and (8) with the aid of the Gauss 
characteristic equation. 



44. Alternative expression. The above relations may be 
expressed in a different form, which is sometimes more usefuL 
By differentiating the relation H a = EG — F' with respect to the 
parameters, it is easy to verify that 

jffj = H (1 + g>), 
and H a = H(m + v). 



Therefore 






h* Hi 



_N 1 _N 
~ H H 



G + /0, 



and similarly 



dv\HJ~H H* Ma 



Consequently 



2f, M. . 



a (M\ a (N\ i . i /7 , x 



= (nL-2mM+lN)IH (9), 

in virtue of (8). Similarly it may be proved that 

(10) - 



The equations (9) and (10) are an alternative form of the Mamardi- 
Codazzi relations. 

We have seen that if six functions E, F, G, L, M, E constitute 
the fundamental magnitudes of a surface, they are connected by 
the three differential equations called the Gauss characteristic 
equation and the Mamardi-Codazzi relations Conversely Bonnet 
has proved the theorem : When six fundamental magnitudes are 
given, satisfying the Gauss characteristic equation and the Mainardi- 
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Codazzi relations , they determine a surface uniquely , except as to 
position and orientation in spacef. The proof of the theorem is 
beyond the scope of this book, and we shall not have occasion to 
use it. 



*45. Derivatives of the angle <u. The coefficients occurring 
in Gauss’s formulae of Art 41 may be used to express the deriva- 
tives of the angle to between the parametric curves. On differen- 
tiating the relation 

. E 
tan o) = -p 

with respect to u, we have 



sec* co &)! = 



FH,-HF } 
F * 



Then on substituting the value sec* <o = EG/F 2 , and multiplying 
both sides by 2 HF*, we find 



2 BOH co, = F (2 HH,) - 2F,H* 

= F~- u (EG - F*) - 2 F l (EG - F 2 ) 

= F(E 1 G + EG 1 )-2F 1 EG 
= -2 H 2 (\G + mE). 



Hence the formula a« 

And in a similar maimer it may be shown that 



«! = - 




( 12 ). 



EXAMPLES YII 

1 . Show that the other four relations, similar to the Mainardi-Codazzi 

relations, obtainable by equating coefficients of ri and of r a m the proof of 
Art. 43, are equivalent to * 

FE’=m 1 —l a +mfi-n\ f 
FK=fj i) ~v 1 +mfi— 7iX, 

FK = + In — m\ + X v — /i 2 , 

OK= iii — ^ + In — wi a + mv — n/i. 

2. Prove that these formulae may be deduced from the Gauss character- 
istic equation and the Mainardi-Codazzi relations. 

+ Forsyth, Differential Geometry , p 60. 
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3. Prove the relations 

stir)"*;®"™’ 

ling the formulae in Ex. 1 

4. If a> is the angle between the parametric curves, prove that 

— -s(2K(7)+« 



1 {B*\ 4 . 3 {Eh\ 

“3 u\G )^§i\E 



■EE. 



5. If the asymptotio lines are taken as parametrio curves, show that the 
ainardi-Codazzi relations become 

M x . M 2 

enoe deduce that (o£ Art. 44) 

2Z=^ + — 2u=^ - ^ 

21 E + M’ 2fl 12 T* 

_ M2 a E% , Mi 

3 m= -S~-g’ ^-E+M- 

6. When the parametric curves are null lines, show that the Mamardi- 
odazzi relations may be expressed 

i, 0. i if, a, if 

F"^ log 7’ 1[ = Wv log F' 

id the Gauss characteristic equation as 

7 . When the linear element is of the form 

(dvt+dv 1 ), 

ie Mainardi-Oodazzi relations are 



id the Gauss equation 

LN-M*=± W+fa *) -i Ofri+^a)- 
8. When the parametric curves are lines of curvature, deduce from equa- 
ons (7) and (8) that 

N^N^-Ln=\ + 



7 




[V 
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9 . Prove that, for any direction on a surface, 

r"=K fl n+Ari+Ar2, 

where A = hil % +2mi/i/+ ni/ 2 + v!', 

A =Xi*' s +2/£iiV +vv' a +v". 

1 0. With the notation of Ex 9, show that the curvature of an asymptotic 
line, as given by (26) of Art 38, may be expressed 

E’{D a u'-D 1 v r ). 

Deduce the values HXjlfi and - Hn/Cft for the curvatures of the parametric 
curves when these are asymptotic lines. 

11. Prove the relations 

■A =2 (lE-\- Xf^), F = mE-\- (l + /x) F-Y \Gf t 
E a =2 {mE-Y^F), F a =nE -h (m + v) F+ pG. 

1 2 . From the GausB characteristic equation deduce that, when the para- 
metno curves are orthogonal, 




This formula is important 




CHAPTER YI 

GEODESICS AND GEODESIC PARALLELS 
Geodesics 

46. Geodesic property. A geodesic line, or briefly a geodesic, 
on a surface may be defined as a curve whose osculating plane at 
each point contains the normal to the surface at that point. It 
follows that the principal normal to the geodesic coincides with the 
normal to the surface ; and we agree to take it also m the same 
sense. The curvature of a geodesic is therefore the normal curva- 
ture of the surface m the direction of the curve, and has the value 

K = Lu'* + 2Mu'v' + Nv fa (1), 

by Art. 28, the dashes denoting derivatives with respect to the 
arc-length s of tho curve. 

Moreover, of all plane sections through a given tangent line to 
the surface, the normal section has the least curvature, by Meumer’s 
theorem. Therefore of all sections through two consecutive points 
P, Q on the surface, the normal section makes the length of the 
arc PQ a minimum But this is the arc of the geodesic through 
P, Q. Hence a geodesic is sometimes defined as the path of shortest 
distance on the surface between two given points on it. Starting 
with this definition we may reverse the argument, and deduce the 
property that the principal normal to the geodesio coincides with 
the normal to the surface. The same may be done by the Calculus 
of Variations, or by statical considerations in the following manner. 
The path of shortest distance between two given points on the 
surface is the curve along which a flexible string would lie, on the 
(smooth) convex side of the surface, tightly stretched between the 
two points Now the only forces on an element of the string are 
the tensions at its extremities and the reaction normal to the 
surface. But the tensions are in the osculating plane of the 
element, and therefore so also is the reaction by the condition of 
equilibrium. Thus the normal to the surface coincides with the 
principal normal to the curve. 



7—2 
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47. Equations of geodesics. From the defining property of 
geodesics, and the Serret-Frenet formulae, it follows that 

r /, = «n (2), 

which may be expanded, as m Art. 28, 

r a w" + r a v" + r n u' a + 2r ia «V 4- r^v'* = ku. 

Formmg the scalar product of each side with r x and r a successively, 
we have 

Eu" + Fv" + \E , lU '» + E 2 uv + (F a - £ 0 \) v' a = 0) 

Fu " + Gh" + (Fj — ^Ei) u'* + G x u'v + £ G 2 v' a = OJ 
These are the general differential equations of geodesios on a surface. 
They are clearly equivalent to the equations 

4 (. Eu ' + Fv') = * (E lU '* + 2 F x uW + G 1 v a ) 

d (4). 

s {Fu' + Gv') = l (E,u' a + 2 F 2 uW+ G*v'*) 

A third form, which is sometimes more convenient, may be found 
by solving (3) for u" and v", thus obtaining 

u" + lu' a + 2mwV + ni/ a = 0} 

v" + \u'* + 2/twV + w '* = Oj ' 

where Z, \ etc. are the coefficients of Art. 41. 

A curve on the surface is, however, determined by a single 
relation between the parameters. Hence the above pair of differ- 
ential equations may be replaced by a single relation between u, 
v. If, for example, we take the equations (5), multiply the first by 

dw (c£u) ’ secon( * ky and subtract, we obtain the single 
differential equation of geodesics in the form 

Now from the theory of differential equations it follows that there 
exists a unique integral v of this equation which takes a given 
value v 0 when u*=u a , and whose derivative dv/du also takes a given 
value when u = u Q . Thus through each point of the surface there 
passes a single geodesic in each direction. Unlike lines of curvature 
and asymptotic lmes, geodesics are not determined uniquely or in 
pairs at a point by the nature of the surface. Through any point 
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pass an infinite number of geodesics, each geodesic being deter- 
mined by its direction at the point. 

The equations of geodesics involve only the magnitudes of the 
first order, E, F, G, and their derivatives. Hence if the surface is 
deformed without stretching or tearing, so that the length ds of 
each arc element is unaltered, the geodesics remain geodesics on the 
deformed surface In particular, when a developable surface is 
developed into a plane, the geodesics on the surface become straight 
lines on the plane. This agrees with the fact that a straight line 
is the path of shortest distance between two given points on the 
plane. 

From (6) it follows immediately th&t the parametric curves 
v = const will be geodesics if X = 0. Similarly the curves u = const, 
will be geodesics if n — 0. Hence, if the parametric Gwrves cure 
orthogonal (F = 0), the curves v = const, will be geodesics provided 
E is a f motion of u only , and the curves u = const, mil be geodesics 
if G is a function of v only. 

Ex. 1 . On the right helicoid given by 
z=uoob <f> t 

we have seen (Ex. 1, Art 26) that 

13=l t F= 0, G=v?+<?, IT 2 = m 2 + c 2 
Therefore the coefficients of Art 41 have the values 
?= 0, m =0, n=*—u, 

X=0, m^u/^+c 2 ), >'=0. 

The equations (6) for the gcodesios beoome 

w"- m<£' 2 = 0) 

(f^+c 2 ) 0"+2zitt'$'=»OJ 
From the seoond of these it follows that 

(u 2 +c a ) ^jj=const.=A (say). 

But for any arc on the surface 

d#~dv?+(v?+<?) d$*. 

Henoe, for the aro of a geodesic, 

(ii 2 + o 2 ) 2 <f <£ 2 = A 2 du % + ( a 2 + c 2 ) A 2 dtf>* 

and therefore ± jr (« a +c 2 ) (« 9 +o a — A 2 ). 

This is a first integral of the differential equation of geodesios. The complete 
integral may be found in terms of elliptic functions. 
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Ex. 2. When the equation of the surface is given m Mongo's form 
s=f{x , y), we have seen (Ait. 33) that, with x, y as parameters, 

E=\+p* } F=pq , G'=l+j 2 , #2= i+ p 2 + 2 «. 

Therefore, by Art 41, Z=J^ 2 , w=j^ 2 , 

__£3 qt 

* AT 2 * ** i? 2 ’ 

The equation (6) for geodesics then takes the form 

(s)‘ +{%»-»*> W)%- r a 

“(^ir^KIi) +& §- +r }' 

48. Surface of revolution. On the surface of revolution 
x = ucoa<f>, y = wsm<£, z=f(u), 
we have seen (Art 34) that with u, cf) as parameters 

B=1 +/*, F= 0, G = u\ = +f 1 a ). 

Therefore, by Art. 41, 

X = 0, ii = — , v = 0. 

^ u 

The second of equations (5) for geodesics then takes the form 
2 dw _ 
d& + uds ds ~ 

On multiplication by v? this equation becomes exact, and has for 
its integral 




where A. is a constant. Or, if i/r is the angle at which the geodesic 
cuts the meridian, we may write this result 

usmty = h ( 7 '), 

a theorem due to Clairaut. This is a first integral of the equation 
of geodesics, involving one arbitrary constant h. 

To obtain the complete integral we observe that, for any arc on 
the surface, 

ds® = (1 + /i s ) du a + u*d<j} a , 
and therefore, by (7), for the arc of a geodesic, 

u*d(f) a = h 1 (1 +/i a ) dv? + h?u a dcf> 3 , 




so that 
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Thus *.0±kflj*+$du (8), 



involving the two arbitrary constants 0 and h, is the complete 
integral of the equation of geodesics on a surface of revolution. 

Cor. It follows from (7') that h is the minimum distance from 
the axis of a point on the geodesic, and is attained where the geo- 
desic cuts a meridian at right angles. 

Ex. 1 . The geodesics on a circular cylinder are helices. 

For from (T), since u is constant yfr is oonstant. Thus the geodesios out the 
generators at a constant angle, and are therefore helices. 

Ex. 2 . In the case of a right circular cone of semi-vertical angle a, show 
that the equation (8) for geodesics is equivalent to 
ii=>Asec (0 sin a+/9), 
where h and jS are constants. 

Ex. 3 . The perpendicular from the vertex of a right circular cone, to a 
tangent to a given geodesio, is of constant length. 

49. Torsion of a geodesic. If r is a point on the geodesic, 
r' is the umt tangent and the principal normal is the unit normal 
n to the surface. Hence the unit binormal is 
b=r'xn. 

Differentiation with respect to the arc-length gives for the torsion 
of the geodesic 

— rn = r" x n + r' x n'. 

The first term in the second member is zero because r" is parallel 



to n. Hence 

rn = n'xr' (9), 

and therefore r = [n, n', i'] (10). 



This expression for the torsion of a geodesic is identical with that 
found in Art. 38 for the torsion of an asymptotic line. The geo- 
desic which touches a curve at any point is often called its geodesic 
tangent at that pomt. Hence the torsion of an asymptotio line %s 
equal to the torsion of its geodesic tangent 

Further, the expression [n, n', r*] vanishes for a principal direc- 
tion (Art. 29). Hence the torsion of a geodesio varnishes where it 
touches a line of curvature. It also follows from (10) that if a geo- 
desic is a plane curve it is a Une of curvature ; and , conversely , if a 
geodesio is a line of curvature it is also a plane curve. 
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The triple product [n, n 7 , r 7 ] may be expanded, as in Art. 29, 
by writing n 7 = n x u' + and r 7 = r a w 7 + r a v 7 The formula for the 
torsion of a geodesic then becomes 

r = i {{EM- FL) u'* + {EN - GL) u'v + (FN - GM) v'>] (11). 

This may be expressed in terms of the mclination of the geodesio 
to the principal directions. Let the lines of curvature be taken as 
parametric curves. Then 

F = M= 0, H* = EG, 
and the last formula becomes 

(£-§). 

But (Art. 24 and Note I) if yfr is the mclination of the geodesic to 
the line of curvature v — constant, 

V Eu '! — cos yjr, V G'l/ = sin 
Also the principal curvatures are 

Ka = L/E, Kb = N/G. 

Hence the formula for the torsion of the geodesic becomes 

t = cos i/r sin ^r{K b — K a ) (12). 

From this it follows that two geodesics at right angles have their 
torsions equal in magnitude but opposite in sign. Further, besides 
vanishing in the principal directions, the torsion of a geodesic 
vanishes at a/n umbilic. And, of all geodesics through a given point, 
those which bisect the angles between the lmes of curvature have 
the greatest torsion. 

The curvature of a geodesic is the normal curvature in its direc- 
tion. Its value, as given by Euler’s theorem (Art 31), is therefore 

K = K a COS 8 ty+K b Sin a l/f (13). 

Ex. 1 . If jc, t are the curvature and torsion of a geodesic, prove that 

T*=(k-K a)(Kb-K). 

Also, if the surface is developable (ic a =0), show that 
K=r tan yfr. 

Ex. 2. Deduce from (12) that the torsions of the two asymptotio lines at 
a point are equal in magnitude and opposite in sign. 
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Ex. 3. Prove that the torsion of a geodesic is equal to 
JL I Eu'+Fvf Fv ! + Gv’ I 
B \ Lu'+MJ Mu'+Nv' I 

Ex. 4. Prove that, with the notation of Art 49 for a geodesic, 
k cos yff — T sin =k b cos 
k sin^+rcos^ = ic 6 sin 

Curves in relation to Geodesics 

50. Bonnet's theorem. Let G be any curve drawn on the 
surface, r' its unit tangent, h its principal normal, r its torsion, 
and W the torsion of the geodesic which touches it at the point 
considered We define the normal angle vr of the curve as the 
angle from n to the normal n to the surface, in the positive sense 

b 




Fig. 14. 



for a rotation about r\ Thus or is positive if the rotation from 
n to n is m the sense from n to the binormal b; negative if in the 
opposite sense. Then at any pomt of the curve these quantities 
are connected by the relation 



This may be proved in the following manner. By (9) of the 
previous Art we have Wn = n' x r'. The unit binormal to the 
curve is b = r' x n, and 

cos ct = n«n, sin -nr = b • n. 




[71 
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Differentiating this last equation, we have 

dm , , . , 

COS m -y- = D • n + D • n 
ds 

= — Tn«n + r'xfi*n 
= — t cos m + Wn • n 
= (— t + W) cos m. 

Hence the formula ^ + r = W, 

ds 



expressing a result due to Bonnet. Since W is the torsion of the 
geodesic tangent, it follows that the quantity + t j has the same 



value for all curves touching at the point considered The formula 
also shows that m is the torsion of the geodesic tangent relative 
to the curve G ; or that — m' is that of C relative to the geodesio 
tangent. 

Ex. Prove (14) by differentiating the formula 



cos or = n • n 



51. Joachimsthal’s theorems. We have seen that the tor- 
sion W of the geodesic tangent to a line of curvature vanishes at 
the point of contact. If then a curve G on the surface is both a 
plane curve and a line of curvature, t = 0 and W = 0 ; and there- 
fore, in virtue of (14), m' = 0. Consequently its plane cuts the 
surface at a constant angle. Conversely, if a plane cuts a surface 
at a constant angle, the curve of intersection has zero torsion, so 
that t=0 and ©' = 0. Therefore, in virtue of (14), W vanishes 
identically, showing that the curve is a line of curvature. Similarly 
if m is constant and the curve is a line of curvature, r must vanish, 
and the curve is plane. Hence if a curve on a surface has two of 
the following properties it also hcbs the third : ( a ) it is a line of 
curvature, (6) it is a plane cwrve, (c) its normal angle is constant . 

Moreover, if the curve of intersection of two surfaces is a Une of 
cwrvatwre on each, the surfaces cut at a constant angle. Let m and 
©o be the normal angles of the curve for the two surfaces. Then 
since the torsion W of the geodesic tangent vanishes on both 
surfaces, 



dm 

& 



+ T=0, 



dm o 
ds 



+ T=0. 
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I (”-”«)= O' 

so that ux — -cr 0 = const. 

Thus the surfaces cut at a constant angle. 

Similarly, if two surfaces cut at a constant angle , and the curve 
of intersection is a line of curvature on one , it is a line of curvature 
on the other also. For since 



it follows that 



w — vtq = const. 

dl!T d'CTg 

ds~ ds ' 



Hence, by (14), if W and W Q are the torsions of the geodesic tan- 
gents on the two surfaces, 

TF-t=TPo-t, 



so that W = W 0 . 

If then TF vanishes, so does W 0 , showing that the curve is a line 
of curvature on the second surface also. The above theorems are 
due to Joachimsthal. The last two were proved in Art. 29 by 
another method. 

Further, we can prove theorems for spherical lines of curvature , 
similar to those proved above for plane lines of curvature. Geo- 
desics on a sphere are great circles, and therefore plane curves. 
Their torsion TF 0 therefore vanishes identically. Hence for any 
curve on a sphere, if tsr 0 is its normal angle, 



d ‘ STo 
ds 



+ T 



0 . 



Suppose then that a surface is cut by a sphere in a line of curva- 
ture. Then since the torsion W of the geodesic tangent to a line 
of curvature is zero, we have on this surface also 



dvr 



From these two equations it follows that 
d , 



ds 



(tj - «r 0 ) = 0, 



and therefore vr — «r 0 = const. 

Hence if the curve of intersection of a sphere and a/nother surface 
is a line of cut vaiure on the latter , the two surfaces cut at a constant 
angle. 
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Conversely, if a sphere cuts a surface at a constant angle, the 
curve of intersection is a line of curvature on the surface. For 

dvr dvr 0 
ds ds ’ 

and therefore r = t — W. 

Thus W vanishes identically, and the curve is a line of curvature. 

52. Vector curvature. The curvature of a curve, as defined 
in Art. 2, is a scalar quantity equal to the arc-rate of turning of 
the tangent. This is the magnitude of the vector curvature, which 
may be defined as the arc-rate of change of the unit tangent. It is 
therefore equal to t' or /en. Thus the direction of the vector curva- 
ture is parallel to the principal normal. The scalar curvature tc is 
the measure of the vector curvature, the positive direction along 
the principal normal being that of the unit vector n. 

If two curves, 0 and G 0i touch each other at P, we may define 
their relative curvature at this pomt as the difference of their 
vector curvatures. Let t be their common unit tangent at P, and 



F 




t + dt, t + dto the unit tangents at consecutive points distant ds 
along the curves from P If BE, BF, BG represent these unit 
vectors, the vector GF is equal to dt — dto. The (vector) curvature 
of G relative to G 0 is then 

dt dtp dt — dtp GF 
ds ds ~~ ds ~ ds 

If dd is the angle GBF, the magnitude of the relative curvature 
is dOjds, the arc-rate of deviation of their tangents. 

53. Geodesic curvature. Consider any curve G drawn on a 
surface We define the geodesic curvature of the curve at a point 
P as its curvature relative to the geodesic which touches it at P. 
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Now the vector curvature of the curve is r", and the resolved part 
of this in the direction of the normal to the surface is n • r", or K n 
by Meumer’s theorem. But the vector curvature of the geodesic 
is normal to the surface, and its magnitude is also That is to 
say, the curvature of the geodesic is the normal resolved part of 
the vector curvature of G Hence the curvature of G relative to 
the geodesic is its resolved part tangential to the surface This 
tangential resolute is sometimes called the tangential curvature of 
C , but more frequently its geodesic curvature. As a vector it is 
given by 

r"-nT"n or r"-« n n (15). 

Its magnitude must be regarded as positive when the deviation 
of 0 from the geodesic tangent is in the positive sense for a rota- 
tion about the normal to the surface Thus we must take the 
resolved part of the vector curvature r // in the direction of the 
unit vector n x r'. Hence the magnitude of the geodesic curvature 
is n x r'«r". Denoting it by k 0 we have 

*3 = [n, r', r"] (16). 

A variation of this formula is obtained by writing n = r x x r^H. 
Then 

[n, r', r"] = -g (r x x r B ) x r' . r" 

= ^ ( ri • r 7 r u - r a • r ' r i) • r", 

so that K g = ■i(r 1 «i / r a »r" — r a »r'r 1 T") (17). 



It is also clear from the above argument that, if k is the curva- 
ture of the curve C, and «r its normal angle, 



while 


K g =a k sin or] 
K n = k cos -rsrj 


(18). 


Hence 

and 


K a = Kg* + «„ a | 

Kg = K n tan TB J 


(19). 



All these expressions for k 9 vanish when G is a geodesic. For then 
r" is parallel to n, and therefoie perpendicular to r x and r a , while 
is zero. This means simply that the curvature of a geodesic 
relative to itself is zero. 

It will be noticed that the expression [n, r', r "] for the geodesic 
curvature is the same as that found in Art. 38 for the curvature of 
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an asymptotic line. This is due to the fact that the osculating 
plane for an asymptotic line is the tangent plane to the surface, 
while the curvature of the geodesic tangent, being the normal 
curvature in the asymptotic direction, is zero. Thus the curvature 
of an asymptotic line is equal to its geodesic curvature. 

64. Other formulae for k 0 . From (16) or (17) we may deduce 
an expansion for the geodesic curvature in terms of u , u" etc. For 
instance, on substitution of the values of r' and r" in terms of these, 
(17) becomes 

K g = (Eu' + Fif) {Fu" + Ov" + (Fi — \Ef) u* + G-^u'v + £ G 2 v'*\ 

— -jj (Fu' + Ov’) {Eu" + Fv" + ^ Eiu ' a + E%u v' + (F 9 — -J- Gi) v a } , 

which may also be written 

K g = Eu' (if' + Xu' 2 + 2/xwV + w'*) 

— Hv' (u" + lu 2 + 2 mwV + nv'*).. (20), 
each part of which vanishes for a geodesic, in virtue of (5). 

In particular for the parametric curve v = const, we have 
v' = v" = 0, and the geodesic curvature K gu of this curve is there- 
fore equal to EuXu' 2 , which may be written 

Similarly the geodesic curvature k^ of the curve u = const, has 
the value 

K gv = — HnG~%. 

When the parametric curves are orthogonal, these become 
E, _ G, 

Kgu ~ 2 EJG’ Kgv 2 G\JE‘ 

From these formulae we may deduce the results, already noticed 
m Art 47, that the curves v = const, will be geodesics provided 
X = 0, and the curves u — const, provided n = 0 When the para- 
metric curves are orthogonal, these conditions are E t = 0 and G^= O ; 
so that the curves v = const, will be geodesics if E is a function of 
u only ; and the curves u = const, if G is a function of v only. 

Another formula for the geodesic curvature of a curve may bo 
found in terms of the arc-rate of increase of its inclination to the 
parametric curves Let 6 be the 'inclination of the curve to the 
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parametric curve v = const , measured in the positive sense. Then 
since, by Art. 24 and Note I 

Eu' + Fv' = \/E cos 6. 
we have on differentiation 

%-(Eu' + Fv ') = ^0 cos 6 - */E sin 9 — 
ds v ' ds as 

= zqCBiv! + JP.d') (.Btf + FV) -BV^. 

Now, if the curve is a geodesic, the first member of this equation 
is equal to 

£ (Erf* + 2 Frfv + Grf*). 

On substitution of this value we find for a geodesic 
■udd H*\ , ff*ti , 

E ds~~ ~E~ U E~ V ’ 

Thus the rate of increase of the inclination of a geodesic to the 
parametric curve v = const, is given by 

dd ZT , 

Now the geodesic curvature of a curve 0 is tangential to the 
surface, and its magnitude is the aro-rate of deviation of G from 
its geodesic tangent. This is equal to the difference of the values 
of d8/ds for the curve and for its geodesic tangent But its value 
for the geodesic has just been found. Hence, if dOjds denotes its 
value for the curve 0 } the geodesic curvature of C is given by 

K ° = ^ + E + ^ ( 21 )- 

Or, if Sr is the inclination of the parametric curve u = const, to the 
curve O (Fig. 11, Art. 24), we may write this 

*<’ = a ? + ^ 8m&+ ^ sinl5 < 22 >- 

In the particular case when the parametric curves are ortho- 
gonal, sin S- = cos 9. Also the coefficient of sm ^ becomes equal to 
the geodesic curvature of the curve v = const., and the coefficient 
of sm 6 to that of the curve u = const Denoting these by x g u and 
Kgt respectively, we have Liouville's formula 



Kg = gn + Kgv COS 0 + Kgt, sin t 
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*55. Examples. 

(1) Bonne? 8 formula for the geodesio curvature of the curve 0 (w, v) 

By differentiation we have 0 1 «'+0 3 ^= 0 (< 

.. . «' * 1 

so that -T- = — T “ s » 

02 “01 w 

where 9 = V E$£ — 2.F0! 0j+(?0i a 

Again differentiating (a) we find 

0J + 02 v" + 011 2i' 2 + 201 j tt' 2 / + 022 *= Oj 

whioh may be written 

0 (mV'-1/m") + 01iM ,1 ‘ + 20121« , v' + 022^ 8 = O* 

By means of those relations we find that 
0 /Ffa-Gi Ll \ 0 / F$\— E<fr%\ 

0 / 0V\ © / 

=» (v" +X%' S + 2/i«V + jV 3 ) - H a v' (u" + lu ' 2 + 2771 tiV + nv 

= 

Hence Bonnet’s formula for the geodesic curvature 

1 9 (Fcfe-GQ A 1 0 /J T ’0i-^0 a \ /, 

Ka= ffdu\ © ; V 

From this result we may deduce the geodesio curvature of a ourve of 
family defined by the differential equation 

Pdu+Qdv = 0 (-] 

For, on comparing this equation with (a), we see that the inquired value 

1_ 0 / FQ-GP \ 10/ FP-EQ \ 

Kg= H ^ \^JSQi-2FPQ+ GP V WE&-2FPQ+ GP*) ’ 

(2) Deduce the geodesio curvatures of the parametno curves from the re* 
of the previous exeroise. 

(3) A ourve 0 touches the parametno curve v = const Find its ourva 
relative to the parametno curve at the point of contaot. 

The relative curvature is the difference of their geodesio curvatures, 
geodesio ourvature of G is got from (20) by putting z>'~0 and tf=l/*JE. 
value is therefore B (y" +'kE~ i )jJE. But the geodesic ourvature of «=ot 
is H\E~% Hence the relative curvature is HrTJJE. 

(4) Find the geodesio curvature of the parametno lines on the surface 

#=a(2i + »), y—b(u-v), e=uv 

(5) Find the geodesic ourvature of a parallel on a surface of revolution. 

(6) Show that a twisted curve is a geodesic on its rectifying develop* 
(The principal normal of the curve is normal to the surface ) 

(7) Show that the evolutes of a twisted curve are geodesics on its p 
developable (Arts. 11 and 19) 

(8) The radius of curvature of a geodesic on a cone of revolution vari* 
the cube of the distance from the vertex. 

(9) From the formula (16) deduoe the geodesic ourvature of the ci 
const, putting r' ■= tJs/E. 
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Geodesic Parallels 

66. Geodesic parallels. Let a singly infinite family of geo- 
desics on the surface be taken as parametric curves v ~ const., and 
their orthogonal trajectories as the curves u = const. Then F= 0, 
and the square of the linear element has the form 
ds 3 = Edu a + Gdv*. 

Further, since the curves v = const, are geodesics, E is a function 
of u alone (Art. 47). Hence, if we take J \TEdu as a new parameter 
u, we have 

ds 3 = du* + Gdv a (24), 

which is called the geodesic form for ds 2 . Since E is now equal 
to unity, the length of an element of arc of a geodesic is du ; and 
the length of a geodesic mtercepted between the two trajectories 
u = a and u = 6 is 

rb 

J du = b — a. 

This is the same for all geodesics of the family, and is called the 
geodesio distance between the two curves On account of this 
property the orthogonal trajectories u = const, are called geodesio 
parallels. 

From the geodesic form for ds 3 we may easily deduce the 
property of minimum length characteristic of the arc of a geodesic 
joining two points on it. Consider, for example, the two points 
P, Q in which a geodesic is cut by the parallels u = a,u = b. The 
length of the arc of the geodesic joining the two points is (6 — a). 
For any other ourve joining them the length of arc is 

J d8 = J Vdu* + Gdv a >J du, 

since G is positive Thus the distance is least in the case of the 
geodesic. 

With the above choice of parameters many results take a simpler 
form. Since G is positive it may be replaced by D*, so that 

ds l = du* + D*dv* (25). 

Then since F = 0 and E— 1 we have E 3 = G, so that 
1 = 0, m = 0, n = — ^Gi = — DD lt 

. n lft A 10i 
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The Gauss characteristic equation becomes 

LN-M> 

and therefore the specifio curvature is 






K = 



LN-M* J_9 WG 
'VG 3 u a ’ 



- _1 W? 

A “ D du* 



The first curvature is 



J=L + 



N 

~Q ‘ 



The general equations (4) of geodesics become 
u"-DAv /s = 01 

^(W)-D2W a = 0| 



..( 20 ). 



..(27), 



and the single equation (6) gives 

Di (as) +Di 






'dv\ a 



, dv 



m) +2A ir°- 



She. BeltramSs theorem Consider a singly infinite family of geodesics, out 
by a curve 0 whose direction at any point P is conjugate to that of the geodesic 
through P. The tangents to the geodesics at the points of 0 generate a 
developable surface (Art. 35), and are tangents to its edge of regression Bel- 
trami’s theorem is that the centre of geodesic curvature at P, of that orthogonal 
trajectory of the geodesies which passes through this pointy is the corresponding 
point on the edge of regression. 

Let the geodesics be taken as the curves v= const, and their orthogonal 
trajectories as the curves u = const Then the square of the linear element ha^ 
the geodesio form 

dsP^dtf+GdiP 

The geodesio curvature of the parametno curve const. is, by Art. 54 f 

_L 

* B ~2G du ‘ 

This is measured in the sense of the rotation from Ti to r a . Hence the distance 
p from P to the centre of geodesio ourvature, measured m the direction i*i, is 
given by 

1 = __1_ ZG 

p 2Gdu‘ 

Let r be the position vector of the point P on the ourve C } R that of the 
corresponding point Q on the edge of regression, and r the distance PQ, also 
measured in the direction rj. Then, since P=l, 

R^r+nv 
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Along 0 the quantities are functions of the arc-length 8 of the curve. Hence, 
on differentiation, 

R' = (Tx + r 2 ®') + la + r (rii u ' + Tia w'). 

But, because the generators are tangents to the edge of regression, R' is 
parallel to i*i and therefore perpendioular to ra. Forming the scalar product 
with r a we have 

0=ffi/+rTa»ri2 , »'=®' , 

the other terms vanishing in virtue of the relations F= 0 and E=\. Hence, 
since xf is not zero, 

r* 20 du * 

showing that r—p. Therefore the point Q on the edge of regression is the 
centre of geodesio curvature of the orthogonal trajectory of the geodesics 

57. Geodesic polar coordinates. An important particular 
case of the preceding is that in which the geodesics v = const are 
the singly infinite family of geodesics through a fixed point 0, 
called the pole. Their orthogonal trajectories are the geodesic 
parallels u = const., and we suppose u chosen so that E = 1. If we 
take the infinitesimal trajectory at the pole as the curve u = 0, u 
is the geodesic distance of a point from the pole. Hence the name 
geodesic circles given to the parallels u = const, when the geodesics 
are concurrent. We may take v as the inclination of the geodesic 
at 0 to a fixed geodesic of reference OA. Then the position of any 
point P on the surface is determined by the geodesic through 0 
on which it lies, and its distance u from 0 along that geodesic. 
These parameters u, v are called the geodesic polar coordinates of 
P. They are analogous to plane polar coordinates. 

On a curve G drawn on the surface let P and Q be the consecu- 
tive pomts (u, v ) and (u + du, v + dv ). Then dv is the angle at 0 




8—2 




116 



GEODESICS AND GEODESIC PARALLELS 



■between the geodesics OP and OQ. Let PN be an element of 
geodesic circle through P, cutting OQ at N. Then ON = OP 
therefore NQ = du. And since the angle at N is a right angle, 
NP* + du* = PQ* = ds* 

= du* + D'dtf, 

showing that PN = Ddv. 

Hence if is the angle NQP, at which the geodesic cuts 
curve G, 

• a yw diD , du , , ^.dv 

sin y = D ^ , cos y = ^ , tan yfr = D ^ . 

And we may also notice that the area of the element of the sur 
bounded by the geodesics v, v + dv and the geodesic circle 
u + du is 

dS = Ddudv. 

If the curve 0 is itself a geodesic, we may write the firs 
equations (27) for geodesics in the form 

^ (cos yfr) - B 1 sin ^ ^ «= 0, 

or sim^dty’+ B^in \Jrdv = 0. 

Hence, for a geodesic, diJr=-D 1 dv (2£ 

It is also important to notice that at the pole has the v 
unity. To see this we consider a small geodesic circle distai 
from the pole. The element of a geodesic from the pole to 
circle is practically straight, and the element of the geodesic c. 
is therefore udv to the first order. Thus near the origin 
D = u + terms of higher order, 
and therefore, at the pole, D x = 1. 

58. Geodesic triangle. If dS is the area of an elemei 
the surface at a pomt where the specific curvature is K, we 

KdS the second curvature of the element, and J j KdS taken 

any portion of the surface is the whole second curvature of 
portion. We shall now prove a theorem, due to Gauss, on the w 
secondcurvature of a curvilinear triangle ABO bounded by geode 
Such a triangle is called a geodesic triangle, and Gauss’s thee 
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may be stated : The whole second curvatwre of a geodesio triangle is 
equal to the excess of the sum of the angles of the triangle over two 
right angles. 

Let us choose geodesic polar coordinates with the vertex A as 
pole. Then the specific curvature is 

D 9w a> 



and the area of an element of the surface is Ddudv. Consequently 
the whole second curvature fl of the geodesio triangle is 

a=ffKdS=-ff s ^dudv. 

Integrate first with respect to u, from the pole A to the side BG. 




Fig. 17. 



Then since at the pole Dj is equal to unity, we find on integration 
n= J (l - A) dv, 

where the integration with respect to v is along the side BO. But 
we have seen that, for a geodesic 

— D x dx = dtjr. 

Hence our formula may be written 

fl = Jdv + J d\jr. 

Now the first integral, taken from B to 0 , is equal to the angle A 
of the triangle. Also 

Jdir=0 —(ir — B). 

Hence the whole second curvature of the triangle is given by 

Q, = A + B + C- 7T (29), 



as required 
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The specific curvature is positive, zero or negative accoiding as 
the surface is synclastic, developable or anticlastic. Consequently 
A+B + O is greater than ir for a synclastic surface, equal to tt for 
a developable, and less than tt for an anticlastic surface When 
the surface is a sphere Gauss’s theorem is identical with Girard’s 
theorem on the area of a spherical triangle 

59. Theorem on parallels. An arbitrarily chosen family of 
curves, (f> (u, v) = const., does not in general constitute a system of 
geodesic parallels In order that they may do so, the function 
<f> (u, v ) must satisfy a certain condition, which may be found as 
follows. If the family of curves <jf> (u, v ) = const, are geodesic 
parallels to the family of geodesics -v|r (u, v ) = const., the square of 
the linear element can be expressed in the geodesic form 
dti 2 = ed<f> 2 + D 2 dfa, 

where 6 is a function of </> only, and D a function of <£ and ^r. 
Equating two expressions for ds 2 we have the identity 

Edu 2 + 2 Fdudv + Gdv 2 = e (fa du 4- fadv) 2 + D® (fa du + fa dv) 2 , 
and therefore E = efa 2 + B 2 fa 2 , 

F= efafa + D 2 fa fa, 

G = efa 2 + B 2 fa 2 . 

Consequently, elimmating fa and fa, we must have 

(E- efa 2 )(G - efa 2 )- (F- efafa) 2 = 0 («), 

which is equivalent to 

■gi (<?■*>.’ -2 .JVM* + Etf) = i (30) 

Thus in order that the family of curves </> (u, v) = const, may he a 
family of geodesic parallels, 

(Gfa 2 -2Ffafa + Efa 2 )/H 2 
must he a function of <£ only, or a constant. 

The condition is also sufficient. For 

-edfa = (E- efa 2 ) du 2 + 2 (F— efafa) dudv + (G- efa 2 ) dv 2 
and this, regarded as a function of du and dv, is a perfect square, 
in virtue of (a) being satisfied. We can therefore write it as IPdfa, 
so that 

ds 2 = edfa + LPdfa, 
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proving the sufficiency of the condition. In order that <fi may be 
the length of the geodesics measured from <f> — 0, it is necessary 
and sufficient that e = 1, that is 

G<tf - 2 + E$f = E i (30'). 

60 . G-eodeslc ellipses and hyperbolas. Let two indepen- 
dent systems of geodesic parallels be taken as parametric curves, 
and let the parametric variables be chosen so that u and v are the 
actual geodesic distances of the point (u, v ) from the particular 




curves u = 0 and v = 0 (or from the poles in case the parallels are 
geodesic circles). Then by Art. 69, since the curves u = const, and 
v = const, are geodesic parallels for which e = 1 , we have 



E=Q = E\ 



Hence, if <o is the angle between the parametric curves, it follows 
that 



E=G- 



_ COS (O 

— sin* <o * 



so that the square of the linear element is 

du % + 2 cos a dudv + dtf 

am 1 a> 



ds' = 



..(31). 



And, conversely, when the linear element is of this form, the para- 
metric curves are systems of geodesic parallels. 

With this choice of parameters the locus of a point for which 
u + v = const, is called a geodesic ellipse. Similarly the locus of a 
pomt for which u — v = const, is a geodesic hyperbola. If we put 

u = J (u + v), v = | (u — v) (32), 

the above expression for ds 3 becomes 






diV t dv 3 



•(33), 
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showing that the curves H — const, and v = const, are orthogonal. 
But these are geodesic ellipses and hyperbolas. Hence a system of 
geodesio ellipses and the corresponding system of geodesio hyperbolas 
are orthogonal Conversely, whenever cfo a is of the form (33), the 
substitution (32) reduces it to the form (31), showing that the 
parametric curves in (33) are geodesic ellipses and hyperbolas. 

Further, if 6 is the inclination of the curve v = const, to the 
curve v = const., it follows from Art. 24 that 

Q a> a to 

cos 6 = cos jr , sin 6 = sm jr , 

u 2 

and therefore 6 = ^ . 

Thus the geodesio ellipses and hyperbolas bisect the angles between 
the corresponding systems of geodesic parallels. 

0 1 . Liouville surfaces. Surfaces for which the linear ele- 
ment is reducible to the form 

ds? = ( U 4- V) ( Pdu 2 + Qdv fl ) (34), 

in which U, P are functions of u alone, and V } Q are functipns of 
v alone, were first studied by Liouville, and are called after him. 
The parametric curves clearly constitute an isometric system (Art. 
39). It is also easy to show that they are a system of geodesic 
ellipses and hyperbolas. For if we change the parametric variables 
by the substitution 

the parametric curves are unaltered, and the linear element takes 
the form 

*■-(17+ 7) (*" + $). 

But this is of the form (33), where 

to U to V 

Sm 2 = Z7+ F’ COS 2 = 0TT- 
Hence the parametric curves are geodesic ellipses and hyperbolas. 

Liouville also showed that, when ds* has the form (34), a first 
integral of the differential equation of geodesics is given by 

U sin* 6 - V cos s 6 = const (35), 
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where 9 is the inclination of the geodesic to the parametric curve 
v = const. To prove this we observe that F = 0, while 
E = (U +V) P, G = (U+V)Q t 

so that E 1 = UiP + (U+V)P lt G x = Z7i Q, 

F*=V>P, G z = ViQ + (U+ V) Q a . 

Taking the general equations (4) of geodesics, multiplying the 
first by - 2 u V, the second by 2v' TJ and adding, we may arrange 
the result m the form 

( UGW‘ - VEu !‘) = «' V {( U + V) E, - V, E\ 

-uV*{(lT+ V)0,-E 

Now the second member vanishes identically in virtue of the pre- 
ceding relations. Hence 

UCh ;' 3 — VEu* = const., 
which, by Art. 24, is equivalent to 

U sin® 9 — V cos 3 9 — const. 

as required. 

EXAMPLES VIII 

1 . Prom formula (21) deduce the geodesic curvature of the curves v => const, 
and const. 

2. When the curves of an orthogonal system have constant geodesio cur- 
vature, the system is lsometno. 

3 . If the ourves of one family of an isometric system have constant geodesic 
ourvature, so also have the ourves of the other family. 

4. Straight hues on a surface are the only asymptotio lines which are 
geodesics. 

5 . Find the geodesics of an ellipsoid of revolution. 

6. If two families of geodesics out at a constant angle, the surface is 
developable. 

7. A curve is drawn on a cone, semi-vertical angle a, so as to cut the 
generators at a constant angle j3. Prove that the torsion of its geodesio tan- 
gent is sin /3 cos fiJ(R tan a), where R is the distanoe from the vertex. 

8. Prove that any onrve is a geodesio on the surface generated by its 
binormals, and an asymptotio line on the surface generated by its principal 
normals 

9 . Find the geodesics on the catenoid of revolution 



u=o cosh 
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1 0. If a geodesic on a surface of revolution cuts the meridians at a con- 
stant angle, the surface is a right oyhnder 

11. If the principal normals of a curve intersect a fixed line, the curve is 
a geodesio on a surface of revolution, and the fixed line is the axis of the 
surface. 

12. A curve for whioh k/t is constant is a geodesic on a oylinder. and a 
curve for which ^ (t/k) is constant is a geodesio on a cone. 

13. Show that the family of curves given by the differential equation 
Pdu+Qdo**0 will constitute a system of geodesio parallels provided 

L( HQ \=-( HP \ 

WEQ* - 2 FPQ + Ql n ) dv\^£Qi- 2FPQ + OP V ' 

14. lf t on the geodesics through a point 0, points be taken at equal geodesic 
distances from 0, the locus of the points is an orthogonal trajectory of the 
geodesics . 

Let the geodesics through the pole 0 be taken as the curves v= const., and 
let u denote the geodesic distance measured from the pole. We have to show 
that the parametric ourves are orthogonal Since the element of arc of a 
geodesio is du, it follows that E= 1. Also since the curves const, are 
geodesios, X=»0. Henoe if^O, so that if is a function of v alone. Now, at the 
pole, r 9 is zero, and therefore • r 2 = if vanishes at the pole. But if is inde- 

pendent of u , and therefore it vanishes along any geodesio. Thus F vanishes 
identically, and the parametric curves are orthogonal 

15. If, on the geodesics which cut a given curve 0 orthogonally, points be 
taken at equal geodesio distances from 0, the locus of the points is am, orthogonal 
trajectory of the geodesios. 

16. Necessary and sufficient conditions that a system of geodesio co- 
ordinates be polar are that vanishes with u, and 3 \Ztf/3tt~ 1 when u=0. 

1 7. Two points A, B on the surface are joined by a fixed curve G 0 and a 
variable curve 0, enclosing between them a portion of the surface of constant 
area. Prove that the length of 0 is least when its geodesio curvature is 
constant 

18. If in the previous example the length of C is constant, prove that the 
area enclosed is greatest when the geodesio curvature of C is constant 

19. If the tangent to a geodesic is inclined at a constant angle to a fixed 
direction, the normal to the surface along the geodesio is everywhere perpen- 
dicular to the fixed direction. 

20. Two surfaces touch each other along a curve. If the curve is a geo- 
desio on one surface, it is a geodesio on the other also. 

2 1 . The ratio of the ourvature to the torsion of a geodesio on a develop- 
able surface is equal to the tangent of the inclination of the curve to the 
corresponding generating line. 
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22. If a geodesic on a developable surface is a plane curve, it is one of the 
generators, or else the surface is a cylinder. 

23 . If a geodesic on a surface lie on a sphere, the radius of curvature of 
the geodesio is equal to the perpendicular from the centre of the sphere on the 
tangent plane to the surface. 

24. The locus of the centre of geodesio curvature of a line of curvature is 
an evolute of the latter 

2 5 . The orthogonal trajectories of the helices on a heliooid are geodesics. 

26. The meridians of a ruled helicoid are geodesics. 

27. If the curve 

*“/(«) cos 14, y=f(u) sm 14 , s=-i J f a (u) du 

is given ahehcoidal motion of pitch 27 tc about the a-axis, the various positions 
of the curve are orthogonal trajectories of the helloes, and also geodesios on 
the surface. 




CHAPTER YII 

QUADRIC SURFACES. RULED SURFACES 
Quadric Surfaces 

62. Central quadrics. The equation of a central quadric 
surface, referred to its principal axes, is of the form 



h V- H — = 1 

a b c 



in which we may assume a >b>o. The quadrics confocal with 
this are given by 

a? y a 

S+I+i+x+J+x - 1 (2) ' 

for different values of X. At points common to the two surfaces 
(1) and (2) we have 

<f>(X) = (a + X)(b+\)(o + X)-2a? (b + X ) (c + X) = 0. 

We may regard this as an equation for determining the values of 
X corresponding to the confocals which pass through a given point 
{os, y, z) on the surface (1) It is a cubic equation, one root of which 
is obviously zero. Let the other two roots be denoted by u, v. 
Then, because the coefficient of X s is unity, <j> (X) is identically equal 
to the product X (X — u) {X — v ) ; that is 

X (X — u) (X — v) = + X) (jb + X) (c + X) — 2 ot? (b + X) (c + X}. 

If in this identity we give X the values — a, — b, — c in succession, 
we find 

a(a + u)(a + v)' 

(a - b) (a-c) 

ofl = b(b+u)(b + v) f 

V (6 — a) (b — c) W 

c(o + w)(c + i;) 

(c - a) (c - b) , 



Thus the coordinates of a pomt on the quadnc (1) are expressible 
in terms of the parameters u, v of the two confocals passmg through 
that point. We take these for parametric variables on the surface. 
It follows from (3) that, for given values of u and v, there are eight 
points on the surface, one in eaoh octant, symmetrically situated 
with respect to the coordinate planes. 
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In the case of an ellipsoid, a, b, c are all positive. Hence (— c) 
b negative, <f>(—b) positive, and <£ (— a) negative. Therefore, if u 
s greater than v, we have 

— c>u> — b, —b>v> — a. 

The values of u and v are thus negative, and are separated by — b. 

For an hyperboloid of one sheet c is negative, so that <£(oo ) is 
positive, <f> (— c) negative, (f> (— b) positive and (f> (— a) negative 
Therefore 

u> — g, —b>v> — a. 

Consequently u is positive and v negative, the root between — c 
and — b being the zero root 

For an hyperboloid of two sheets both 6 and c are negative. 
Hence <f> (oo ) is positive, <j> (— c) negative and <f> (— b) positive, so 
that the non-zero roots are both positive and such that 
u> — o, —c>v> — b. 

Thus both parameters are positive, and the values of u and v are 
separated by — c. In all cases one of the three surfaces through 
(m, y t z) is an ellipsoid, one an hyperboloid of one sheet, and one 
an hyperboloid of two sheets. 

Any parametric curve v = const, on the quadric (1) is the curve 
of intersection of the surface with the confocal of parameter equal 
to this constant v. Similarly any curve u = const is the line of 
intersection of the surface with the confocal of parameter equal to 
this constant u. 



63. Fundamental magnitudes. If r is the distance of the 
point (a, y, z) from the centre of the quadne, and p the length of 
the central perpendicular on the tangent plane at (x, y, z ), we have 



and 



r 9 = + i/ a + ^ = (a + b + c) + (u + v)’ 

pf = a? b 1 c 3 abc 



.(4). 



Also on calculating the partial derivatives x^, x it etc., we find 



E = xS + 2/i a + z? = 



u (u — v) y 
~b(a + u) [b + u)(c + u) 



F = 0^8+ 2/^s +^#2=0 



v(v — u) 



.(5). 
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The normal has the direction of the vector ^ | ^ , and since 
the square of this vector is equal to 1 (p*, the unit normal is 
n= fpx py pz\ 

\ a ’ 6 ’ c / 

_ ( Ac (a + u)(a + v) [ ca(b + u)(b + v ) 

~~ \V uv (a — b) (a — c) * v uv (6 — c) (6 — a) ’ 

/a& (c + «) (c + v)\ 

V uv (c - a) (c - 6)/ 

The second order magnitudes are therefore 

r_ _ 1 /a 6c (u — v) '\ 

-n.r u - 5 y ^ (a + u)(6 + w)(c + u) 

if = n«r 12 = 0 V (6). 

-1 /°^ c (v — u) 

“- 4 V (a + »)(6 + v)(o + vV 
Since then F=0 and M = 0 the parametric curves are lines of 
curvature. That is to say, the lines of curvature on a central quad- 
ric are the curves in which it is cut by the confocals of different 
species. The prmcipal curvatures are then given by 
_ L _ 1 / abc \ 

Ka ~JS~uWu 



_N_l talc 
Kb G v V uv . 



■ -<n 



J =K a +/Cj,= (u+v) A 



Thus, along a line of curvature, the principal curvature varies as 
the cube of the other principal curvature. The first curvature is 

f abo 
( uvf ’ 

and the specific curvature 

K=KaKh= ^ < 8 > 

Therefore on the ellipsoid or the hyperboloid of two sheets the 
specific curvature is positive at all points ; but on the hyperboloid 
of one sheet it is negative everywhere. Moreover 

p i = abcK (9). 

Hence at all points of a curve , at which the specific ourvatwre is 
constant, the tangent plane is at a constant distance from the centre. 
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At an umbilio tc a is equal to K b , and therefore u = v. If the 
surface is an ellipsoid the values of u and v are separated by — b. 
Hence at an nmbilic they must have the common value — b. The 
umbilici are therefore 

The four umbilici thus lie on the coordinate plane containing the 
greatest and least axes, and are symmetrically situated with respect 
to those axes. 

On the hyperboloid of two sheets the values of the parameters 
are separated by — o. Hence at an umbilio u = v = — o, and the 
umbilici are 

On the hyperboloid of one sheet the umbilici are imaginary, for u 
and v have no common value. 

The differential equation of the asymptotic lines on a surface is 
Ldu i + 2Mdudv + Ndv st = Q. 

Hence on the quadnc (1) they are given by 

du __ ^ dv 

*/(a+u)(b + u)(o + u) \/(a + v)(b + v)(o + v)‘ 

64. Geodesics. On usmg the values of E, F, G given in (5) 
we see that the square of the lmear element takes the form 
ds* = (u — v)(Udu?— Vdtf), 

where U is a function of u alone, and V a function of v alone. 
Central quadrics thus belong to the class of surfaces called Liouville 
surfaces (Art. 61). Consequently the lines of curvature, being para- 
metric curves, are isometric and constitute a system of geodesic 
ellipses and hyperbolas. Moreover a first integral of the differential 
equation of geodesics on the quadric is given by 

u sin 9 0 + v cos* d*=k (10), 

where k is constant, and 9 the angle at which the geodesic cuts 
the curve v = const. The value of k is constant on any one geodesic, 
but changes from one geodesic to another. If the geodesic touches 
the parametric curve v = h, then cos 9 = 1 at the point of contact, 
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and therefore k = h. S imil arly if it touches the curve u = h, sin 0 = 1 
at the point of contact, and again k = h Thus k has the same value 
for all those geodesics which touch the same line of cu/rvature. On 
the ellipsoid k is negative for all geodesics because both parameters 
are negative. On the hyperboloid of two sheets k is positive be- 
cause u and v axe both positive. 

Further, on writing (10) in the form 

( u — k) sin 8 6 + (v — k) cos 8 8 = 0, 

we see that, for all geodesics through a given point (u, v), the 
constant k is intermediate in value between u and v, and, for a 
given value of k within this interval, there are two geodesics, and 
these are equally inclined to the hues of curvature 
At an umbilic the parametric values u, v are equal ; and there- 
fore, for all geodesics through an umbilic, k has the same value, k t 
say, which is — & for an ellipsoid and — c for an hyperboloid of two 
sheets. The equation for the umbilical geodesics is then 
(u — k 0 ) sin 8 0 + (v- k 0 ) cos 8 0 = 0. 

Thus, through each point P on a central quadric with real umbilics 
there pass two umbilical geodesics, and these are equally inclined to 
the lines of curvature through the point If then the point P is 




joined by geodesics to the four umhilics, those drawn to opposite 
umbilics A, A' or B, B must be continuations of each other. Thus 
two opposite umbilics axe joined by an infinite number of geodesics, 
no two of which intersect again. 

Moreover, since the geodesics jo inin g P to two consecutive 
umbilics A, B are equally inclined to the lines of curvature at P, 
it follows that A, B axe foci of the geodesio ellipses and hyperbolas 
formed by the lines of curvature. Of the two lines of curvature 
through P, that one is a geodesic ellipse with respect to A and B 
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which bisects externally the angle APB, while the other one, 
which bisects the angle internally, is a geodesic hyperbola. If, 
however, A ' and B are taken as foci, the former is a geodesic 
hyperbola and the latter a geodesic ellipse Thus, in the case of 
the former, 

PA + PB = const., 

PA' - PB = const., 
so that PA + PA' = const. 

But P is any point on the surface Hence all the geodesics joining 
two opposite urnbilics are of equal length. 



65. Other properties. On using the values of the principal 
curvatures given m (7) we deduce from Euler’s theorem that the 
curvature of a geodesic, being the normal curvature of the surface 
in that direction, is given by 



1 abc ,1 /abc 

= - a / — cos a 0 + - a / — sin 1 6, 
uV uv v V uv 



so that 



Kn 



kp 8 
abc 



( 11 ). 



Hence along any one geodesic the normal curvature varies as the 
cube of the central perpendicular on the tangent plane. The same is 
also true of a line of curvature. For, at any point, /c„ and p have 
the same values for this curve as for the geodesic tangent, and all 
geodesic tangents to a line of curvature have the same k. 

Agam, consider the semi-diameter D of the quadne parallel to 
the tangent to the geodesic at the point (as, y, z). The unit tangent 
i i to the geodesic is (as , y , /) and therefore 



D* a b c ‘ 



(«>, 



while, for any direction on the surface, 




• 09 ) 



Along a geodesic r" = « n n ; and therefore, by differentiating the 
identity r'.n = 0, we have 

K n = r"«n = — r' «n'. 
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Now 

and therefore 



n' 



n = p 



y *\ 

,a ’ b ’ c) 






Thus on forming the scalar product r'«n' we find, in virtue of (a) 
and (y9), 




( 12 ). 



On substituting the value of x n given in (11) we have 



Jcp‘ i D* = — abc . 



■(13), 



or 



kD* = — uv. 



From (13) it follows that pD is constant along a geodesic. The 
same is also true of a line of curvature. For p and D are the same 
for the lme of curvature as for its geodesic tangent , while k has 
the same value for all geodesio tangents to a line of curvature. 
Thus we have JoachimsthaPs theorem : Along a geodesic or a line 
of curvature on a central quadno the product of the semi-diameter 
of the quadric parallel to the tangent to the curve and the central 
perpendicular to the tcmgent plane is constant. 

Formula (12) .shows that K n D i = ~ p. Now p is the same for all 
directions at a point, and therefore, if p is the reciprocal of x n , 
D varies as dp- Hence, by Art. 32, the mdicatrix at any point of 
a central quadric is similar and similarly situated to the parallel 
central section 



Ex. 1. Show that, along a geodesic or a line of curvature, ** varies 
inversely as L\ 

Ex. 2. For all umbilical geodesics on the quadnc (1) p i D 2 =ao. 

Ex. 3. The constant pD has the same value for all geodesics that touch 
the same line of curvature. 

Ex. 4. Two geodesio tangents to a line of curvature are equally inclined 
to the lines of ourvature through their point of intersection 

Ex. 5. The geodesio distanoe between two opposite umbihos on an 
ellipsoid is one half the circumference of the principal section through the 
umbihcs. 

Ex. 6 . All geodesics through an umbiho on an ellipsoid pass through the 
opposite umbiho. 





in winch we may assume that b is positive and greater than a. 
The paraboloids confocal with this are given by 



■ V a 

a — \ b—X 



= 4 (z — X), 



for different values of X. The values of X for the confocals through 
a given point (x, y, z) on the original surface are given by 
<f> (X) = afi{b -X) + i/ a (a-X) - 4 (z -X) (a - X) (6-X) = 0. 

One root of this cubic is zero : let the other roots be denoted by u , 
v of which u is the greater. Then, because the coefficient of X s in 
the last equation is 4, we have the identity 
4X (\ — v) = x* (b — \) + y a (a — X) — 4 (z — X) (a — X) ( 6-X ) 
If in this we give X the values a and b successively, we find 
^ _ 4o (a — u ) (a — v )' 

~~ b — a 

46 (b - u) (b - v) - (15). 

y a — b 

and therefore by (14) z=u + v — a — b 

We may take u, v for parameters on the paraboloid, and for given 
values of the parameters there are four points on the surface, 
symmetrically situated with respect to the coordinate planes x = 0 
and y = 0 

For the elliptic paraboloid a is positive as well as b. Hence 
since <f> (oo ) is positive, <£> (b) negative and <f> (a) positive, it follows 
that u and v are both positive, and are separated by the value b. 
For the hyperbolic paraboloid a is negative. The zero root of <f> (X) 
lies between a and 6, so that u > b and v < a. 

The derivatives of x, y , z are easily calculated from (15), and the 
first order magnitudes found to be 




9—2 
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The normal to the paraboloid has the direction of the vector 
2^ , and the unit vector in this direction, expressed in 

terms of the parameters, is 

/ Jb(a-u)(a-v ) _ /a(b-u)(b-v) 

n "V V ( b — a)uv ’ V ( a — b)uv 

The second order magnitudes are therefore 

u — v fab 






L = n • r u = 



2 (a — u) (b — u) 



ab 



■KT V ~ U 

tf-n.r *>- 2 (a-v)(b-v) A 
Smce then F and M both vanish identically, the parametric curves 
are lines of curvature. That is to say, the lines of curvature on a 
paraboloid are the curves m which it is cut by the confocals. The 
principal ourvatures are then given by 

L 1 fab\ 



" E 2 u 
N 



and the specific curvature is 



= 1_ /ab 
2v V uv. 



an. 



_ ab 

The length p of the perpendicular from the vertex to the tangent 
plane at the point (as, y, z) is easily found to be 
fab 

r = e \/uv- 

Hence the quotient p/z is constant along a curve on which the specific 
curvature of the surface is constant. 

The umbihci are given by K a = kj,, which requires u = v. This is 
possible only on an elliptic paraboloid , and the common parameter 
value is then equal to 6. The umbilici on an elliptic paraboloid 
are therefore given by 

oc= ± 2 V a (b — a), y = 0, z = b- a. 

At these points the prmcipal curvatures become equal to | 
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In virtue of (16) the square of the linear element has Liouville’. 
form 

ds a = (u — v)( Udu a — Vdv 1 ), 

so that the lines of curvature are isometric and constitute a system 
of geodesic ellipses and hyperbolas. A first integral of the differ- 
ential equation of geodesics is given by 

u sin 9 0 + v cos 9 0 = h t 

as in the case of the central quadrics ; and the direct consequences 
of this equation, which do not depend upon the existence of a 
centre, are true of the paraboloids also (Art. 64). 

The curvature of a geodesic, being the normal curvature in its 
direction, is given by 

K n = K a cos 9 0 + rc b sin 9 0 
_ h j ab 

" 2 V vhP* 

Hence, along a geodesic or a line of curvature on a paraboloid , the 
quotient K n z a lp i is constant. 

EXAMPLES IX 

1 . The points at which two geodesic tangents to a given line of curvature 
on a quadrio cut orthogonally lie on the surface of a sphere. 

Let k be the parametno constant for the line of ourvature. Then for a 
geodesic tangent 

u sin* 8+v cos* 6=h. 

Where this intersects another geodesic tangent at right angles we have 
u sin 2 6^ +v cos 2 

Hence, by addition, u = 2k, 

and therefore by (4) x 2 +y 2 +z 2 =a+b+a + 2k, 

which proves the theorem 

2 . The points at whioh the geodesio tangents to two different lines of 
ourvature cut orthogonally he on a sphere. 

3. If a geodesic is equally inclined to the lines of curvature at every point 
along it, prove that the sum. of the principal ourvatures vanes as the cube of 
the central perpendicular to the tangent plane along the geodesio. 

4. The intersection of a tangent to a given geodesio on a central conicoid 
with a tangent plane to which it is perpendioular lies on a sphere. 




134 



QUADRIC SURPAOES 



[VII 



6 . Prove that the differential equation of geodesics on an ellipsoid maybe 
expressed 

/v{a+u){b+v)(c+u){u-k) 

dv^ ~ V tt(a+«)(A+®)(c+r)(v-A) ‘ 

6 ■ The length of an element of an umbilical geodesio on an ellipsoid is 

sj \/ (a+«)(c+v)’ 

7 ■ For any curve on a quadric the produot of the geodesic curvature and 
the torsion of the geodesio tangent is equal to 

VaG®)’* 

with the notation of Art 65. 



8 . The asymptotic lines on any quadric arO straight lines. 

0. Find the area of an element of a quadnc bounded by four lines of 
curvature 

10. A geodesic is drawn from an umbilio on an ellipsoid to the extremity 
of the mean axis Show that its torsion at the latter pomt is 

^Jb(a-b)(b-c). 

1 1 . Find the geodesio curvature of the lines of curvature on a central 
quadnc. 

1 St . Find the tangent of the angle between the umbihoal geodesics through 
the point ( x , y, a) on the ellipsoid (1). 

13. The specific curvature at every point of the elliptic paraboloid 
asfi+by i ‘=2z whcie it is out by the cylinder a 2 a^+6*y a= l 18 

14. The specific curvature at any point of a paraboloid varies as p*/aS 
with the notation of Art. 66. 



15. Writing da 1 for a quadric in the form 

d#={u-v)(Udu*-Vdv*\ 
prove that the quantities l, X , eta are given by 

-1/1 , C/'N 1 V 

2 \m — d + Uj ’ m 2 (u-v)’ n= 2 (u-v) W* 

^ = 2(v-u) 7' /i= 2(v-u)' V ~2 (v-ia + t)' 

Hence wnte down the (single) differential equation of geodcsios 



1 6. Show that the coordinates of the centres of curvature for a central 
quadnc are, for one principal direction, 

/(a+tt) 3 (a+«) / (6 + tt ) 3 (6+i?) / (o + «) 8 (c+fl) 

V a(a-b)[a-cY V 6(6-o) (&-<*)’ V o(e-oj(e-6)’ 
and, for the other, similar expressions obtained by interchanging u and v. Henoe 
show that the two Bheets of the centro-surface are identical. 
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17. Show that the equation of a paraboloid, aa?+by‘ i => , Zz i is satisfied 
identically by the substitution 

2 *= b ^(l+cm+av). 

Taking u, v as parameters for the surface, show that 

„ (a - b) (u-v)P* 

46 s 

F=0, 

Grn ( b ~ a ) ( u ~ v ) Q* 

4& a u(l + au)’ 

where P 3 =a (a — b)u — b 3 Q i =a(a—b)v — b. 

Prove also that the unit normal to the surface is 

n=^ (Vo® (a -6) uv, 'Jb(b-a)(l + au) (1 + am), -JaB), 
and the second order magnitudes 

T _L_ ft ( a ~ b ) ( «-«) 

4 pq\/ b tt(l + ai») ’ 

Jf=0, 

»■_ _L ft ( a ~ 5 ) 

"4/'<3V6 »(l+<w) ■ 

Hence deduoe all the results of Art. 66 

Ruled Surfaces 

67. Skew surface or scroll. A ruled surface is one that 
can be generated by the motion of a straight line. The infini tude 
of straight lines which thus lie on the surface are called its gene- 
rators. We have already considered a particular class of ruled 
surfaces called developable surfaces or torses. These are charac- 
terised by the properties that consecutive generators intersect, 
that all the generators are tangents to a curve called the edge of 
regression, that the tangent plane to the surface is the same at all 
points of a given generator, and that the specific curvature of the 
surface is identically zero. Ruled surfaces in general, however, do 
not possess these properties. Those which are not developable are 
called skew surfaces or scrolls. It is skew surfaces particularly 
that we shall now consider. 

On the given ruled surface let any curve be drawn cutting all 
the generators, and let it be taken as a curve of reference called 




136 



RULED SURFACES 



[vn 

the direct/nx. The position vector r 0 of a current point P 0 on the 
directrix is a function of the arc-length 8 of this curve, measured 
from a fixed point on it. The position vector r of any pomt P on 
the surface is then given by 

r=r 0 + wd (18), 

where d is the unit vector parallel to the generator through P, 




>& 



and u the distance of P from the directrix in the direction of d. 
The quantities u, s will be taken as parameters for the surface. 
The parametric curves 8 = const, are the generators. The unit 
tangent t to the directrix is equal to r„', and the angle 6 at which 
a generator cuts the directrix is given by 

cos0 = d*t (19). 



The square of the linear element of the surface follows from (18). 
For 



dr = d du + (t + ttd') ds 



and therefore on squaring, and writing 

a a =d' a , 6 = t.d' (20), 

we have 



Edu?+ 2Fduds+ Gds' = dr* 

= du 2 -f 2 cos dduds + ( a*u fl + 2 bu + 1 ) cfo®. . .(21). 



68. Consecutive generators. Consider consecutive genera- 
tors through the points r„ and r„ + 1 ds on the directrix, and let 
their directions be those of the unit vectors d and d + d 'ds. If 
their mutual moment is positive the ruled surface is said to be 
right-handed] if it is negative the surface is left-handed. This 
mutual moment is the scalar moment about either generator of a 
unit vector localised in the other. If then we take the unit vector 
d + d'ds localised m the second generator, its vector moment about 
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the point r 0 is (tcfe) x (d + d 'da). Hence its scalar moment about 
the first generator is 

(tds) x (d + d'cfo) *d = [t, d', d] ds\ 

The surface is therefore right-handed or left-handed according as 
the scalar triple product 

D = [t,d' d] (22) 

is positive or negative. 

The common perpendicular to the two generators is parallel to 
the vector (d + 6! ds) x d, and therefore to the vector d'xd. The 

unit vector in this direction is - d' x d, because d' and d are at 

a 

right angles, and their moduli are a and unity respectively. In 
the case of a right-handed surface this vector makes an acute angle 
with t. The shortest distance between the consecutive generators 
is the projection of the arc-element tcfo on the common perpen- 
dicular, and is therefore equal to 

(tcfe)» 0 d' x d j = ^ [t, d', d] = 5 ds. 

Hence the necessary and sufficient condition that the surface be 
developable is [t, d', d] = 0. 

This condition may be expressed differently. For 

[t, d', d]*= t a t-d' t.d |= 1 b cos 8 

d'»t d' a d'»d b a 1 0 

d.t d.d' d a | cos 8 0 1 

= a a sm a 6 — b\ 

Hence [t, d', d] = ± Va a sm 9 6 - ft 9 (23), 

the positive or negative sign being taken according as the surface 
is nght-handed or left-handed. Thus the condition for a develop- 
able surface is 

b* = a? sm a d. 

The mutual moment of two given generators and their shortest 
distance apart are clearly independent of the curve chosen as 
directrix. Hence, in the case of two consecutive generators, the 

quantities Dds 1 and do not change with the directrix. The 
quotient of the square of the second by the first is then likewise 
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invariant. But this quotient, being equal to D/a* is independent 
of ds, and therefore depends only on the particular generator d 
chosen. It is called the parameter of distribution for that generator, 
and has the same sign as D. Denoting it by j3 we have 




.(24). 



60. Line of striction. The foot of the common perpendicular 
to a generator and the consecutive generator is called the central 
point of the generator , and the locus of the central points of all 
the generators is the line of striction of the surface To find the 
distance u from the directrix to the central point of the generator 
d, we first prove that the tangent to the line of striction is per- 
pendicular to d'. This may be done as follows. Consider three 



d+i'ds 
d 

Fig 21. 

consecutive generators. Let QQ' be the element of the common 
perpendicular to the first and second intercepted between them, 
and RR' the intercept of the common perpendicular to the second 
and third. Then the vector QR is the sum of the vectors QQ' and 
Q'R. But QQ ' is parallel to d' x d and is therefore perpendicular 
to d'. Further 

Q'R = 7j( d + d'ds), 

where 97 is a small quantity of the first order. Forming the scalar 
product of this vector with d' we have for its value 
17 (d + d' ds) • d' = 77a* ds, 

which is of the second order. Hence in the limit, as the three 
generators tend to coincidence, QR is perpendicular to d'. But the 
limiting direction of QR is that of the tangent to the line of 
striction. Hence this tangent is perpendicular to d'. 

Now if u is the distance of the central point from the directrix, 
the position vector of this point is 

r = r 0 + ud (25), 
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and the tangent to the line of striction is parallel to r', where 
f , = t + ttd' + u'd. 

But this is perpendicular to d', so that 

0 = d'«r' = 6 + Ua\ 

Hence w = (26). 

This determines the central point of the generator. The para- 
metric equation of the line of striction is 
d?u + 6 = 0 . 

Hence if 6 vanishes identically the line of striction is the directrix 
This condition is that d' be perpendicular to t. 

Ex. Show that the line of stnotion outs the generator at an angle + such 
that 

70. Fundamental magnitudes. The position vector of a 
current point on the surface is 

r = r 0 + ud, 

where r 0 and d are functions of the parameter s only. Hence 
r 1 = d, 
r 9 =t + ud\ 

so that E= 1, F = coad, G = a*u' + 2bu + l, 

H a = a?v? + 26m + sin® 6, 

as is also evident from (21) The unit normal to the surface is 
n =^ = idx(t + «d') (27). 

The second derivatives of r are 

r u = 0, r ia = d', r*, = t' + ud", 
so that L = 0 

dx(t + ud>d' = j 

N~ * [d, t + itd) V -4- izd’ v J 

The specific curvature has the value 

LN-M' & 

“ H* " E* 




K 



.(29), 
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so that, for a developable surface , E varnishes identically (Art. 33). 
Further, since K is negative, there are no elliptic points on a real 
ruled surface ; and, since we may write 

E 2 = sm" 6 + a 1 (u- U) 2 — cW, 

it follows that, along any generator, H * is least at the central 
point Therefore, on amy one generator , the second curvature is 
greatest in absolute value at the central point ; and, at points equi- 
distant from this, it has equal values. 

The first curvature is given by 

r EN+QL-2FM 
J= H 2 



so that J~j[i {[ d « * + ^ + « d "] - 2P 003 0}* 



71. Tangent plane. The tangent plane to a developable 
surface is the same at all points of a given generator. But this 
is not the case with a skew surface. We shall now show that, as 
the point of contact moves along a generator from one end to the 
other, the tangent plane turns through an angle of 180°. To do 
this we find the inclination of the tangent plane at any pomt P to 
the tangent plane at the central point P 0 of the same generator. 
The tangent plane at the central point is called the central plane 
of the generator. 

We lose no generality by taking the line of striction as directrioo. 
Then 6 = 0, and the central pomt of the generator is given by 
u = 0 We thus have 

H 2 = a 2 u 2 + sm* 6, D = ± a sin 6, 
so that, for the central pomt, 

H 0 = sin 6. 

Similarly the unit normal at the central pomt is 



Let <j> be the angle of rotation (in the' sense which is positive for 
the direction d) from the central plane to the tangent plane at the 
point u. This is equal to the angle of rotation from the normal n c 
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to the normal n, and is given by 

dsin$ = noXn = & (d x t) x (d x t + wd x d') 



__ uD . 

~ H aind*' 

Therefore sm 0 = ± ^ (30), 



the positive or negative sign being taken according as the surface 
is right-handed or left-handed. Hence, as u varies from — oo to 
+ oo , sin varies continuously from — 1 to -f 1, or from +1 to — 1. 
Thus, as the point of contact moves from one end of the generator to 
the other, the tangent plane turns through half a revolution; and the 
tangent planes at the ends of the generator are perpendicular to the 
central plane. 

Consequently cos <f> is positive, and in virtue of (30) 

(30'), 



and therefore 



. , sin <f> , au 

tan <6= — v = ± 

^ cos <fi sin d 



a*u 

IT 



u 



13 



■(31), 



where /3 is the parameter of distribution (Art. 68). Thus tan tj> is 
proportional to the distance of the point of contact from the 
central point. And, in virtue of (31), the tangent planes at two 
pomts u, U on the same generator will be perpendicular provided 

uU= — /3*. 

Thus any plane through a generator is a tangent plane at some 
point of the generator, and a normal plane at some other point of 
it. Also the pomts of contact of perpendicular tangent planes 
along a generator form an involution, with the central point as 
centre, and imaginary double points. 
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Ex. 1. Surface of bmormaZs. Consider the surface generated by the 
binomials of a twisted ourve. Take the ourve itself as directrix, and let t, n, 
b be its unit tangent, principal normal and bmormal respectively. Then 

0=^-, d=b, d'“ —Tn, so that 

-D= [t, — Tn, b]= — t. 

Hence the surface is left-handed or right-handed according as the torsion of 
the ourve is positive or negative. Further 
a a =b' a = T a , 

and 6=t«b'=0, 

so that the curve itself is the hue of stnction on the surface. The parameter 
of distribution is 




where <r is the radius of torsion of the curve. This makes j8 positive when the 
torsion is negative. 

Further F=l, F= 0, £ = 1+^=5*, 

and the specific curvature is 

jr 

H* (1 +W a T a ) a * 

At a point on the curve itself the speoifio curvature has the value -t 2 . 

Ex. 2 . Surface of principal normals Consider the skew surface generated 
by the principal normals to a twisted ourve. Again 0=^ , while d«n, 



d'“rb — ict, so that 

D=[t, Tb-st, n]= -t, 

and the surface is therefore left-handed where r is positive. Further, 
a?=n' a =K a +T a , 
and b= t«n'=-ie, 

so that the distance of the central point from the curve is 



U a 2 k 2 +t*' 

The parameter of distribution is 

* a a kM-T 2 * 

The first order magnitudes are 

E= 1, F*= 0, <?=(1— UKy+uW^H*, 
and the specific curvature is 

K * 

{(l-unf+u'W 

At a point on the curve itself the specific curvature is -t*. 
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72. Bonnet’s theorem. The geodesic curvature of any curve 
on a surface is equal to [n, r', r"], and therefore the geodesic 
curvature of the directrix curve on a ruled surface is given by 
[n, t, t'] if we put u = 0. Now for points on the directrix 



d x t 




and E = sm 0. 

Hence the geodesic curvature of the directrix is 

* 9 = -^i( dxt ) x t*t'= -^(d.tt-tfdl.t'. 

9 sin 0 ^ ' srn^ ' 

But the first term vanishes because t*t' ia zero. Thus 

= -ss?{s (oose) - 6 }- 

Hence the formula «o = t- H — — a (32). 

9 as sm 0 v ' 

Now if the first member vanishes the directrix is a geodesic. If 
d0/ds is zero it cuts the generators at a constant angle. If b is 
identically zero the directrix is the line of striction. Hence since 
the directrix may be chosen at pleasure, subject to the condition 
that it cuts all the generators, we have the following theorem, due 
to Bonnet : 

If a curve is drawn on a ruled surface so as to intersect all the 
generators, then, provided it has two of the following properties , it 
will also have the third : (a) it is a geodesic , (6) it is the line of 
striction, (c) it cuts the generators at a constant angle. 

Let an orthogonal trajectory of the generators be chosen as 

directrix. Then 0 has the constant value ^ . The geodesic curva- 
ture of the directrix is then equal to 6, and this vanishes where 
the directrix crosses the line of striction. Thus the line of striction 
is the locus of the points at which the geodesic curvature of the ortho- 
gonal trajectories of the generators vanishes. 

Ex. Show that a twisted curve is a geodesic on the surface generated by 
its binormals. 
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73. Asymptotic lines. Since, for a ruled surface, L = 0, the 
differential equation of the asymptotic lines is 
ds (2 Mdu + Nds) = 0 

Thus the parametric curves s = const , that is to say the genera- 
tors, are one system of asymptotic lines. The other system (which 
may be referred to as the system of curved asymptotic lines) is 
given by 

S = -2^ = -22j[ d ' t + “ d ' t ' + tld " ] ' 

This equation is of the Riccati type 

d £ = ru° + Qu + R, 



in which P, Q, R are functions of s only. Its primitive is of the 
form* 



..(33), 



cW + X 

U ~ cY+Z 

where c is an arbitrary constant, and W, X, Y, Z are known func- 
tions of s. This equation then gives the curved asymptotic lines, 
c having a different value for each member of the family. 

Consider the intersections of four particular asymptotic lines 
Ci, Cs, Cj, c 4 with a given generator s = const. Let u lf u%, Ug, u A be 
the points of intersection. Then by (33) 



(Vn — Mj) ( Ug — M 4 ) _ ( c 2 — C g) ( C B — C 4 ) 
(u 1 -Ug)(u 3 -U 4 )~(c 1 -Cg) (Ca -C t y 
whioh is independent of s, and is therefore the same for all gene- 
rators. Since then u is the distance measured along the generator 
from the directrix, this relation shows that the cross-ratio of the 
four points, m which a generator is cut by four given curved asymp- 
totic lines, is the same for all generators. 



EXAMPLES X 

1 . Show that the product of the specifio curvatures of a ruled surface at 
two points on the same generator is equal to ^sm*a, where l is the distanoe 

between the points, and a the inclination of the tangent planes thereat. 

With the notation of Art. 71, if suffixes 1 and 2 be used to distinguish the 
two points, we have 

Z=a 1 -u a =j3(tan0 1 -tan0 a )«= & ama . 

v cos 0i cos 0 a 

* Forsyth, Differential Equations, Art. 110 (8rd ed.). 




zh 

by (30*) Art. 71, ** = KiKt 

in virtue of (29). 

H. Show that the normals to a ruled surface along a given generator con- 
stitute a hyperbolio paraboloid with vertex at the central point of the 
generator. 

3 . Determine the condition that the direotrix be a geodesic. 

4 . The cross-ratio of four tangent planes to a skew surface at points of a 
generator is equal to the cross-ratio of the points. 

6 ■ Prove that, if the Bpeoifio curvature of a ruled Burface is constant, the 
surface is a developable. 

6 ■ Determine the condition that the line of striotion may be an asymptotic 
line. 

7 . Deduoe formula (32) from the value found in Art 54 for the 

geodesio curvature of the parametric curve u= const. 

8 . Deduce formula (32) of Art 72 from formula (22) of Art. 64 

9. The surface generated by the tangents to a twisted curve is p, develop- 
able surface with first curvature t/(uk) Find the lines of curvature. 

10. A straight hue outs a twisted ourve at a constant angle and lies m 
the rectifying plane. Show that, on the surface whioh it generates, the given 
curve is the line of stnction. Find the parameter of distribution and the specific 
curvature. 

If t, n, b are the tangent, principal normal and binormal to the ourve, we 
may write 

. t+ob K-CT 

“Vf+o 5 ’ “\/r+o5 ’ 

where e is constant. Hence 6 = d' • t «= 0, 

so that the curve ib the line of striotion. Also 

l+c* 

7i ft K ~ CT - t+cb ~l 

c(k - Or) 

= 1 + 0 * ‘ 

Hence the parameter of distribution is 

a= D = 0 

The specific curvature is 

K o 3 (k — or)* 

r)»i* + e^' 



10 
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From Bonnet’s theorem (Art. 72) it follows that the given curve is a geodesio 
on the surface. 

1 1 . The right helicoid or right conoid is the surface generated by a straight 
line whioh intersects a given straight line (the axis) at right angles, and 
rotates about this axis with an angular velocity proportional to the velocity of 
the point of intersection along the axis. 

If we choose the fixed axis both as directrix and as 2 -axis, we may write 

S 8 

cos-, y=MSin z=s. 

0 0 

The axis is the common perpendioular to consecutive generators, and is there- 
fore the line of stnction. Hence, by Bonnet’s theorem, it is also a geodesio on 
the Burface. Moreover, with the usual notation, 
t=(0, 0, 1), 

d=fcos-, sin-, 0^ , d'=- f-sm-, oos-, oV 
\ c o ) o \ c o J 

so that ofl b d' 2 =^, 

and 6=d'»t=0, 

showing that the directrix is the line of striction. Similarly 

and the parameter of distribution is 



o* 



The fundamental magnitudes of the first order are 
1 , Ft 0 , 

The specific curvature is 2f= 

The second order magnitudes are 
L . 









= 0 , 



N- 0 . 



S s/vP+cP ’ 

Hence the first curvature is zero and the surface is a minimal surface. The 
principal curvatures are ±c/(u s +c a ). The asymptotio lines are given by 
2Mduds=0 

Henoe the asymptotio lines are the generators and the ourves u = const. 

Find also the lines of curvature. 

1 2 . If two skew surfaces have a common generator and touch at three 
points along it, they will touch at every point of it , also the central poini 
and the parameter of distribution of the generator are the same for both 
surfaces. 
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13. If two skew surfaoes have a common generator, and their tangent 
planes at three points of it are inclined at the same angle, they will be 
inclined at this angle at every point of the common generator. 

14 . The normals to a surface at pointB of an asymptotio line generate a 
skew surface whose hne of stnction is the asymptotic line, and the two 
surfaces have the same specific curvature at any point of the line. 

1 5 . Find the parameter of distribution of a generator of the cyhndroid 

z (s 2 +y 2 ) = Imxy. 

16. On the skew surfaoe generated by the line 

a?+y«=3f (l + i 3 ), y+2s8=« a (3 + 4« s ), 

prove that the parameter of distribution of a generator is § (1 +2i*) s , and that 
the hne of striction is the curve 

x=3 t, y=3t a , 2=2 1 3 

1 7. The hne of stnction on an hyperboloid of revolution of one sheet is 
the principal circular section 

1 8. The right heliooid is the only ruled Burface whose generators are the 
principal normals of their orthogonal trajectories. 

19. If two of the ourved asymptotic lines of a skew surface are ortho- 
gonal trajectories of the generators, they are Bertrand curves ; if all of them 
are orthogonal trajectones, the surface is a right helicoid 

20. The nght heliooid is the only ruled surface each of whose lines of 
curvature cuts the generators at a constant angle. On any other skew surfaoe 
there are in general four lines of curvature which have this property 

2 1 . The hne of striction of a skew surface is an orthogonal trajectory of 
the generators only if the latter are the bmormals of a curve, or if the surface 
is a right oonoid. 

22 . If the lines of curvature of one family on a ruled surface are such 
that the segments of the generators between two of them are of the same 
length, the parameter of distribution is oonstant, and the line of stnction is a 
line of curvature 

Noth. The author has recently shown that a family of curves on any sur- 
face possesses a hne of stnction. and that the theorem of Art 72 is true for 
a family of geodesics on any surfaoe See Ajrt 126 below 

The remaining chapters of the book may be read in any order. 
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EVOLUTE OR SURFACE OF CENTRES. 
PARALLEL SURFACES 

Surface op Centres 

74. Centro -surface. We have already seen (Art. 29) that 
consecutive normals along a line of curvature intersect, the point 
of intersection being the corresponding centre of curvature. The 
locus of the centres of curvature for all points of a given surface 8 
is called the surface of centres or centro-surface of S. In general it 
consists of two sheets, corresponding to the two families of lines of 
curvature. 

Along any one line of curvature, C, the normals to the surface 
generate a developable surface whose edge of regression is the locus 
of the centres of curvature along G. All these normals touch the 
edge of regression, which is therefore an evolute of G. If now we 
consider all members of that family of lmes of curvature to which 
G belongs, the locus of their edges of regression is a surface, which 
is one sheet of the surface of centres. Similarly from the other 
family of lines of curvature we have another family of edges of 
regression which lie on the second sheet of the centro-surface. 

Let PQ, RT be consecutive lines of curvature of the first system, 
and PR, QT consecutive lines of the second system. The normals 




A 

Fig. 22. 
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to the surface at P and Q intersect at a point A on the first sheet 
of the centro-surface, and those at R and T intersect at another 
point A' on the same sheet. Similarly the normals at P, R inter- 
sect at a point B, and those at Q, T intersect at another E, both 
on the second sheet. Thus PA, PB are equal in magnitude to the 
principal radii of curvature at P The normal PA is a tangent to 
the edge of regression corresponding to the curve PQ, and is there- 
fore a tangent to the first sheet of the centro-surface at A. Simi- 
larly RA' is a tangent to the same sheet at A'. And as A, A! are 
consecutive points to this sheet, AA' is also a tangent line to the 
sheet. But these three tangents are all m the plane PRB. Hence 
in the limit, as R tends to comcidence with P, the normal plane 
at P in the direction PR is tangential to the first sheet of the 
centro-surface at A. Thus the normal at A to the first sheet of the 
surface of centres is 'parallel to the tangent at P to the corresponding 
line of curvature PQ. Similarly the normal at B to the second 
sheet of the centro-surface is parallel to the tangent at P to the 
other line of curvature PR. The normals to the two sheets of the 
centro-surface at corresponding points A, B are therefore perpen- 
dicular to each other. 

Because the surface of centres is the envelope of the principal 
normal planes, and is composed of evolutes of the lmes of curvature 
on S, it is often called the evolute of 8. These evolutes of the lines 
of curvature on 8, which are the edges of regression of the develop- 
ables generated by the normals, are also geodesics on the surface 
of centres To prove this consider the edge of regression of the 
surface generated by the normals along the line of curvature PQ. 
The osoulatmg plane of this curve at A is the plane of consecutive 
normals PA, QA to the surface. Hence it contains the tangent at 
P to the curve PQ, and therefore also the normal at A to the first 
sheet of the centro-surface. The edge of regression is thus a geo- 
desic on the centro-surface. Similarly the edge of regression of the 
developable generated by the normals along the line of curvature 
PR is a geodesic on the second sheet of the evolute. 

It is easy to show that the orthogonal trajectories of these re- 
gressional geodesics are the ourves on the first sheet which correspond 
to the lines a — const, on 8, and the curves on the second sheet 
corresponding to the lines ft = const., where o, ft are the principal 
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radii of curvature for the surface 8. For, considering the first sheet 
of the evolute, let T' be one of these orthogonal trajectories, and 
T the corresponding curve on 8. Then the normals to 8 along T 
generate a developable surface on which T and T' are orthogonal 
trajectories of the generators, and therefore intercept between them 
segments of the generators of constant length (Art. 56). Thus 
along the curve T on 8 the radius of curvature a is constant. 

Moreover, the curves on either sheet of the evolute which corTespond 
to the lines of curvature on 8, form a conjugate system. For con- 
venience of description let the lines of curvature be referred to as 
parametric curves, PQ belonging to the system v = const., and PR 
to the system u = const. The normal at P touches both sheets of 
the evolute. As a member of the family of normals along PR it is 
a tangent to a regressional geodesic u = const, on the second sheet. 
As a member of the family of normals along PQ it is a tangent to 
a regressional geodesic v = const, on the first sheet, and touches the 
second sheet at a point on the corresponding line v = const. Thus 
the normals along PQ form a developable surface, whose generators 
touch the second sheet along a line v = const., and are tangents 
there to the lines u = const. Hence (Art. 35) the parametric curves 
are conjugate on the second sheet; and these are the curves corre- 
sponding to the lines of curvature on 8. Similarly the theorem 
may be proved for the first sheet. 

All these properties will be proved analytically in the following 
Art. Meanwhile we may observe in passing that it follows from 
the last theorem and Beltrami’s theorem (Art. 56 Ex.) that the 
centres of geodesic curvature of the orthogonal trajectories of the 
regressional geodesics on either sheet of the evolute are the corre- 
sponding points on the other sheet. For, on the second sheet, the 
lmes v = const, are conjugate to the geodesics u = const. And the 
tangents to these geodesics along a line v = const, form a develop- 
able whose edge of regression is a geodesic on the first sheet. But, 
by Beltrami’s theorem, each point of this edge of regression is the 
centre of geodesic curvature of the orthogonal trajectory of the 
geodesics w = const, at the corresponding point on the second sheet: 
hence the result. It follows that the radius of geodesic curvature 
of the orthogonal trajectory is numerically equal to the difference 
between the principal radii of curvature of the surface 8. 
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74, 75] 

75. Fundamental magnitudes. The same results may be 
obtained analytically as follows. Let the lines of curvature on & be 
taken as parametric curves If a, ft are the principal radii of 
curvature at the point r on S, the corresponding point A on the 
first sheet of the centro-surface is 

r = r + an (1). 

Now since A is the centre of curvature for v = oonst. it follows that 
f and a are constant for one differentiation with respect to u. Thus 
r i + an x = 0] 

Similarly r a + /3n a = 0 j ^ ’ 

These are the equivalent of Bodngues’ formula already proved in 
Art. 30. In virtue of these we obtain from (1) 
r 1 = a 1 n 

r a = (l - ^ r a + a a n 
so that the magnitudes for the first sheet of the evolute are 

£=«,■, F=a,a„ = + **-*»(! -j^. 

The square of the hnear element for the first sheet is 
d& = Edu* + 2 Fdu dv + @dv* 

= da a +G(l-|) 3 d^ (4), 

which is of the geodeBic form. Hence the curves u = const are 
geodesics on the first sheet of the centro-surface. These are the 
edges of regression of the developables generated by the normals 
along the lines of curvature v = const on S. The orthogonal tra- 
jectories of these regressional geodesics are the curves a = const., 
which agrees with the result proved in the preceding Art. 

The unit normal n to the first sheet is given by 

Hn = r 1 xr 2 = u 1 (l - 

But tJ'sTE, r a /V^ and n form a right-handed system of unit vectors. 
Consequently the last equation may be written 




e) nxT '- 
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agreeing with the result, previously established, that the normal at 
A to the first sheet of the evolute is parallel to the tangent at P 
to the line of curvature PQ. We may express this 

n = er,/\/P (6), 

where e is + 1 according as a 2 ^1 — is negative or positive. 

The fundamental magnitudes of the second order for the first 
sheet of the evolute may now be calculated. For 

Z=n.F, I = ^=-(a 1 n 1 + «„n)= - « £ 

m virtue of (2). Hence finally 

L = — e */Ea.i/a 



Similarly if = n • r 19 = ^^•(a 1 n a + a ia n) = 0 

in virtue of (2). And 









by (3), 



all the other scalar products vanishing Now 

r j . r* * ^ (r 2 • r 9 ) - r 12 . r a = F a - = - £ 0 2 , 

because the parametric curves are orthogonal. Also since the 
parametric curves are lines of curvature 
1 £ - aG & 

On substituting this value in the formula for N we have 



[Of Ex. 2 below.] 



Collecting the results thus established we have 




Since if = 0 it follows that the parametric curves on the centro- 
surface form a conjugate system. Thus the curves on the evolute , 
which correspond to lines of curvature on the original surface, are 
conjugate, but (m general) are not lines of curvature because F is 
not zero. 
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The fundamental magnitudes for the second sheet of the centro- 
snrface are obtainable from the above by interchanging simul- 
taneously u and p, E and G, L and N, a and /S. Thus for the second 
sheet we have the first order quantities 

and the second order quantities 

= M ' = 0 , F' = -e'VG§ (8), 



VG « 3 ’ ’ P 

where e is equal to ± 1 according as & (l — ^ is negative or 
positive. 

The specific curvature for the first sheet of the evolute is 

= = - 1 @1 «x\ 

H*~ (a - £) a a, (9)l 

and for the second sheet 

fr, 1 Oa 



“ («-0) 3 & ^ 

Ex. 1. Wnte down the expressions for the first ourvatures of the two 
sheets of the evolute. 

Ex. 2. Prove that, if the lines of ourvature are parametrio ourves, 
a 2 aG& x „ _ 2 &Ea 2 
Gl= P(a-fiy *-aOB-a)- 
It follows from the data that F=3f= 0 and 
B R G 
a L' ^N' 

From the Mamardi-Oodazzi relation (8) of Art 43 it then follows that 
and therefore 

Gfo _ _ QG l E EGi G 

0 2 j8 " 2Z7 5 a ” 2if a 0* 

Then, since H*=EG, this reduoes to the required formula 

Gl -f3(a-py 

The other result follows in like manner from the relation (7) of Art. 43 
Ex. 3. Prove the formulae given above for the fundamental magnitudes 
of the second sheet of the centro-surface. 
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76. Weingarten surfaces. The asymptotic lines on the first 
sheet of the centro-surface are found from the equation 

Ldv? + 2 Mdudv +Ndv* = 0. 

On substitution of the values of the fundamental magnitudes found 
above, this reduces to 



Ea^dv? - Gft aW = 0 (10). 

Similarly the asymptotic lmes on the second sheet are given by 
Ea 2 fi a du t — G&tfdv* = 0 (10'). 



The asymptotic lines on the two sheets will therefore correspond if 
these two equations are identical This will be the case if 
ai& = a a &, 

that is to say, if a, ft are connected by some functional relation 



/(«, fl-0. 

Surfaces with this property are called Weingarten surfaces. The 
above analysis is reversible, so that we have the theorem If there 
ecrists afu/nctional relation beimen the principal curvatures of a 
surface , the asymptotic lmes on the two sheets of its evolute correspond. 

Weingarten surfaces are exemplified by surfaces of constant 
specific curvature K, surfaces of constant first curvature J, or more 
generally by surfaces in which there is any functional relation 
f (J > K) — 0 between these two curvatures. Since, on a Weingarten 
surface, either principal radius of curvature may be regarded as a 
function of the other, the formulae found above for the specific 
curvatures of the two sheets of the centro-surface may be written 



K=- 1 

{z-(S?da 



and JT L_^, 

(«-/3 yd/3) 

Thus, for any Weingarten surface, 



..( 11 ). 






.( 12 ). 



Consider the particular case m which the functional relation 
between the principal radn of curvature is 



a-/S = c ... 



•(13), 




155 



76] 



WHEN GARTEN SUBHAOES 



where c is a constant. From this it follows that 
da = dfi, 

so that the formulae (11) become 

2=2' = - j i (14). 

Surfaces of constant negative speoific curvature are called pseudo- 
spherical surfaces. Hence the two sheets of the evolute of a surface, 
whose principal radii have a constant difference, are pseudo-spherical 
surfaces. 

For Weingarten surfaces of the class (13), not only do the 
asymptotic lines on the two sheets of the centro-surface correspond, 
but corresponding portions are of equal length. For, on the first 
sheet, the square of the linear element is 

dP = da* + ^ (a — yS) a dv\ 
and on the second sheet 

dg'^dp + ^a-pydu*. 



But, m virtue of (10) and (10'), smce a y = & and a a = f3 2 , it follows 
that along asymptotic lines of the evolute, 



z du >v dv >. 

/3 s 



Hence dP — ds ,% = da * — di S* = 0, 

showing that ds = dP. Thus corresponding elements of asymptotic 
lines on the two sheets of the evolute are equal m length, and the 
theorem is proved. 

If we consider the possibility of the asymptotic lines of the 
surface S corresponding with those of the first sheet of the evolute, 
we sefek to identify (10) with the equation of the asymptotic lines 
of the surface 8. Now smce the hues of curvature are parametric 
curves on S, its asymptotic lines are given by 



that is 



Ldu* + Ndv % = 0, 

+ f du a = 0. 

a p 



This equation will be identical with (10) provided 

ax/9 + aft = 0, 



s«0-° 



that is 



. .(15). 
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This requires K to be constant along the lines of curvature v = const 
Thus in order that the asymptotic lines on a surface S may correspond 
with those on one sheet of its centro-surface, the lines of curvature 
on S corresponding to this sheet must he lines of constant specific 
curvature. Hence, in order that the asymptotic lines on S may 
correspond to those on each sheet of its evolute, the specific curva- 
ture of S must be constant. 



77. Lines of curvature. We have seen that the lines of 
curvature on a surface S do not in general correspond with those 
on its centro-surface. We naturally enquire if the lines of curvature 
on one sheet of the evolute correspond with those on the other. If 
in the general differential equation of the lines of curvature on a 
surface, 

(EM- FL) dv? + (EN - GL) dudv + (FN - GM) dv* = 0, 
we substitute the magnitudes belonging to the first sheet of the 
centro-surface we obtain, after reduction, the differential equation 
of the lines of curvature on this sheet, in the form 



Ej&a&du* + Ga*a 2 ^dv* 

+ {Efi'c r a s + Ga*a^ + EG (a - /9) 1 } dudv = 0. 
Similarly on using the fundamental magnitudes for the second 
sheet we find the differential equation of its lines of ourvature to be 
Epp&du* 4- Go? MM 

+ [Efi'oilBi + GcPfiS + EG (a - ft)*} dudv = 0. 
The lines of curvature on the two sheets will correspond if these 
two equations are identical. The necessary and sufficient conditions 
for this are 



that is 



a, = & and a a = &, 
da _ 9^ , da __ 9ft 

du~du anQ dv~ dv’ 



whence a — = c, 

where o is constant. Hence only in the case of the Weingarten 
surfaces, on which the principal radii differ by a constant , do the 
lines of curvature on the two sheets of the centro-surface correspond. 
This theorem is due to Eibaucour. 



78. Degenerate evolute. In particular instances either sheet 
of the evolute may degenerate into a curve. In such a case the 
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edge of regression of the developable generated by the normals 
along a line of curvature becomes a smgle pomt of that curve. We 
proceed to enquire under what conditions the normals to a surface 
jS will all intersect a given curve G. 

Let r be a point on the surface 8, n the unit normal there, and 
r the point in which this normal cuts the curve G. Then we may 
write 

r = r + <n 



or r = F — ta (16) 

Let the arc-length u of Glee chosen as one of the parameters. Then 
r is a function of u only, but the other quantities are functions of 
u and another parameter v. Now the normal n to the surface S is 
perpendicular to both r x and r a . It follows then from (16) that 
n • (Fi — - ini) = 0 

and n • (^B n + toa) = 0* 

which are equivalent to 

ia = 0, ij = n • Fi = cos 0, (17), 



where 0 is the inclination of the normal to the tangent to the 
curve 0. Since then 



d / /i\ 0£i n 



it follows that cos 0 is a function of u only Thus the normals to S, 
which meet at a pomt of the curve 0, form a right circular cone 
whose semi-vertical angle 0 changes as the point moves along the 
curve. These intersecting normals emanate from a lme of curvature 
on 8, which must then be circular. Thus the surface Shasa system 
of circular lines of curvature. And, further, the sphere described 
with centre at the point of concurrence of the normals, and passing 
through the feet of these normals, will touch S along one of the 
circular lines of curvature. Thus S is the envelope of a singly 
infinite family of spheres with centres on the curve G. 

Conversely, if a surface 8 has a system of circular lines of curva- 
ture, the normals along one of these generate a circular cone, whose 
vertex lies on a curve 0 to which the corresponding sheet of the 
evolute degenerates. The surface S is then the envelope of a singly 
infinite family of spheres with centres on 0. 
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If both systems of lines of curvature of S are circular, each sheet 
of the evolute degenerates to a curve. Then, from the preceding 
argument, it follows that each of these curves lies on a singly in- 
finite family of circular cones whose axes are tangents to the other 
curve. Surfaces of this nature are called D apin’ s Cyclides. 



Parallel Surfaces 



79. Parallel surfaces. A surface, which is at a constant 
distance along the normal from another surface 8, is said to be 
parallel to 8. As the constant distance may be chosen arbitrarily, 
the number of such parallel surfaces is infinite. If r is the current 
point on the surface S, n the umt normal to that surface, and o the 
constant distance, the corresponding point on the parallel surface is 



f = r + cn (18). 

Let the lines of curvature on 8 be taken as parametric curves, so 
that F= 0 and M= 0. Then if a, /3 are the principal radii of 
curvature on 8 we have, in virtue of (2), 



and 



f 1 = r 1 +cn 1 = — — ) r 

CL 

r s = r a + cn 9 = -^“^r 



.. (19). 



The magnitudes of the first order for the parallel surface are 
therefore 



M'-r)’-®' r ‘°‘ 

and 

The umt normal to the parallel surface is given by 



..( 20 ), 



Hn = r x x r,= 



(c-a)(c-/9) 

*0 



Hn. 



Thus the normals to the two surfaces at corresponding points are 
parallel ; and we may write 

n = en, 



where e is equal to ± 1 according 
negative. 



(c-a)(c-/3) . 

p. — is positive or 
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For the magnitudes of the second order on the parallel surface 
we have 



L = an • 
Similai ly 
Af = $n • j- 
aud 

N=e n • {- 



(c - a) 


„ 9 / 


'c - a\| 


(c-a) 


Tu- 
ck 


l du\ 


— )) 


■= — e 

a 


(c-a) 


r 9 1 


'o-«M 


. = - e ( c ~ a ) 


— - ru - 




\ a j] 


a 


(0-0). . 


_ r 9 


fo-0\ 


1 ,(«-£ ) 


- — r » 


T *dv 


l 0 J 


r e 0 



Thus F = M =s 0, so that the parametnc curves are hnes of curva- 
ture on the parallel surface also. Hence the lines of ourvature on 
the parallel surface correspond to those on the original surface, and 
their tangents at corresponding points cure parallel, since F x is 
parallel to r lf and r a is parallel to r B . 

80. Curvature. The principal radn of curvature for the 
parallel surface are 

and 0 = O/N = i(.0-c)] 1 

as we should expect. The first curvature is therefore 
7 _1/ J_ J_\ e(J~2cK) 
e\,a — c /3 — o) l — cJ+c*K' 
and the second curvature 

e 2 (a - c) (/3 — o) 1 — cJ + c s K 

If the specific curvature K of the original surface is constant and 
equal to — 3 , and we take c = ± a, we have 

J=Te l 

Thus with every surface of constant second curvature — there are 

associated two surfaces of constant first curvature ± ^ , which are 

parallel to the former and distant ± a from it. This theorem is due 
to Bonnet. 
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P*(c-a)Edu* + a.*(e-!3)GJv*=0 (22). 

Hence they do not correspond with the asymptotic lines on the 
original surface, which are given by 

Ldv? + Ndv* = 0 
or (dEdu 8 + ciGdv 3 = 0. 

81. Involutes of a surface. We have seen that the normals 
to a surface are tangents to a family of geodesics on each sheet of 
the centro-surface. We now proceed to show that the tangents to a 
singly infinite family of geodesics on a given surface are normals to 
a family of parallel surfaces. 

Let the family of geodesics be taken as the curves v = const and 
their orthogonal trajectories as the curves u = const Then we may 
choose u so that the square of the linear element has the geodesic 
form 

ds 1 = du 2 + Gdtf. 

An involute of a geodesic v = const is the locus of a point whose 
position vector r is given by 

r = r + (c - u) r, (23), 

where c is constant, and r a point on the geodesic. We shall prove 
that, for a given value of c, the locus of these involutes is a surface 
S cutting orthogonally all the tangents to the family of geodesics. 

From (23) it follows that 

r, = (c - u) r„, 
f a = r 2 + (c - u) r u . 
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Using the values of l, m, \, etc. found in Art. 56 when cfe* has the 
geodesic form, we may write this 
rj = (c — u) Ln 



r a = r a + (c — u) (Mn + r a 



.(24). 



Hence the unit normal n to the locus of the involutes is given by 
Hn = f 1 xfj = (o-«)inxr, + (c- 



' M) 20 nxr - 



and is therefore parallel to r x Thus the surface E is normal to the 
tangents to the family of geodesics on the given surface 8 It is 
called an involute of 8 with respect to this family of geodesics 
And, since the value of the constant c may be chosen arbitrarily, 
the involutes are infinite in number and constitute a family of 
parallel surfaces 

"With respect to any one of these involutes E, the original surface 
$ forms one sheet of the evolute The family of geodesics on 8 are 
the edges of regression of the de velopables generated by the normals 
along one family of lines of curvatuie on 8. The orthogonal tra- 
jectories of the geodesics correspond to the lines on E along which 
one of the principal radii of curvature is constant. The second 
sheet of the evolute of £ is (Art. 74) the locus of the centres of 
geodesic curvature of these orthogonal trajectories of the given 
family of geodesics on 8. This second sheet is called the comple- 
mentary surface to 8 with respect to that family of geodesics. From 
the proof of Beltrami’s theorem (Art. 56, Ex.) it follows that, with 
the above choice of parametric lines on S, the position vector of 
the point R on the complementary surface corresponding to the 

point r on 8 is given by 
F 2 Q 



R=r --£ r - 



.(25) 



Ex. I . Calculate the fundamental magnitudes for an involute of a given 
surface. 

Ex. 2. Prove from (25) that the normal to the complementary surface is 

parallel to r s . , . 

Ex. 3 . Show that surfaces parallel to a surface of revolution are surfaces 

of revolution. 

EX. 4- Show that null lines on two parallel surfaces do not (in general) 
correspond, ^ 
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Inverse Surfaces 

8Q. Inverse surface. Consider next the surface B which is 
derived from a given surface 8 by inversion. Let the centre of 
inversion he taken as origin. Then, if c is the radius of inversion, 
the position vector f of a point on the inverse surface, corresponding 
to the point r on S, has the direction of r and the magnitude c*/r. 
It is therefore given by 

f = (26) 



Hence 



_ c 3 2c 3 

r i = -a r i--^i r 



_ c 3 



2d 2 



(27). 



Also by differentiating the identity r 2 = r® with respect to the 
parameters we have 

r • r x = rr u r • r a = rr fl (28). 

The first order magnitudes for the inverse surface are obtained 
by squaring and multiplying (27) Then, in virtue of (28), we find 



and therefore 



E = T 1 a = ^ 1 E 
r* 



••( 29 ), 



Since the first order magnitudes for 8 are proportional to those 
for 8 it follows that the angle between any two curves is un- 
altered by inversion, and also that null lines are inverted into null 
lines 

The unit normal to the inverse surface is found from the 
formula 



2c* 
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Now by (28) the expression in brackets is equal to 

\ (r • - r • r a r a ) x r = i {r x (r, x r s )} x r 

H , 

= ~( r xn)xr 
„ H 

= Hrn n • rr. 

r 

If then we put p = n • r, and substitute the value just found in the 
formula for n, we find 



- 2 © 
n = -^r-n 
r 9 



.(30) 



It is clear that p is the perpendicular distance from the centre of 
inversion to the tangent plane to S, measured m the sense of the 
unit normal n. 

To find the second order magnitudes we need the relations 
obtained by differentiating (28), namely 

E + r*r 11 = rr ll + r 1 * 1 

F + r • r M = rru + (31). 

(?+!•• r M = rr sa + r 8 s J 

The second derivatives r n , f M , are obtained by differentiat- 
ing (27)- On substitutmg the values so found and making use 



of (31), we find 



L = n«r u 



r® 



2c a p 






..(32). 



From (29) and (32) it follows that 

BB-n—ffl&V-FL), 

with two similar relations. Hence the differential eqnation of the 
lines of curvature on 5 is the same as on & showing °{ 

ewnmtvre invert into hues of eurvature. This is one of the most 
important properties of inverse surfaces. 
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83. Curvature. Let the lines of curvature on 8 be taken as 
parametric curves, so that F= M = 0. It then follows from (29) 
and (32) that F = M = 0. Hence the parametric curves are lines of 
curvature on the mverse surface also, affording another proof of the 
property that lrnes of curvature invert mto lmes of curvature. The 
prmcipal curvatures on S are then given by 
_L _N 
Ka ~E‘ Kb ~ O’ 

and those on the inverse surface by 

J _2g] 

Ka ~E~ c* “ o’ 



Hence *« — *s = — (*«-*»), 

so that umbilici invert into umbilici. The specific curvature of the 
inverse surface is 

and the first curvature is 

The normal curvature m any direction follows from (33) by 
Euler’B Theorem. Thus 

K n = 7Z a C0S s yjr + TSj, sin* 



r* 2» 



since the angle yfr is unaltered by inversion. 

The perpendicular from the centre of inversion to the tangent 
plane to the inverse surface is 






Ex. Show that the quantity ^nc m +j^ is merely altered in sign by in- 



version of the surface. 
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EXAMPLES XI 

1 ■ Show that the centres of ourvature for the central quadric are, with 
the notation of Art. 62, 

I{a+u)*{a + v) /Jb+u)*{b+v) 

V a{a-b)(a-c)' V 6 (6-c)(&-a)’ 



and 



/( c+uf{o+v ) 

V o{o-a){o-by 

/ ( °+^) 8 ( a + u ) / ( 6 + i >) 8 ( 6 + tt ) 

V a(a-b)(a-e)’ 6(6-c)(6-a)’ 



/(o+v) 8 (c+tt) 
- V o(o-a)(c-6)’ 



Hence prove that the two sheets of the centro-surface are identical. Prove 



also that 
and 



a& by* , o£* . 

(a+u) 3 (&+it) 3 + (o+u) 8 ’ 

cue* bp 1 

(a+w) 2 + (6+tt) 8 + (o+m)*” 



The elimination of u between these two equations gives the equation of the 
centro-surface. (Of. Forsyth, pp 113 — 116) 

2 . The middle evolute of a surface, as defined by Ribaucour, is the locus 
of the point midway between the two oentres of ourvature. The current 
point on the middle evolute is therefore given by 

r=r+i(a+j9)n, 

where r is a point on the given surfaoe. Fmd the fundamental magnitudes 
and the unit normal for the middle evolute. 

3 . Give a geometrical proof of the theorem (Art. 81) that there is a family 
of surfaces normal to the tangents to a family of geodesics on a given surface. 

4 . Calculate the fundamental magnitudes for the complementary surface 
determined by formula (25), Art. 81. 

5 . Verify the values of the second order magnitudes for the inverse surfaoe 
as given by formula (32). 

6 . Show that conjugate hnes are not generally inverted into conjugate 
lines, nor asymptotic hnes into asymptotic hnes. 

7 . Determine the conjugate systems on a surface such that the corre- 
sponding ourves on a parallel surface form a conjugate syBtem. 

8 . Determine the character of a surfaoe suoh that its asymptotio hnes 
correspond to conjugate hnes on a parallel surface. 
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9 • The centro-surface of a helicoid is another heliooid with the same axis 
and pitch as the given surface. 

1 0. A sphere of radius a rolls on the outside 6f a closed oval surface of 
volume V and area S, and the parallel surface, which is its outer envelope, 
has volume V' and area S'. Show that 

T- V=a(S'+S)-y7ra» 

11. In the previous exercise, the fundamental magnitudes for the outer 
surface are given by 

Z?-(l- 4a*K) E+ 4 a ( aJ - 1) Z, 

F '= (1 - 4 a*K) F+ 4 a (aJ- 1) M t 
0'= (1 - 4 c?K) G+ 4a ( aJ - 1) N, 
and 

Z'=(l-2aZ) Z+2affZ; 

M'=(\-2aJ)M+2aKF i 
N'^O—^aJ) F+ 2a, KG. 




CHAPTER IX 

CONFORMAL AND SPHERICAL REPRESENTATIONS. 
MINIMAL SURFACES 
Conformal Representation 

84. Conformal representation. When a one-to-one corre- 
spondence exiHts between the points of two surfaces, either surface 
may be said to be represented on the other. Thus two concentric 
spherical surfaces are represented on each other, the two points on 
the same radial line corresponding The surface of a cylinder is 
represented on that portion of a plane into which it can be de- 
veloped. A conical surface is likewise represented on the portion of 
a plane into which it can be unwrapped The surface of a film is 
represented on the portion of the screen on which the image is 
thrown, a point of the film corresponding to that point of the 
screen on which its image appears. Likewise the surface of the 
earth is represented on a map, each point of the map correspond- 
ing to one and only one pomt on the earth’s surface. 

In general, corresponding portions of the two surfaces represented 
are not similar to each other But in the examples mentioned 
above there is similarity of the corresponding small elements. 
When this 1 elation holds the representation is said to be conformal 
The condition necessary for this is clearly that, m the neighbour- 
hood of two corresponding points, all corresponding elements of 
arc should be proportional. If this relation holds it follows by 
elementary geometry that all corresponding infinitesimal figures 
on the two surfaces are similar. Let parameters u, v be chosen to 
map out the surfaces 8 , E so that corresponding points on the two 
surfaces have the same parameter values. Let the squares of their 
linear elements be 

ds i = Edu* + 2Fdudv + Gdtf, 
aI1( i d? = Edv? + 2 Fdudv + GdiP. 

Then, if ds/ds has the same value for all directions at a given point, 
we must have _ = _ 

E _F_G_d&_ a 
H} — F~ G~ d& v 



a), 
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where 77 is a function of u and v or a constant. Conversely, if these 
relations hold, all corresponding elements of arc at a given point 
have the same ratio, and the representation is conformal. Then 
d8 = 7]ds. 



The quantity 17 may be called the linear magnification. When it 
has the value unity for all points of the surface, ds = ds. The 
conformal representation is then said to be isometrio, and the two 
surfaces are said to be applicable. In this case corresponding ele- 
ments of the two surfaces are congruent. In the examples men- 
tioned above the cylindrical and the conical surfaces are apphcable 
to those portions of the plane mto which they can be developed. 

We may notice in passing that null lines on a surface correspond 
to null lines in the conformal representation. For since dP = rfdP, 
if dP vanishes along a curve on 8, dP will vanish along the corre- 
sponding curve on E. Conversely, if null lines on 8 correspond to 
null lines on 8, the representation is conformal Let the null lrnes 
be taken as parametric curves. Then 

E = & — 0 and E = E = 0. 



Therefore 



dP _ 2 Fdudv _ F 
dP ~ 2Fdudv ~ F' 



Since then dsjds has the same value for all arcs through a given 
pomt, the representation is conformal. 

It would be out of place here to attempt a systematic discussion 
of conformal representation. We shall be content with giving the 
important cases of the representation of a sphere and a surface of 
revolution on a plane. We may also mention the following general 
theorem, whose proof depends upon the theory of functions of a 
complex variable : 

If <f),yjr are a pair of isometric parameters on the surface 8, and 
u, v isometric parameters on 8, the most general conformal repre- 
sentation of one surface on the other is given by 

u + iv=f(<j> + iyfr) (2), 

where f is any analytic function of the argument, the point {%, y) 
corresponding to the point (tf>, yjr). 

85. Surface of revolution. Consider, as an example, a con- 
formal representation of a surface of revolution upon a plane If 
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the axis of the surface is taken as s-axis, and u is the distance of 
a point on the surface from this axis, the coordinates of the point 
* may be expressed 

a? “ it cos (f>, y = u sin <jb, z=f(u), 
where (f> is the longitude The square of the linear element is 
ds? = dv? + ds? + u*d<l> a 
= (1 +/i a ) du a + u?d(j}\ 

If then we put ^ Vl +f 1 3 du, 

we have ds 3 = u 3 (d-vp + d<j> 3 ) 

Thus <j>, are isometric parameters on the surface of revolution. 
The curves <j> = const, are the meridians, and the curves yjr = const. 
I the parallels 

On the plane, rectangular coordinates ao, y are isometric para- 
meters, since dS* = da? + dy 3 . Consider the representation defined by 
co+iy = k((j> + fy), 

that is so = y = kty (3), 

where k is constant. Then the point (x, y) on the plane corresponds 
’ to the pomt (<£, yfr) on the surface of revolution. Further 
■ ds 3 = da? + dy 3 — Jc? (d<j> 3 + d ^ a ) 




1 showing that the representation is conformal, with a linear magni- 

^ fication hju. The lmes so = const, correspond to meridians on the 

' surface of revolution, and the lines y = oonst. to the parallels. 

1 Any straight line ax + by + c = 0 on the plane cuts the lines 

| x = const, at a constant angle. Therefore, since the representation 
I is conformal, the corresponding line k ( a<f> + byfr) + o = 0 on the 
surface of revolution cuts the meridians at a constant angle. Such 
| a line is called a loxodrome carve , or briefly a loxodrome , on the 
surface of revolution. On substituting the value of i/r we find, for 
} the equation of loxodromes on the surface, 



a<f> + b f - V 1 + f 3 du = const. 
J u 



A triangle in the plane corresponds to a curvilinear triangle 
bounded by loxodromes on the surface of revolution. And, smce 
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corresponding angles in the two figures are equal, it follows that 
the sum of the angles of a curvilinear triangle, hounded by loxo- 
dromes on a surface of revolution , is equal to two rigid angles. 

Finally we may show that, when the linear element of a surface 
is reducible to the form, 

dsP=U ( du ® 4- dv ®) (5), 

where U is a fwnotion of u only, or a constant , the surface is applic- 
able to a surface of revolution. For if we write r = *JU, and solve 
thin equation for u in terms of r, the equation 

dw = - Vl +/ *dr 
r 

determines a function f(r) such that the surface of revolution 
x = r cobv, y = r Bin. v, z=f(r) 
has the same linear element 

ds® = J7 (du* + dv/ 1 ) 

as the given surface. 

The above representation of a surface of revolution on a plane 
is only a particular case. The general conformal representation of 
the surface of revolution on a plane is given by 

(s + iy =f(<f> + iyfr) (6), 

where /is any analytic function of the argument. 

86. Surface of a sphere. The theory of maps, whether 
geographical or astronomical, renders the sphere an important 
example of a surface of revolution. The surface of the earth, or the 
celestial sphere, is to be represented conformally on a plane, so 
that there is similarity of detail though not similarity at large If 
<f) is the longitude and X the latitude, then, with the centre as 
origin, 

z = a sin X, u = a cos X, 

a bemg the radius of the sphere Thus the square of the linear 
element is 

ds* = a®dX® 4- a 3 cos a Xd<£® 

= a* cos® X (sec® XdX 1 4 - d0 a ). 

If then we write ^ = log tan 4 - ^ (7), 

d^ = BecXdX, 
ds® = a 1 cos® X (d<£® 4 - di/r®) 



so that 
we have 



( 8 ). 
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The particular conformal representation given in the previous 
Art. becomes for the sphere 

cd= k<fs, y = k log tan Q + ^ . 

Meridians on the sphere, with a constant difference of longitude, 
are represented by equidistant parallel straight lmes as = const. 
Parallels of latitude, with a constant difference of latitude, are 
represented by parallel straight lines y = const, whose distance 
apart increases toward the poles. The magnification is 
B i a k 
^ 6=8 u a cos X ’ 



which increases from k/a at the equator to infinity at the poles 
This representation of a sphere on a plane is known as Mercator's 
projection 

Another conformal representation of a sphere on a plane is given 
by 

as + iy = ke^+W, 



where c is a constant. This is equivalent to 

x = ke~° * cos 00 , y = ker e * sin c0 (9). 

That the representation is conformal is easily verified For 
dp = da? + dy* = dfre-*’* 
and therefore, in virtue of (8), 



ds 1 



c'k? e-' ie * 7 . 
— 

a* cos a \ 



as required. The linear magnification is now 

_ ok e _0 * _ ck (1 — sin \) 4 ^ 

v ~~a cosX — ~a (1 + sm X.) 4 (c + 1} 



.( 10 ). 



Meridians on the sphere are represented by the straight lmes 
y — as tan c0, 

through the origin. Parallels of latitude are represented by the 
concentric circles 

-O'' 



with centre at the ongm. The particular case for which o — 1 is 
known as stereographic projection. It is sometimes used for terres- 
trial maps. Various other values of o are used for star-maps. 
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Spherical Representation 

87. Spherical Image. We shall now consider briefly th< 
spherical representation of a surface, in which each point or oon 
figuration on the surface has its representation on a unit sphere 
whose centre may be taken at the origin. If n is the unit normal 
at the point P on the surface, the point Q whose position veotoi 
is n is said to correspond to P, or to be the image of P. Clearly ( 
lies on the unit sphere, and if P moves m any curve on the surface 
Q moves m the corresponding curve on the sphere. 

Since the position vector r of Q is given by 

f = n, 

it follows from Art. 27 that 

^ = n a = H~> {( FM - GL ) r, + (FL - EM) r fl }, 
r a = n a = P- 3 {(FN- GM) r x + {FM - EN) r a }. 
Consequently, if e,fg denote the fundamental magmtudes of the 
first order for the spherical image, 

e = P" 3 (EM' - 2FLM + GL'), 
f=E~* (EMN - FM 3 - FLN + GLM), 
g = H~* (. EN 3 - 2 FMN + GM'), 
or, in terms of the first and second curvatures, 



e = JL -KE\ 

/= JM - KF > (11). 

g = JN-KQ J 
Hence also eg — /“ = K'E', 

which we may write h 3 = K'H % 

or h = eKE C12), 



where e = ± 1 according as the surface is synclastic or anticlastic 
The areas of corresponding elements of the spherical image and 
the given surface are hdudv and Edudv, and their ratio is there- 
fore numerically equal to K. This property is sometimes used tc 
define the “ specific curvature.” We may -also observe in passing 
that, since A 3 must be positive and not zero, K must not vanish 
so that the surface to be represented on the sphere cannot be a 
developable surface. 
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In virtue of (11) we may write the square of the linear element 
of the image 

d? = </ ( Ldu ? + 2 Mdudv + Ndv 3 ) — K (Edv? 4- 2 Fdudv + Odv 3 ), 
or, if k is the normal curvature of the given surface in the direc- 
tion of this arc-element, 

d? = ( kJ -K)d& (13). 

If then Ka, and tc b are the principal curvatures of the surface, we 
may write this, in virtue of Euler’s theorem, 

dit 1 = {(« a + K b ) (tc a cos* yjr + Ki sin* \fr) — fc a K b } ds* 

= (« 0 a cos* yjr + kj , 9 sin* yfr) ds® (14). 

It is clear from either of these formulae that the value of the 
quotient ds/ds depends upon the direction of the arc-element. 
Hence in general the spherical image is not a conformal representa- 
tion. It is conformal, however, if K a = ± kj,. When x a = — kj, at all 
points, the first curvature vanishes identically, and the surface is 
a minimal surface Thus the spherical representation of a minimal 
surface is conformal. 

Moreover it follows from (14) that the turning values of ds/ds 
are given by cos yjr = 0 and sin ^ = 0. Thus the greatest and least 
values of idle magnification at a point are numerically equal to the 
principal cwruatu/res. 

88. Other properties. It is easy to show that the Vines of 
curvature on a surface are orthogonal in their spherical representor 
tion. For if they are taken as parametric curves we have F=M= 0 , 
hence f=0 which proves the statement. Further if F=0 and 
/= 0 we must also have M= 0 unless J vanishes identically. Thus, 
if idle surface is not a minimal surface , the lines of curvature are 
the only orthogonal system whose spherical image is orthogonal. 

Moreover, the tangent to a line of curvature is parallel to the 
tangent to its spherical image at the corresponding point; and, con- 
versely, if this relation holds for a curve on the surface it must he a 
line of curvature. For, by Rodrigues’ formula (Art. 30), along a 
line of curvature dr is parallel to dn and therefore also to dr. 
Hence the first part of the theorem. Conversely if dr is parallel to 
dr it is also parallel to dn. The three vectors n, n + dn, dr are 
therefore coplanar, and the line is a line of curvature. 
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Again, if dr and da are two infinitesimal displacements on a 
given surface, and dn the change in the unit normal due to the 
former, the directions of the displacements will be conjugate 
provided 

dn»da = 0. 

And conversely this relation holds if the directions are conjugate. 
But dn = dr, where dr is £he spherical image of dr. Con- 
sequently 

dr »dB = 0. 

Thus, if two directions are conjugate at a point on a given surface, 
each is perpendicular to the spherical image of the other at the 
corresponding point. It follows that the inclination of two conju- 
gate directions is equal, or supplementary, to that of their spherical 
representations. 

Further, an asymptotic line is self-conjugate. Hence an asym- 
ptotic line on a surface is perpendicular to its spherical image at the 
corresponding point. 

Ex. 1 . Taking the lines of ourvature as parametno ourves, deduce the 
theorem that a line of ourvature is parallel to its spherical image at the 
corresponding point, from the formulae for Fi and r a in Art 87. 

Ex. 2. Prove otherwise that the inclination of conjugate lines is equal or 
supplementary to that of their Bphenoal image. 

Let the conjugate linos be taken as parametric curves, so that M= 0. Then 
equations (11) become 

GI? , FLN EN* 

e= h % * ~ny * 9= ~w m 

Hence the angle Q between the parametno ourves on the unit sphere is 
given by 

the negative or the positive sign being taken aooording as the surface is 
syndastio or anticlastio. 

Ex. 3. If a line of curvature is plane, its plane outs the surface at 
a constant angle. 

If r is a pomt on the line of curvature, n is the corresponding point on the 
spherical image. But we have seen that the tangents to these at corresponding 
points are parallel; and therefore 

dn .dr 
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Let a be the (constant) unit normal to the plane of the curve. Then 



d , . „ duds 

a (a.n)-a . 53 - 



. drds 



But ^ liea in the given plane and is therefore perpendicular to a. Thus the 

last expression vanishes, showing that a • n is constant, so that the plane 
outs the surface at a oonstant angle. 

Moreover, the relation a • n = const is equivalent to a • r = const. Thus 
the projection of ? on the diameter parallel to a is constant, showing that 
the spherical image of a plane line of curvature is a small circle, whose plane 
is parallel to that of the line of curvature. 



89. Second order magnitudes. We may also calculate the 
magnitudes of the second order, L , M, W, for the spherical repre- 
sentation. Its unit normal n is given by 

/in = r 1 xf, = n 1 xn J = KHn, 
m virtue of Art. 27 (18). But h = eKE t and therefore 

n = en (15), 

where e = + 1 according as the surface is synclastic or anticlastic. 
Consequently 

I = n • r u = en • n u = e (n . n,) - n^j 

= - en^ = — ee. 



Proceeding m like manner for the others we have 
L = — ee' 

M = — ef - 

r— *j 



...(16). 



Thus only the first order magnitudes need be considered. Also 
the radius of curvature of any normal section of the sphere is given 
by 

_ edv? + 2 fdu dv + gdv* 

^ Ldu? + 2 Mdudv + Udtf * 

and is therefore numerically equal to unity, as we should expect. 

*90. Tangential coordinates. The tangential coordinates of 
a point P on a given surface are the direction cosines of the 
normal at P, and the perpendicular distance of the origin from 
the tangent plane at that point These are equivalent to the unit 
normal n at P, and the distance p from the origin to the tangent 
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plane, measured in the direction of n 
of P, we have 



[ix 

If r is the position vector 



p = r*n 

and, on differentiation with respect to u and v, it follows that 

i>i = r.^) 

p a = r.n a | ' 

The position vector r of the current point on the surface may be 
expressed in terms of n, n,. For, by the usual formula for the 
expression of a vector in terms of three non-coplanar vectors, 

[n, n 1} nj r = [r, n, , n 2 ] n + [r, n] n, + [r, n, nj n a . 

Now in Art. 27 it was shown that 



Further 
so that 

Again 



[n, n lf n s ] = HZ. 

n x x n a = HZn, 
[r, n„ n^HKp. 



and therefore [r, n„, n] = -L (g Pl -ft,). 

Similarly [r, n, nj =-L(«p,-fo). 

On substitution of these values in the above formula we have 

r = _pn + i {(g Pl -Jp a ) Dl + (ep a - f Pl ) n,} . . . (i 7). 

Hence, when p and n are given and their derivatives cam, he calcu- 
lated, the surface is completely determined . 



Minimal Surfaces 

0 1 . General properties. A minimal surface may be defined 
as one whose first curvature, J, vanishes identically. Thus the 
principal curvatures at any point of the surface are equal in mag- 
nitude and opposite m sign, and the mdicatrix is a rectangular 
hyperbola. Hence the asymptotic lines form an orthogonal system, 
bisecting the angles between the lines of curvature. The vanishing 
of the first curvature is expressed by the equation 

m-2FM+GL = 0 (18), 

which is satisfied by all miTmual surfaces. 
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Minimal surfaces derive their name from the fact that they are 
surfaces of minimum area satisfying given boundary conditions. 
They are illustrated by the shapes of thm soap films m equilibrium, 
with the air pressure the same on both sides. If this property of 
least area be taken as defining mmimal surfaces, the use of the 
Calculus of Variations leads to the vanishing of the first curva- 
ture as an equivalent property. 

We have seen that the asymptotic lines on a minimal surface 
form cm orthogonal system. This follows also from (18). For, if 
these lmes are taken as parametric curves we have L = N= 0, 
while M does not vanish. Henoe F = 0, showing that the para- 
metric curves are orthogonal. Conversely, if the asymptotic lines 
cere orthogonal , the surface is minimal. For, with the same choice 
of parametric curves we have L = N= 0 and F = 0, so that J van- 
ishes identically. 

Further, the null lines on a minimal surface form a conjugate 
system. For, if these are taken as parametric curves we have 
Er=Q = Q t while F does not vanish. It therefore follows from (18) 
that M= 0, showing that the parametric curves are conjugate. 
Conversely, if the null lines are conjugate the surface is minimal. 
For then, with the same choice of parametric curves, E — G = 0 
and M = 0, so that (18) is satisfied identically 

Again, the lines of curvature on a minimal surface form an iso- 
metric system. To prove this let the lines of curvature be taken 
as parametric curves. Then F = 0 and M = 0, and the equation 
(18) becomes 

— +^=0 
E + G ' 

while the Mainardi-Codazzi relations reduce to 

and N ' = 1{t3 + v) °' = °- 

Thus A is a function of u only, and N a function of v only. Con- 
sequently 

9® . E a a , f L\ . 
dudv G duZv °^\NJ ’ 

showing that the parametric curves are isometno. 



12 
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92. Spherical Image. The fundamental magnitudes for the 
spherical representation, as given by (11), become m the case of a 
•minimal surface 

e KE, f= -EF, g - — KG (19). 

From these relations several interesting general pioperties maybe 
deduced. 

We have already seen that the spherical representation of a 
minimal surface is conformal. This also follows directly from (19). 
For, m virtue of these relations, 

<2? = - Kds*. 

Thus ds/ds is independent of the direction of the arc- element 
through the point, and the representation is conformal The mag- 
nification has the value \f—K, the second curvature being essentially 
negative for a real minimal surface. The converse of the above 
theorem has already been considered m Art. 87, where it was shown 
that if the spherical image of a surface is a conformal representa- 
tion, either the surface is minimal, or else its principal curvatures 
are equal at each point. 

Further, null lines on a minimal surface become both null lines 
and asymptotic lines m the spherical representation. For, if the 
null lines be taken as parametric curves, we have 
F = 0, Q = 0, 
and therefore, by (19), e — 0, g = 0. 

Thus the parametric curves in the spherical image also are null 
lines. Agam, considering the second order magnitudes for the 

sphere, we have _ 

* L = -ee = 0, 

N = -eg = 0, 

and therefore the parametric curves m the spherical image are 
also asymptotic lines. 

Conversely, if the null lines on a surface become null lines in the 
spherical representation, either the surface is minimal , or else its 
principal curvatures are equal. To prove this theorem, take the 
null lines as parametric curves. Then E=G = 0, and since the 
parametric curves are also null lines in the spherical image, 
e = g = 0. But for any surface 

e = JL — KE) 
g = JN — KG\ ' 
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bo that we must have 

JL = 0 and JR = 0. 



Consequently either J — 0 and the surface is minimal, or else 
L = 0 and R = 0. 

In the latter case it follows that 

jp ^ * 



J=- 



and therefore J 1 — 4sK = 0 



which is the condition that the principal curvatures should be 
equal. 

Lastly, isometric lines on a minimal surface are also isometric 
in the spherical representation This is obvious from the fact that 
the spherical image is a conformal representation. It may also be 
proved as follows. If the isometric lines are taken as parametric 
curves we have 



F= 0, 



E_U 
Q “ V* 



where U is a function of u only and V a function of v only. From 
(19) it then follows that 

1 ’ 9 G V’ 



showing that the parametric curves in the spherical image are also 
isometric. Hence the theorem. In particular the spherical image 
of the lines of curvature on a mimmal surface are isometric curves, 
for the lines of curvature on a minimal surface have been shown 
to be isometric. 



93. Cartesian coordinates. If we use the form z=f{x, y) 
for the equation of a surface, the differential equation (18) of 
minimal surfaces becomes 




d*z _ g dz d z d*z 
d a? doc 9 y dsody 



+ 



MDlir 0 (20) 



This form of the equation is useful for particular problems. 

By way of illustration we may prove that the catenoid is the only 
minimal surface of revolution If the axis of revolution is taken as 
the je-axis we may write 

z =/(^ + y% 

12—2 
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where the form of the function / is to be determined so that the 
surface may be minimal. By differentiation we have 

3 z ,, dz 0 

5 =&/, g-=V. 

&z . . 

= 4 osyf , etc., 



g=2 /+ ^r, 



doqdy 



and on substituting these values in (20) we have 
(a? + tf)f" + 2 (ffi 2 + 2/ s )/ 8 + f = 0. 
On puttmg r 1 = a? + y s we may write this equation 
d?z 

r d?-' 

which gives, on integration, 



■Ms)]*-* 



dz 
r dr 

Mif' 

where a is a constant. A second integration leads to 
z + c=a cosh -1 

a 

,*+0 



Thus the only minimal surface of revolution is that formed by the 
revolution of a catenary about its directrix. 

Ex. 1 . The only mimical surface of the type 

is the surface at -= log cos ax - log cos ay. 

On substituting the above expression for s in (20) we find 

T+7* + iT^ =a 

The first part is a function of x only, and the second a function of y only. 
Hence each must be constant; so that 

F" 



I+7 3 



Integration leads to 

log cos ax, ^(y)=» —Mog cosoy. 

Hence the theorem. 

Ex. 2. Show that the surface 

sin az = hi nli ax airih ay 
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EXAMPLES XII 
1 . Show that the surfaces 

#=a»CO30, y = MSin0, 5 = 00, 

and a?«-wooa 0, y=u sm 0, 5=0 cosh -1 — 

a 

are applicable. 

3. Show that, in a Btar-map (Art. 80), the magnification is least on the 
parallel of latitude sin -1 c. 

3. Show that rhumb lines of the meridians of a sphere become straight 
lines in Mercator’s projection, and equiangular spirals in a Btereographic 
projection 

4. Find the loxodrome curves on the surfaces in Ex. 1. 

3. Find the surface of revolution for which 

= du* + (a a - ti 2 ) e?0 s . 

6 . Show that, for the surface generated by the revolution of the evolute 
of the catenary about the direotnx, the linear element is reducible to the form 

da i = du i +u<M. 

7. Any two Btereographic projections of a sphere are inverses of each 
other, the origin of inversion in either being the origin of projection m the other 

8. In any representation of a surface S on another, S', the oross-ratio of 
four tangents at a point of S is equal to the cross-ratio of the corresponding 
tangents to S' 

9 . Determine f(v) so that the oonoid 

x=u oosv, y^usmv, 5=/(i>) 
may be applicable to a surfaoe of revolution. 

10. If the curve of intersection of a sphere and a surface be a line of 
curvature on the latter, the sphere outs the surface at a constant angle. 

11. If e, /, g refer to the spherical image, prove the formulae 

VE~eM*-'ifLM+gL\ 
h?F= eMN -f(LN+2F) +gL2f, 
h*G=eN*-'ifMN+gM*. 

v 12 . What are the first and second curvatures for the spherical image? 

1 3 . The angles between the asymptotic directions at a point on a surface 
and between their spherical representations are equal or supplementary, 
according as the second curvature at the point is positive or negative 

14. The osoulating planes of a line of curvature and of its spherical 
image at corresponding points are parallel. 

r 15. Show that the lines of curvature on a surface are given by 

[eM-fL) du*+(eN-gL) dudv+(ftf-gM) dv*~ 0, 
and the principal curvatures by 

TV - (elf- 2 \fM+gL) <c+A*=0. 

I * 
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16. The angle 6 between any direction on a surface and its spherical 
image is given by 

. Ldu 2 + 2 ifdu dv + Ndv* 

d,* 

Hence an asymptotic direction is perpendicular to its spherical image. 

17. The formulae (17) of Art. 27 may be written 

A*ri ■= (fM - gL) Hi+(JL~ eM) n a , 
h*r 2 ={fJ!r-gM) n,+(fM-eN) n a . 

18. Show that the lines of ourvature of a surface of revolution remain 
isometrio in their spherical representation. 

1 0. Show that the spherical images of the asymptotic lines on a minimal 
surface, as well as the asymptotic lines themselves, are an isometrio Bystem 

50. If one Bystem of asymptotio hues on a surface are represented on 
the sphere by great circles, the surface is ruled. 

5 1 . The right helicoid is the only real ruled minimal surface. 

22 . The parameters of the lines of ourvature of a minimal surface may 
be bo chosen that the linear elements of the surface and of its spherical image 
have the respective forms 

(du?+chP), dS*=K (du*+(M\ 
where k is the absolute value of each pnnoipal ourvature. 

23 . Prove that Ex. 22 is Btill true if we write “asymptotic lines” in place 
of “lines of curvature." 

24 . Every helicoid is applicable to some surface of revolution, and helices 
on the former correspond to parallels on the latter 

25 . If the fundamental magnitudes of the first order are functions of 
a single parameter, the surface is applicable to a surface of revolution. 

26 . Show that the helicoid 

x=u oobv, y<=u sin v } t=ov+o 
is a minimal Burfaoe 

2 7 . Prove that each sheet of the evolute of a pseudo-sphere is applicable 
to a oatenoid. 

28 . Prove that the surface 

x = u cos a + sin ii cosh t>, 
y = v+cos a cob u sinh v, 
t = sin a cos u cosh v 

ib a minimal surface, that the parametric curves are plane lines of curvature, 
and that the seooqd ourvature is 

— sm a a/(cosht>+oosacos u)K 



f A a +° 3 

J V u 




CHAPTER X 
CONGRUENCES OF LINES 
Rectilinear Congruences 

94. Congruence of straight lines. A rectilinear congruence 
is a two-parameter system of straight lines, that is to say, a family 
of straight lmes whose equation involves two independent para- 
meters. The congruence therefore comprises a double infinitude 
of straight lmes Such a system is constituted by the normals to 
a given surface. In dealing with this particular congruence we 
may take the two parameters as the current parameters u, v for 
the surface. The normals along any one parametric curve u = a 
constitute a smgle infinitude of straight lines, and the whole 
system of normals a double infinitude These normals are also 
normals to the family of surfaces parallel to the given surface, and 
are therefore termed a normal congruence In general, however, 
the lines of a rectilinear congruence do not possess this property 
of normality to a family of surfaces. As other examples of con- 
gruences may be mentioned the family of straight lines which 
intersect two given curves, and the family which intersect a given 
curve and are tangents to a given surface. 

A rectilinear congruence may be represented analytically by an 
equation of the form 

R = r + id (1), 

where r and d are functions of two independent parameters u, v. 
The point r may be taken as a point on a surface of reference, or 
director surface , S, which is cut by all the lmes of the congruence. 
We may take d as a unit vector giving the direction of the line or 
ray, and t is then the distance from the director surface to the 
current point R on the ray. 

We may make a spherical representation of the congruence by 
drawing radii of a unit sphere parallel to the rays of the congruence. 
Thus the point d on the sphere represents the ray (1). The linear 
element da of the spherical representation is given by 

da* = (dd) a = edu a + 2 \fdu dv + gdv* (2), 

where e = d /= d^da, g- d, a , 
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these being the fundamental magnitudes of the first order for the 
sphoncal representation. And, since d is the unit normal to the 
sphere, we have 

(3). 

where, as usual, h * = eg — /*. 

Another quadratic form, whose coefficients play an important 
part m the following argument, is that which arises from the 
expansion of dr*dd. We may write this 

dr»dd = (r! du + r t dv) • (dj du + dg dv) 

= adu? + (b + b') dudv + cdv * (4), 

where <1 = ^^, 6 =r a »d!, V = ^*< 13 , c = r a «dg 

The rays through any curve G on the director surface form a 
ruled surface 2. A relation between the parameters u , v determines 
such a curve and therefore also a ruled surface. The infinitude of 
such surfaces, corresponding to the infinitude of relations that may 
connect u and v, are called the surfaces of the congruence. We say 
that each of these surfaces “ passes through ” each of the rays that 
lie upon it Any surface of the congruence is represented by a 
curve on the umt sphere, which may he called its spherical repre- 
sentation m the above sense. This curve is the locus of the points 
on the sphere which represent the rays lying upon that surface. 

95. Limits. Principal planes. Consider a curve 0 on the 
director surface, and the corresponding ruled surface 2. Let r and 

d + rfd 
d 

Fig 28. 

r+ dr be consecutive points on the curve, through which pass the 
consecutive rays with directions d and d + dd determined by the 
parameter values u, v and u + du, v + dv respectively. Further let 
8 be the arc-length of the curve 0 up to the pomt r, ds the element 
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of axe between the consecutive rays, and let dashes denote deriva- 
tives with respect to s. Then the distance r from the director 
surface to the foot of the common perpendicular to the consecutive 
rays, as found m Art. 69, is given by 
r^d' dr»dd 
r d 7 ^ ddT 
_ __ / adu 9 ■+■ (b + b')dudv ■+■ 

V edu 2 + 2fdudv + gdv 2 )' 

The point of the ray determined by r is the central point of the 
ray relative to the surface 2 

The distance r from the director surface to the central point is 
a function of the ratio du : dv> so that it vanes with the direction 
of the curve G through the point r. There are two values of this 
ratio for which r is a maximum or minimum These are obtained 
by equating to zero the derivatives of r with respect to dujdv. 
This leads to the equation 

[2 fa -e(b + 6')] du 2 + 2 (ga — ec) dudv 

+ [#(& + b') - 2/c] dv 2 = 0 ....(6), 
which gives the two directions for stationary values of r. To 
determine these values we have only to eliminate dujdv from the 
last two equations, thus obtaining the quadratic 

AV + [eo - f(b + b') +ga ] r + ao~i(b + by = 0 ..(7), 
whose roots are the two stationary values required. Denoting these 
by t*i and r B we have 

h? (n + r B ) =/(£> + b') -ec- ga\ 

4sh a r!r a = 4 ac — (6 + 6') a J 
The points on the ray determined by these values of r are called 
its limits. They are the boundaries of the segment of the ray 
containing the feet of the common perpendiculars to it and the 
consecutive rays of the congruence. The two ruled surfaces of the 
congruence which pass through the given ray, and are determined 
by (6), are called the 'principal surfaces for that ray. Their tangent 
planes at the limits contain the given ray and the common per- 
pendiculars to it and the consecutive rays of the surfaces. These 
tangent planes are called the principal planes of the ray. They are 
the central planes of the ray relative to the principal surfaces 
(Art. 71). 



..( 8 ). 
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Ex. 1 . Find the hunts and the pnnoipal planes for a ray in the con- 
gruence of straight lines which interseot a given oirole and its axis. 

Let the centre of the given circle be taken as origin, its plane as the 
director surface and its mm as the e-axis. Let a ray of the oongruence meet 

Z 




the oiroumference of the oircle in P, and the axis in Q Denote OQ by u and 
the angle ZOP by 6, and let u, 6 be taken as parameters for the oongruence 
Then, if R is the radius of the circle, the position vector of P is 
r=(.ScoB0, R sin 0, 0), 

and the unit vector d m the direction PQ of the ray is 
( - iZ cos B, - R sin u ) 

From these it is easy to verify that 

_R? R* 

e =(R*+u*r •'“° 1 g ’~R*+u ai 
-R? 

while a= 0, 6=0, 6'=0, o= . 

*JR 2 +u a 

The equation (7) for the distance of the limits from the point P reduces to 
r 8 — */ R ? + v? r = 0, 



so that »*i =0, r 3 =J R a +u\ 

The limits are therefore the points P and Q. 

The differential equation (6) for the principal surface becomes simply 
dudd = 0 



Thus the principal plane through the ray corresponding to cW=0 is the plane 
P0Q containing the ray and the axis of the circle. The principal plane 
corresponding to <fu=0 is the plane oontaming PQ and a oonseoutive ray 
through Q. These principal planes are olearly perpendicular. The principal 
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surfaces are the planes through the axis, and the cones with vertices on the 
axis and generators passing through the given circle 

Ex. 2. Examine the congruence of tangents to a given sphere from points 
on a given diameter. 

Take the centre of the sphere as origin and its surface as director surface. 
Let the given diameter be taken as z-axis and polar axis, the oolatitude 6 
being measured from OZ and the longitude 0 from the plane ZOX. If 
a tangent from the point Q on the given diameter touch the sphere at 
P (d, 0), the position vector of P may he expressed as 

r=P (sind cos <£, sindsiu0, oosd), 

R being the radius of the sphere The unit vector d m the direction PQ of 
the ray ib 

d=(-cosdcos 0, - oosd sin 0, sind). 

Taking d, 0 &b parameters, show that 

e=l, /■= 0, p=cos a d, 

and o=0, 6=6'=0, o= -iZamdcosd. 

Hence show that the distances of the limits from P are 
f*i=0, v a =i2tand, 

so that P and Q are the limits. The equation (6) becomes 
ddd<f> = 0 

Hence the principal surfaces are the planes through the given diameter and 
the tangent cones from points on that diameter 

96. Hamilton’s formula. Let the parameters be so chosen 
that the principal surfaces correspond to the parametric curves. 
Then the equation (6) determining the principal surfaces must be 
equivalent to dudv = 0. This requires 

2fa-e(b + b') = 0\ 

2fc-g(b + b') = o\’ 

and therefore, since the coefficients of the two quadratic forms are 
not proportional, we must have 

/= 0, b+b' = 0 (9). 

The first of these is equivalent to d!*d 2 = 0 Hence the principal 
surfaces are represented on the unit sphere by orthogonal curves. 

The mutual perpendicular to the consecutive rays d and d + dd 
is perpendicular to both d and dd. Hence it is perpendicular to 

d and ^ , where da- is the arc element of the unit sphere corre- 
sponding to dd. But these are two unit vectors, perpendicular to 
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each other. Hence the unit veotor in the direction of the common 
perpendicular is ^ x d. Now, in virtue of (3) we may write this 
(a du . * dv \ v d i xd * 

r i 2? +d *fc) x h • 

or, since dj and da are perpendicular (/= 0), 

1 (g^dv-e&adu) ( 10 ). 

da weg 

The consecutive rays corresponding to the limits are determined 
by dv = 0 and du = 0, that is by the parametric curves. For these 
we have respectively da- = *Jedu and da — fgdv , so that (10) be- 
comes in the cases corresponding to the limits 



— ^ da and ~ d, 

wg we 



■ ( 11 ), 



which are perpendicular to each other. Now the tangent plane to 
the ruled surface of the congruence through the consecutive rays 
is parallel to d and the common perpendicular Therefore, in 
virtue of (11), the two principal planes for any ra/y are perpen- 
dicular to each other . 

The angle 9, between the common perpendicular (10) in the 
general case and that corresponding to the principal surface dv — 0, 
is given by 



Thus 



/i 1 . (gd,dv — ed«du) *fedu 

oos * = -^ d ** -TT- 

, a edv? 

C0S — edu'+gdv 1 * 

sm .*= j* 



and therefore u — , „ 7 

edu* + gdv* 

Further, with this choice of parameters, the distance r from the 
director surface to the foot of the common perpendicular is given 

by 

adu' + cdiP 

edu a + gdv * ’ 

and therefore for the limits (dv = 0 and du = 0), 



r% = --, r a = - 



9 
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It follows immediately that 

r = rj cos 2 6 + r a sin* 6 (12). 

This is Hamilton’s formula connecting the position of the central 
point of a ray, relative to any surface through it, with the inclina- 
tion of the central plane of the ray for this surface to the principal 
planes of the ray. The formula is independent of the choice of 
parameters. Also, if the director surface is changed, the three 
distances r, r lt r 9 are altered by the same amount, and the formula 
still holds. 

We may observe in passing that the normal to a surface of the 
congruence through the ray d is perpendicular both to this ray and 

to the common perpendicular x d to it and a consecutive ray. 
It is therefore parallel to 



d 

dd 






which is identical with ^ . Thus the normal to a surface of the 

congruence is parallel to the tangent to the spherical representation 
of the surface, in the sense of Art. 94 
Ex. For any ohoioe of parametric ourves the unit vector perpendicular to 
conseoutive rays is 



dd . 

^ xd = 



d, 



du , . dv\ 



dixda 

h 



da + ^ 2 d<r) * 

^[(/d,-.d ! )^+( ? d 1 -/a,)g]. 



97. Foci. Focal planes. The ruled surface 2 of the con- 
gruence will be a developable if consecutive generators intersect. 
The locus of the point of intersection of consecutive rays on the 
surface is the edge of regression of the developable. It is touched 
by each of the generators , and the point of contact is called tbe 
focus of the ray. 

Let p be the distance of the focus along the ray from the direc- 
tor surface. Then the focus is the point 
R = r + pd. 

But since the ray touches the edge of regression at the focus, the 
dififeiential of R is parallel to d. That is to say 

(r x du + r % dv) + dpd + p (d ^du + dj dv) 
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is parallel to d and therefore perpendicular to dj and dj. Hence, 
on forming its scalar product with dj and d a in turn, we have 



{adu -f bdv) + p ( edu + fdv) = O' 



:}■ 



(13). 



.(14), 



These two equations determine p and du/dv. On eliminating p we 
have 

I adu + bdv b'du+cdv I 
| edu + fdv fdu + gdv \ 
which is a quadratic in du/dv , giving two directions, real or 
imaginary, for which 2 is a developable surface. Thus through 
each ray of the congruence there pass two developable surfaces, 
each with its edge of regression. Each ray of the congruence is 
therefore tangent to two curves m space, the points of contact 
being the foci or focal points of the ray. The locus of the foci 
of the rays is called the focal surface of the congruence. It is 
touched by all the rays of the congruence. The focal planes are 
the planes through the ray and the consecutive generators of the 
developable surfaces through the ray. They are the tangent planes 
/at the foci to the two sheets of the focal surface. 

On eliminating du/dv from the equations (13) we have 
I a + ep b+fp 
I b' +fp c + gp I 
or h*p* + [ag ~(b + b')f+ ce]p + (ac-bb') = Q . (15), 

a quadratic in p giving the distances of the two foci from the 
director surface. It will be observed that this differs from the 
quadratic (7) only in the absolute term. Denoting the roots of 
(15) by pj and p 2 we have 

h 3 (pi + Pa) = (b + b')f-ec- ga\ 
h*piPi = ac — bb' 

Comparing these with the equations (8) for the limits we see that 
r 1 + r i = p 1 +p* 

( / "i — f*a) a — (pi — Pa) 3 = ^ ^ 



= 0 , 



a 



.. (16). 



(17). 



From the first of these relations it follows that the point midway 
between the limits is also midway between the foci It is called 
the middle point of the ray ; and the locus of the middle points of 
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all the rays is the middle surface of the congruence. From the 
second of equations (17) we see that, since the second member is 
positive, the distance between the foci is never greater than the 
distance between the limits. The two distances are equal only 
when b = b'. Thus on each ray there are five special points, the 
two limits, the two foci and the middle point. The foci, when they 
are real, lie between the limits. 

We have seen that the central plane, P (through a given ray 
and the common perpendicular to it and a consecutive ray), is 
inclined to one of the principal planes at an angle 6 given by 
7* = r 1 cos 8 0 + r a 8in 8 0. 



The angle 6 varies from 0 to ^ as r vanes from to r 9 , the 

principal planes bemg perpendicular to each other. When the 
foot of the common perpendicular is one of the foci, the plane P is 
a focal plane. At the foci r has the values p 2 and p 3 . Let d l and 
|9„ be the corresponding values of 6. Then 
Pi = t*i cos 3 9 1 + r 9 sin 8 
p a = t*! cos 8 d 3 + t*b sin 8 0 3 \ ’ 

Adding these, and lemembenng that Pi + pa = r 1 + r 3 , we see 
that 

COS 8 CO8 a 0„=l, 

and therefore, as 6 X and 9 Z are both positive and neither is greater 
than ^ , we must have 

+ ( 18 ). 

Thus the focal planes are not perpendicular, but are symmetrically 
placed with respect to the principal planes, so that the planes 
bisecting ike angles between the focal plmes also bisect the angles 
between the principal pla/nes. 

Further, the angle $ between the focal planes is given by 

Hence sm </> = cos 2d 1 = cos 8 - cos 8 d 3 

( 19 ). 

rj-r. 
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*98. Parameter of distribution. Consider again the con- 
secutive rays d and d + dd corresponding to the parameter values 
u, v and u + du, v + dv. Then in virtue of the results proved m 
Art. 68 we see that, if 

i) = [r' ) d'.d], 

the mutual moment of the two rays is Dds 3 , their shortest distance 
apart is Dd&Jda, while the parameter of distribution for the ray d 
on the ruled surface determined by du/dv is 



a D Dds' 
^“d' 3 ~ do* • 



... ( 20 ). 



Now Dds 3 = [dr, dd, d] 

= [r,dtt + r a dv, djdw + d^dv, d]. 

Expanding this triple product according to the distributive law we 
see that the coefficient of du* is equal to 

r j ji j dj X dj 

[Ti, d 13 d] = r 1 .d 1 x 1 

-^^•(/di-sd.) 

= \(af-Ve). 



Similarly the coefficient of dudv is equal to 

J Tj • da X (d, X da) + J r B • dj X (d, X da) 
"Jr,, (g&i -/da) + \ r a • (/dj - eda) 



= jr (ag + If- bf- ce), 
and the coefficient of dv 3 reduces to 

We may write the result m determinantal form as 

Dds 3 * I a ^ U ^ v > b'du + cdv I 
h | edu +fdv, fdu +gdv \ * 
so that the parameter of distribution has the value 
I adu + bdv, b'du + cdv I 
_ | edit +fdv , fdu + g dv | 

h(edu a + 2f dudv + gdv 3 ) 



( 21 ). 
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r the developable surfaces of the congruence # vanishes identi- 
ty. Equating this value of ft to zero we have the same differential 
lation (14) for the developable surfaces of the congruence, found 
jve by a different method. 

*99. Mean ruled surfaces. The value of $ as given by (21) 
i function of dufdv : and therefore, for any one ray, the parameter 
distribution is different for different surfaces through the ray. 
ose surfaces for which it has its greatest and least values are 
led the mea/n surfaces of the congruence through that ray The 
ferential equation of the mean ruled surfaces is obtained by 
uating to zero the derivative of $ with respect to dufdv. 

The analysis can be simplified by a suitable choice of the surface 
reference and the parametric curves Let the middle surface of 
3 congruence be taken as director surface. Then, by (8) or (16), 
follows that 

f(b +b') — ag-ce = 0. 

irther, let the parameters be chosen, as m Art. 96, so that the 
incipal surfaces correspond to the parametric curves Then, m 
'tue of (9), /= b + V = 0. Thus our choice of surface and curves 
reference gives the simplification 

/= 0, b + b'-O, ag + ce = 0 (22). 

le value of /S as given by (21) then reduces to 
_ _ bedu a + 2 agdudv + bgdiP 
** *Jeg (edu 3 +gdv*) 



-£*-\/5L£S*) » 

ie values of dufdv corresponding to the stationary values of f3 
e found by equatmg to zero the derivative of this expression with 
spect to dufdv. This leads to the equation 

edu 9 -gdiP (24), 



, in virtue of (22), to 

adu 9 + odiP =■ 0 (24), 

the differential equation of the mean surfaces. There are thus 
70 mean surfaces through each ray. Now on the spherical 
presentation the equation (24) is that of the curves bisectmg the 
igles between the parametric curves, which correspond to the 
'incipal surfaces. Hence the central planes for the mean surfaces 
w 13 
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bisect the angles between the principal planes , and therefore also the 
angles between the focal planes. Further, it follows from (5) and 
(240 that the distance r to the central point of the ray, relative to 
a mean surface, is zero Thus the central point of a ray, relative to 
either of the mean surfaces, coincides with its middle point. Both 
these results illustrate the appropriateness of the term “mean” as 
applied to these surfaces. 

The extreme values of the parameter of distribution, corre- 
sponding to the mean surfaces, are obtained by substituting m 
(23) the values of dujdv given by (24). Denoting these values of 
/3 by & and /S 2 we have 



a _ u 16 
Pa 7= “ ~ 

4eg 



..(25). 



The values of /3 for the principal surfaces are found from (23) by 
putting dv = 0 and du = 0 in turn. The two values so obtained are 
equal. Denoting them by we have 

For this reason the parameter of distribution for a principal surface 
is called the mean parameter of the ray. It is the arithmetic mean 
of the extreme values of the parameter of distribution. 

Let 0 be the inclination of the central plane of a ray for any 
ruled surface, to the central plane for the mean surface \Fedu = \fgdv , 
for which the parameter of distribution is &. We proceed to prove 
the formula 

= & cos a <f> + sin 3 <j> (26), 

for the parameter of the ray relative to the first surface. The 
formula is analogous to (12), and is proved m a similar manner. 
The unit common peipendicular to consecutive rays of the first 
surface is given by (10), being 

- (g&i dv — e&zdu). 
v eg do- 

For the mean surface *fedu = fgdv this becomes 
1 
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Hence the angle <f> between the central planes for the two surfaces, 
bemg the angle between these two perpendiculars, is given by 
equating its cosine to the scalar product of the unit vectors. Thus 
\fedu + */gdv 
V2 (eduP + gdiP)' 

r 2 edu* + gdv a 



cos<j> = 



and therefore sir 

Then, in virtue of (25), 



, , 1 'Jegdudv 

^ 2 edu a + gdv* m 



ft cos 2 + ft sin 2 $ = -^=. + 2a a / - 
veg 



dudv \ 
fidu' + gdiPJ 



as required. If ft and ft have the same sign, it follows from this 
formula that the parameter of distribution has the same sign for 
all surfaces through the ray. Such rays are said to be elliptic. If, 
however, ft and ft have opposite signs, the parameter of distribution 
is positive for some surfaces, negative for others. Such rays are said 
to be hyperbolic. If either ft or ft is zero the ray is said to be 
parabolic 

For the developable surfaces of the congruence ft vanishes iden- 
tically. Hence the inclinations of the focal planes to the central 
plane for the mean surface corresponding to ft are given by 

W = ±\/ (27)- 



It follows, as already proved, that the central planes for the mean 
surfaces bisect the angles between the focal planes. If ft = 0 the 
ray is parabolic, and the focal planes coincide with the central 
plane for this mean surface The two developables through the ray 
then coincide, and the foci coincide with the middle point of the 
ray. The two sheets of the focal surface are then identical. When 
this property holds for all the rays the congruence is said to be 
parabolic. 



Ex. 1. Show that, for a principal surfaoe, oos *<£=$. Deduce that the 
central planes for the mean surfaces bisect the angles between the principal 
surfaces. 



Ex. 2. The fooi are imaginary when the ray is elhptio. 



13—2 
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lOO. Normal congruence. A congruence of straight lines 
is said to be normal when its rays are capable of orthogonal inter- 
section by a surface, and therefore in general by a family of surfaces. 
Normal congruences were the first to be studied, especially in 
connection with the effects of reflection and refraction of rays of 
light. If this normal property is possessed by the congruence 
R = r + td, 

there must be variations of R representing displacements perpen- 
dicular to d, so that d • dR = 0, that is 

d • (dr 4- d dt + tdd) = 0, 
or d • dr = - dt. 

It follows that d • dr is a perfect differential Also the analysis is 
reversible, and therefore we have Hamilton's theorem that the 
necessary a/nd sufficient condition that a congruence he normal is that 
d • dr be a perfect differential. We may write 
d • dr = d • r : dw + d • r 2 dv } 
and if this is a perfect differential it follows that 

i(d.r,) = A( d .r g ), 
or da - r 1 = dj • r fl 

that is b = b' (28). 

Conversely, if this relation holds, the congruence is normal. 
Further, if b = b' it follows from (17) that 
/h-p a =n-r a . 

But pi + p a = + r a , 

and therefore p 1 = r 1 and = r a . Hence the foci coincide with the 
limits. Also the focal planes oomcide with the principal planes, and 
are therefore perpendicular to each other. 

The assemblage of normals to a surface S has already been cited 
as an example of a normal congruence. The foci for any normal 
are the centres of curvature, and the focal surface is the centro- 
surface of S. The focal planes coincide with the principal planes, 
and are the principal normal planes of the surface S. The normals 
to £ are also normals to any surface parallel to S This agrees with 
the fact that when we integrate dt =» - d . dr, the second member 
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being 1 a perfect differential, the result involves an additive constant, 
which is arbitrary Thus a normal congruence is out orthogonally 
by a family of surfaces. 

Ex. 1 . For rays of a normal congruence -fa and j9=0. 

Ex. 2. The tangents to a singly infinite family of geodesics on a surface 
constitute a normal congruence (Art. 81) 

Ex. 3. The congruences considered in the examples of Art. 95 are 
normal 

Ex. 4. For the congruence of normals to a given surface, take the surface 
itself as director surface and its lines of curvature as parametric curves 
(F= M= 0) Show that, since d = n, 

a=—L, &=&' = 0, o= —N, 
e=JL-EE ; /= 0, g=JN— KG, 

and deduce that the equation for the fooal distances from the surfaoe is the 
equation for the principal radu of curvature 

lOl. Theorem of Malus and Dupin. If a system of rays 
constituting a normal congruence is subjected to any number of 
reflections and refractions at the surfaces of successive homogeneous 
media , the congruence remains normal throughout. 

Consider the effect of reflection or refraction at the surface 
bounding two homogeneous media. Take this as director surface. 
Let r be the pomt of mcidence of the ray whose initial direction 
is that of the unit vector d, and which emerges parallel to d' 
Also let n be the unit normal to the surface at the pomt of mci- 
dence. Then, smce the incident and refracted (or reflected) rays 
are coplanar with the normal, we may write 
d = An + fid'. 

Hence dxn = fid' x n. 

But, by the laws of reflection and refraction of light, d x n/d' x n 
is constant for the same two media, bemg equal to the index of 
lefraction m the case of refraction, or to unity m the case of 
reflection. Hence (i is constant for the congruence. Now, for a 
displacement dr along the surface, n • dr = 0 and therefore 
d»dr=/id' *dr. 

But the first member of this equation is a perfect differential, since 
the incident system is a normal congruence. Consequently, fi being 
constant, d' • dr is also a perfect differential, and the emerging 
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system likewise is a normal congruence. Thus the system remains 
normal after each reflection or refraction, and the theorem is proved. 

*102. Isotropic congruence. When the coefficients of the 
two quadratic forms 

adv? + (b + b') dudv + cdtf and edv? + 2 frtudv + gdv * 
are proportional, that is to say when 

a b + b' :c = e .2f:g (29), 

the congruence is said to be isotropic. When these relations hold 
it follows from (5) that the central pomt of a ray is the same for 
all surfaces of the congruence which pass through the ray. Thus 
the two limits coincide with each other and with the middle point 
of the ray and the limit surfaces coincide with each other and 
with the middle surface The line of striction for any ruled surface 
of the congruence is the locus of the central points of its generators, 
and therefore the locus of the middle points of the rays. Thus the 
lines of striction of all surfaces of the congruence lie on the middle 
surface. 

Let the middle surface be taken as director surface. Then the 
value of r as given by (5) must vanish identically, so that 



a = 0, b + b' = 0, c = 0 .... (30) 

Hence dr»dd = Q (30') 



for any displacement dr on the middle surface. Thus if we make 
a spherical representation of the middle surface, making the pomt 
of that surface which is cut by the ray d correspond to the point 
d on the unit sphere, any element of arc on the middle surface is 
perpendicular to the corresponding element on the spherical repre- 
sentation. 

Moreover, m virtue of the relations (29) it follows that the value 
of as given by (21) is independent of the ratio du : dv Hence 
in am, isotropic congruence the parameter of distribution for any ray 
has the same value for all surfaces through that ray. Now, by (31) 
of Art. 71, the tangent plane to a ruled surface at a pomt of the 
generator distant u from the central pomt, is inclined to the central 
plane at an angle given by 

, , u 

tan $ = jg • 
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Hence, since the central point of a ray is the same for all surfaces 
through it, any two surfaces of the congruence through a given ray 
cut each other along this ray at a constant angle 

Ex. 1 . Ou a ray of an isotropic congruence two points P, Q are taken at 
a given constant distance from the middle surface m opposite directions along 
the ray Show that the surface generated by P is applicable to that generated 
by Q 

The points P and Q have position vectors r+*d and r-id, where t is 
oonstant. And for the locus of P 

da 3 =(dr + *cZd) 2 =(f£r) 2 +Z 2 (dd)«, 
in virtue of (30'). The same result is obtained for the locus of Q. 

Ex. 2. Deduce from (27) that, for ray a of an isotropic congruence , the foot 
and focal planes are imaginary. 

Ex. 3. The only normal isotropic congruence is a system of rays through 
a point. 



Curvilinear Congruences 



103. Congruence of curves. We shall now consider briefly 
the properties of a ourvilmear congruence , which is a family of 
curves whose equations involve two independent parameters. If 
the curves are given as the lines of intersection of two families of 
surfaces, their equations are of the form 

f(x, y, z, u,v) = 0, g fa, y, z, u, v) = 0 (31), 

in which u, v are the parameters. In general only a finite number 
of curves will pass through a point (cc 0s y 0 , z 0 ). These are deter- 
mined by the values of u , v which satisfy the equations 
/fa 0 , yo, * 0 . u, v) = 0, g fa„, y 0 , z 0l u,v) = 0 



The curve which corresponds to the values u t v of the parameters 
is given by 

f(u, v) = 0, g(u, v) = 0 (32). 

A consecutive curve is given by 

f{u + du,, v + dv) = 0, g (u + du, v+ dv ) = 0, 

or by 



• ■(33), 



f(u, v ) +fdu +f B dv = 0] 
g (u, v)+g 1 du + g 3 dv = 0) 
each value of the ratio du/dv determining a different consecutive 
curve. The curves (32) and (33) will intersect if the equations 
f^du +ftdv = 0, g x du + g t dv = 0 
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hold simultaneously, that is if j 

Hr x ’ (say) (34) - j 

The points of intersection of the curve u, v with consecutive curves 
are given by (32) and (34). These points are called the foci or 
focal points of the curve. The locus of the foci of all the curves is 
the focal surface of the congruence. Its equation is obtained by | 
eliminating u, v from the equations (32) and (34). The focal 
surface consists of as many sheets as there are foci on each curve. ( 
The number of foci on any curve depends upon the nature of 
the congiuence. The foci are found from the equations 

/= 0, g = 0, /i0 9 -/ a & = O (35) 

In the case of a rectilmear congruence, f=0 and g = 0 are planes. 
Hence the above equations are of order 1, 1, 2 respectively m the 
coordinates, showing that there are two foci (real or imaginary) on 
any ray. The two may of course comcide as in a parabolic con- 
gruence. In the case of a congruence of conics we may suppose j 
that f= 0 is a comcoid and g = 0 a plane. The equations deter- | 

mining the foci are then of order 2, 1, 3 respectively m the ! 

coordinates, and there are six foci on each conic. I 

104. Surfkces of the congruence. As m the case of 
a rectilinear congruence, the various curves may be grouped so 
as to constitute surfaces. Any assumed relation between the 
parameters determines such a surface. Taking the relation 

v = (j> (u) | 

and eliminating u, v between this equation and the equations of 
the congruence, we obtain a relation between x, y, z, representing 
one of the surfaces of the congruence Each relation between the 
parameters gives such a surface. There is thus an infinitude of 
surfaces corresponding to the infinitude of forms for the relation 
between the parameters. 

We shall now prove the theorem that all the surfaces of the 
congiuence, which pass through a given cu/rve, touch one another as 
well as the focal surface at the foci of that curve. Consider the 
surface through the curve u, v determined by the equations 

/=0, 0 = 0, v = <l>(u) (36). 
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Then any displacement ( das , dy, dz) on that surface is such that 

l <fo,+ |^ + l*+ [!+!£*' «] *»-° 

|<to + |% + |& + [| + |f(»)]d» = 0 
But at the foci 

£l = f* — \ 

9\ 9* ’ 

and therefore for any direction in the tangent plane at a focus we 
must have 



Thus the normal to the surface at the focus is parallel to the vector 




which is independent of the assumed relation between the para- 
meters, and is therefore the same for all surfaces of the congruence 
through the given curve. Hence all these surfaces touch one 
another at the foci of the curve. 

Again, the equation of the focal surface is the elimmant of u, v 
from the equations (32) and (34). At any pomt of the focal surface 
we have from the first of these 



% d * + ¥y d y+% d * + Tu dU + % dv=0 ' 



and therefore, in virtue of (34), 



&das+%£dy + ^dz . . 

das dy » dz = 



d /d« + d /c 



t + z^dz 
dz 



__ wm/ n m ... 9s. 9s 

das vmu ~ r d y v 

Thus (das, dy, dz) is perpendicular to the vector (37), which is 
therefore normal to the focal surface. Hence at a focus of the curve 
the focal surface has the same tangent plane as any surface of the 
congruence which passes through the curve. The theorem is thus 
established. It follows that any surface of the congruence touches 
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the focal surface at the foci of all its curves The tangent plane 
the focal surface at the foci of a curve are called the focal plant 
the curve. 



105. Normal congruence. A curvilinear congruence is £ 
to be normal when it is capable of orthogonal intersection b 
family of surfaces Let the congruence be given by the equati 
(31). Along a particular curve the parameters u , v are const! 
and therefore, for a displacement along the curve, we have 
differentiation 

dx _ dy _ dz 
\y> z) \Z, X) \x, y) 



If m this equation we substitute the values of u, v m termE 
x,y,z as given by (31), we obtain the differential equation of 
curves of the congruence in the form 

dx _dy _dz 
X~Y~~Z 



■ (381 



where X, Y, Z are independent of u , v. If then the congruenci 
normal to a surface, the differential equation of the surface must 

Xdx+Ydy + Zdz = 0 (39) 

In general this equation is not mtegrable. It is well known fr 
the theory of differential equations that the condition of integ 
bility is 




If this condition is satisfied there is a family of surfaces satisfy 
the equation (39), and therefore cutting the congruence ort 
gonally. 



Ez. I . The oongruenoe of circles 

lv+my+nz=u } x?+y i +z 2 =v 
has for its differential equation 

dx dy dz 

ny — onz le-nx mx—ly' 

Hence they are normal to the surfaces given by 

(ny — mz) dx + ( Iz — nx) dy + (mx -ly)dz= 0. 

The oondition of mtegrability is satisfied, and the integral may be expres 
ny — mz=o(nx — lz\ 
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where o is an arbitrary oonstant. This represents a family of j 
common lone of intersection xjl=yjm=zjn. 

Ex. 2. The congruence of conics 

y-s=u, (y+«) a — 

has a differential equation 



It is normal to the surfaoes given by 

(y+s)dx+dy+dss-* 0. 

The condition of integrabihty is satisfied, and the integral is 
y+s=ce~ x . 

Ex. 3. Show that the congruence of circles 
aP+y % +s i =uy=vg 

has the differential equation 

cLv dy _ dz 

x 3 ~y i -g i= ‘ 2 xy ~ 2xz * 

and is out orthogonally by the family of spheres 
aP+yt+gt^oi v. 



EXAMPLES XIII 
Rectilinear Congruences 
1 . The current point on the middle surface is 
R=r+«d, 

where [f(b+b')-eo-ga\. 

The condition that the surface of reference may be the middle surface is 
■ eo+gasaffi+U) 

Q, Prove that, on eaoh sheet of the fooal surface, the curves corresponding 
to the two families of developable surfaces of the congruence are conjugate. 

3. The tangent planes to two confocal quadnos at the points of contact 
of a common tangent are perpendicular. Hence show that the common tan 
gents to two confocal quadncs form a normal congruence. 

4 . If two surfaoes of a congruence through a given ray are represented on 
the unit sphere by ourves which out orthogonally, their linos of etriction meel 
the ray at points equidistant from the middle point. 

5 . Through each point of the plane *=0 a ray (l, m, n) is drawn, suoh that 

l=ky, m**-kx, n='Jl—k i {at i +y v ), 

Show that the congruence so formed is isotropic, with the plane z=*0 aa 
middle surface. 





6. In Ex. 1, Art 102, prove conversely that, if the surfaces are applicable, 
the congruence is isotropic. 

7. If ( l , j», w) is the unit normal to a minimal surface at the current point 
{x, y, t), the line parallel to (m, — l, n ) through the pomt (x, y, 0) generates 
a normal congruence. 

8 . The lines of stnotion of the mean ruled surfaces he on the middle 
surface. 

9. For any ohoioe of parameters the differential equation of the mean 
surfaces of a congruence is 

ag — (b+ b')f+ ce a difi + (b 4- b‘) du dv + o dv s 
2/i a ™ edu?+‘2fdudv+gdv 2 

1 0. The mean parameter of distribution (A$. 99) of a congruence is the 
square root of the difference of the squares of the distances between the limits 
and between the fooL 

1 1 . If the two sheets of the focal surface interseot, the curve of inter- 
section is the envelope of the edges of regression of the two families of 
developable surfaces of the congruence. 

12. In the congruence of straight lines whioh interseot two twisted 
curves, whose arc-lengths are t, s', the differential equation of the developable 
surfaces of the congruence is dsdaf = 0 The focal planes for a ray are the 
planes through the ray and the tangents to the curves at the points where it 
cuts them. 

1 3. One end of an inextensible thread is attached to a fixed point on 
a smooth surface, and the thread is pulled tightly over the surface. Show 
that the possible positions of its straight portions form a normal congruence, 
and that a partiole of the thread describes a normal surface. 

14. In the congruence of tangents to one system of asymptotic lines on 
a given surface, S, show that the two sheets of the focal surface coincide with 
each other and with the surface 3, and that the distance between the limit 
points of a ray is equal to 1/S —K, K being the speoifio curvature of the 
surface S at the pomt of oontact of the ray 

Take the surface S as director surface, the given system of asymptotio 
lines as the parametric curves v= const., and their orthogonal trajectories as 
the curves u= const. Then, for the surface 3, 



Z=0, F= 0, 




Also, with the usual notation, d=I , 1 /v^ and therefore 
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'om these it is easily verified that 

y=o, 

2 n /E 



=0, b=~- 

°v 
, E<jQ\ 

= 4 EG* /= AEG* 



Ox 

"s* IE' 

4 M*G+Q? 
a ’ 



A s 



M*E? 
~ 4JE*Q ' 



ae equation (15), for the distances of the foci from the direotor surface, 
duces to p 2 =0 >Thus the fooi oomoide; and the two sheets of the fooal 
rface ooincide with the surface S The congruence is therefore parabolic 
Lit. 99). Similarly the equation (7), for the distances of the limits, reduces to 
. E& 1 
r= 4^ = ^4Z> 



r " ± 2V=X' 

hus the distance between the limits is l/\/ —R. 

15. When the two sheets of the fooal surface of a reotilinear congruence 
unoide, the specifio curvature of the fooal surface at the point of contaot of 
ray is — l/Z 3 , where l is the distance between the hunts of the ray. 

10. If, in a normal congruence, the distance between the foci of a ray is 
Le same for all rays, show that the two sheets of the fooal surface have their 
>ecifio ourvature constant and negative. 

1 7. Bays are incident upon a reflecting surface, and the developables of 
ie inoident congruence are reflected into the developables of the reflected 
ragruence Show that they out the reflecting surface in conjugate lines 

1 8. When a congruence consists of the tangents to one system of lines 
' ourvature on a surfaoe, the focal distances are equal to the radii of geodesic 
irvature of the other system of lines of ourvature. 

19 . A necessary and sufficient condition that the tangents to a family of 
irves on a surface may form a normal congruence is that the curves be 
sodesics. 

£ 20 . The extremities of a straight line, whose length is constant and 
hose direction depends upon two parameters, are made to describe two 
irfaces applicable to each other Show that the positions of the line form 
a isotropio congruence. 

Q 1 . The spherical representations (Art 94) of the developable surfaces 
f an isotropio congruence are null lines. 

£2 £ 2 . In an isotropic congruence the envelope of the plane which cuts 
ray orthogonally at its middle point is a minimal surface. 
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Cw'viLinear Congruences 

23 . Prove that the congruence 

x-y~u(i-x) 1 
(x-y) s (x+y+e)=vj 

is normal, being out orthogonally by the family of surfaces 
yz+ex+xy=c?. 

24 . Show that 

2x 3 —y 3 = u 3 , 3 y 3 + 2z 3 =v 3 

represents a normal congruence, cut orthogonally by the surfaces 
xy 3 =aP 

25 . Four surfaces of the congruence pass through a given ourve of the 
congruence Show that the cross-ratio of their four tangent planes at a point 
of the curve is independent of the point chosen 

26. If the curves of a congruence cut a fixed ourve, C t eaoh point of 
intersection is a focal point, unless the tangents at this point to all curves 
of the congruence which pass through it, are ooplanar with the tangent to 
the ourve C at the same pomt. 

27. If all the ourves of a congruence meet a fixed ourve, this fixed ourve 
lies on the focal surface. 

28 . Show that the congruence 

(*) + (y) + a x( e )=u\ 

<K*)+'l'(y)+x (*)-•/ 

is normal to a family of surfaces , and determine the family. 

28 . Find the parallel plane sections of the surfaces 
<l>(^)+^(y)+x(e)=u 

whioh constitute a normal congruence , and determine the family of surfaces 
which out them orthogonally 

30 . If a congruence of oiroles is out orthogonally by more than two 
surfaces, it is cut orthogonally by a family of surfaoes Such a congruence is 
called a cyclic system J 

Note. The author has recently shown that ourvihnear congruences may bo 
more effectively treated along the same lines as rectilinear congruences. The 
existence of a limit surface and a surface of etnction is thus easily established, 
and the equations of these surfaces are readily found. See Art. 129 below. ' 




CHAPTER XI 

TRIPLY ORTHOGONAL SYSTEMS OF SURFACES 

106. A triply orthogonal system consists of three families 
of surfaces 

u ( x , y, z) — const. 
v (as, y, z) — const. 
w (as, y, z) = const 
which are such that, through each point of space passes one and 
only one member of each family, each of the three surfaces cutting 
the other two orthogonally. The simplest example of such a system 
is afforded by the three families of planes 

as = const , y = const., z = const., 

parallel to the rectangular coordinate planes. Or again, if space is 
mapped out in terms of spherical polar coordinates r, 6, <f>, the 
surfaces r = const, are concentric spheres, the surfaces 6 = const 
ire coaxial circular cones, and the surfaces <f> = const, are the 
meridian planes. These three families form a triply orthogonal 
system. Another example is afforded by a family of parallel sur- 
aces and the two families of developables in the congruence of 
lormals (Arts. 74, 100). The developables are formed by the 
lormals along the lmes of curvature on any one of the parallel 
surfaces. As a last example may be mentioned the three families 
)f quadrics confocal with the central quadric 




t is well known that one of these is a family of ellipsoids, one 
i family of hyperboloids of one sheet, and the third a family of 
lyperboloids of two sheets This example will soon be considered 
n further detail 

107. Normals. The values of u, v, w for the three surfaces 
hrough a pomt are called the curvilinear coordinates of the pomt. 
Sy means of the equations (1) the rectangular coordinates as, y, z, 
nd therefore the position vector r, of any point in space may be 
xpressed in terms of the curvilinear coordinates. We assume that 
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this has been done, and we denote partial derivatives with res] 
to w, v, w by the suffixes 1, 2, 3 respectively. Thus 



r i = 



3r 

dit’ 



r* 



dr = &r_ 
dw * 19 dudv ’ 



and so on. 

The normal to the surface u = const, at the point (a, y, z 
parallel to the vector 

/ du 3 u 3iA 
V^c’ 3 y' 3 z)’ 



Let a denote the unit normal m the direction of u increasi 
Similarly let b and c denote unit normals to the surfaces v = co 



o 

>N 





Pig 25. 



and w = const, respectively, in the directions of v increasing a 
w mcreasmg. Further we may take the three families in tl 
cyclic order for which a, b, o are a right-handed system of ui 
vectors. Then since they are mutually perpendicular we have 
a«b=b .c=c»a=0 ' 

and a = bxc, b = c x a, c = a x b 

And, because they are unit vectors, 

a s = b s = c 9 = 1 (3). 



Since the normal to the surface u = const, is tangential to t 
surfaces v = const, and w = const through the pomt considers 
for a displacement ds in the direction of a both v and w a 
constant. In terms of the change du in the other parameter let 
d8=pdu. 
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Thus pdu is the length of an element of arc normal to the surface 
u = const. The unit normal in this direction is therefore given by 
_dr _ 1 9r _ 1 
a ds pdu p Tl * 

so that r!=^a (4), 

and therefore i \*=p*. 

Similarly if the elements' of arc normal to the other two surfaces, 
in the directions of b and c, are qdv and rdw respectively, we have 

r a = q\>, r 8 = rc (5), 

and consequently r a a = q ■ r 8 a = r*. 

Thus rj, r a , r 8 are a right-handed set of mutually perpendicular 
vectors, so that 

r i • r fl = r a • r 8 = r 8 • Tj = 0 (6) 

Further, in virtue of (2), (4) and (5), 



V 

rp 

r 8 x rj = -^-r a 

pq 

r, x r 2 =^r 3 



...(7), 



and [r 1} r a , r 8 ] = pqr [a, b, c] =pqr (8). 

108. Fundamental magnitudes. A surface u = const, is 
cut by those of the other two families in two families of curves, 
v = const. and w = const Thus for points on a surface u = const 
we may take v, w as parametric variables Similarly on a surface 
v =» const, the parameters are w, u and so on Thus the parametric 
curves on any surface are its curves of intersection with members 
of the other families On a surface u = const the fundamental 
magnitudes of the first order are therefore 
E = rf = q* | 

F = r a • r 8 = 0 \ (9), 

(? = r 8 a = r 2 J 

so that E* = ^ a 7 ,a , 

and similarly for the other surfaces Since F= 0 the parametric 
curves on any surface constitute an orthogonal system. 



w. 



14 
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To find the fundamental magnitudes of the second order we 
examine the second derivatives of r. By differentiating the equa- 
tions (6) with respect to w, u, v respectively, we have 
r u *T a + r l *r w = 0' 

Tjh • Tj-t- Fa * Fgi == 0 " . 

r 8a • Tj + r s • r ia = 0, 



Subtracting the second and third of these, and comparing the 
result with the first, we see immediately that 



.... ( 10 ). 



ii • ira = r a • r n = 0 j 
Similarly r 8 • r 18 = 0 j 

Again, by differentiating rf = with respect to u, v, w, we have 



FiTn^l 

( 11 ), 

r 1 T 18 =pp 3 J 

and therefore r a • r n = — r x • r u = — 

r s • r„ = - r x • r 18 = —pp 3 ) 

with two similar sets of equations. Now the unit normal to the 
surface u = const, is rjp, and the parameters are v, w. Hence the 
second order magnitudes for that surface have the values 
r 1 11 

M= — Ti • r m = 0 y.... (13). 

AT- 1 1 I 

N = -r,.r 33 = --rr 1 
P P ; 

Similar results may be written down for the surfaces v = const, and 
w => const. They are collected for reference in the table* 



Surfaoe 


Parameters 


E 


F 


a 


H 


L 


1 M 


N 


u= const. 


v, w 




0 


r 2 


qr 


1 


0 


1 

TT\ 

P 


const 


V), u 


r 2 


0 


P 2 


rp 


i 

T a 


0 


1 

-~PP2 


w =» const 


V, V 


P 2 


0 


ff 2 


n 


i 

~;PPb 


0 


1 

1 | h-> 
§ 



* Forsyth gives a similar table on p. 418 of bis “Lectures.” 
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Ex. Elliptic coordinates. Consider the quadrics confocal with the 
ellipsoid 

^ + ^ + ? =1 ’ 



in which we may assume a 8 > ft 8 > c 8 . The oonfocals are given by 

+ e» + X * 

for different values of X Hence the values of X for the confooals through 
a given point (a?, y, e) are given by the oubio equation 

<j> (X)a (a 8 +X) (6 8 +X) (o 8 +X)- Sjb 2 (fc 8 +X) (o 8 +X)=0 
Let «, «, w denote the roots of this equation. Then, Bmce the coefficient of 
X 8 is equal to unity, we have 

(X - «) (X - v) (X - «) s (a 8 + X) (6 s +X) (c 8 + X) - 2a 8 (ft 8 +X) ( 0 ®+ X) 

If m this identity we give X the values - a 8 , - 6 s , - c 8 in succession, we find 
^ _ (a 8 + u) (a J + y) (a 2 + w)' 

A — (a 8 — 6^ (a 8 -c 8 ) 

w »_( 6> +«)( 6> + *)( 6 ’+«) I a4 N 

y ~ (& 8 -c*)(3 8 -a 8 ) v ' 

2 (o 2 +w)(c 8 + y)(c 8 +w) 

Z = (c s — uF) (o 8 — 6 8 ) J 

These equations give the Cartesian coordinates m terms of the parameters 
u, v , w, which are oalled the elliptic coordinates of the point (a?, y, 2 ). 

By logarithmic differentiation of (14) we find 

r =(— ty- -\ = - ( X y z \ 

1= \om’ 3 u* du) 6 2 +^i , c 8 +m/* 

with similar expressions for r 2 and r 8 . From these the relations (6) are easily 
verified, and further 

«» = ri s= (*-«)(“-«) 

" 1 4 (a^+t^f^+u^+w)’ 

j _ s= (v-w)(v-u) 

q = 2 4(a 8 + i>) (3 8 +u) (<^+v)* 

.■8 r a = (u>-u)(w-v) 

8 i(a i +w)(b i +w)(d i +w)' 

These are the first order magmtudes E, Q for the confocal surfaces, F being 
equal to zero , and by partial differentiation we may calculate X, E according 
to the above table 



109. Dupin' s theorem. We have seen that, for each surface 
of a tnply orthogonal system, F= 0 and M=0. Thus the para- 
metric curves are lines of curvature, and we have Dupin’s theorem : 
The curves of intersection of the surfaces of a tnply orthogonal 
system are lines of curvature on each. 
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The principal curvatures on each of the surfaces are then easily 
calculated On a surface u = const, let k uv denote the principal 
curvature in the direction of the curve of parameter v (the curve 
w = const.), and k w the principal curvature in the direction of the 
curve of parameter w (the curve v = const.). Then 
, ji'i 

E Pi \ (15). 

Similarly on a surface v = const the principal curvatures in the 
directions of the curves of parameters w and u are respectively 
L 

= E" 



Q qp 



K vu 1 



••(16), 



and on a surface w = const, m the directions of the curves of 
parameters u, v they are respectively 



= — ~ — P± 

E rp 



..(17). 



Kvm ~ Q~ 

Let /Co be the curvature of the curve of parameter u. Then 
since k w u and /c w are the resolved parts of the vector curvature of 
this curve m the directions of the normals c and b respectively, 
we have (Art. 53) 

/c u cos “sr = Kv/uy k u sin «r = k w .... (18), 

where w is the normal angle of the curve relative to the surface 
w = const Hence 

K u ~ K wu + /£«** 

and tano- = -^ = ^ 

Kw qp»’ 

with similar results for the curves of parameters v and w. Further, 
smce the curve of parameter u is a line of curvature on the surface 
w = const., the torsion W of its geodesic tangent is zero. Hence, 
by Art. 50, its own torsion r is given by 

d'ts 1 3 tT 

T= ~ds~~pdu 



1 

1 



.(19). 
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HO. Second derivatives of r. Explicit expressions for the 
second derivatives of r in terms of r,, r 8 , r 8 are easily calculated. 
The resolved parts of r u in the directions of the normals a, b, o 
are respectively 

r u • a, r u • b, r u • c, 

111 

or ~ r i • r m ~ r a • r iu ~ r 8 • r u , 

which, in virtue of (11) and (12), are equal to 



-~PP» -~pp- 

Hence we may write 

ru=|p.r 1 -£p.r 1 -£p.r.' 

and similarly r a = ^ J.r, - ^ q, r, j,r, >■ 



-~ r ‘ r '-^ r ' T '-q< r ° T \ 



In the same way we find that the resolved parts of r m in the 
directions of a, b, c are respectively 

0, q s> r 2 . 

Hence the result 

1 ,1 ' 

r at = -fcr 8 + -r 8 r 8 

and similarly r 81 = i nr,, + ip 8 rj V (21) 

We may also calculate the derivatives of the umt normals 
a, b, c. For 

3a 0 /rA 1 1 

=« r u-r a Pi r i 



du du\p) p u p 2i 



-iP>**~jiP» r. 

1 X- 1 



by (20) 
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Similarly 



and 



3a _ 3 /rA _ 1 1 

dv dv\p) p Tjs p a P* Tl 

by (21) 



1 

= — ?lT, 

pqV 

1 _ 

= -S.b, 



3a 1 1 

r 3 = - r : c, 
aw pr P 



with corresponding results for the derivatives of b and c. 
Ex. Prove the relations 

r n a =iJi 2 +^ S pa a +^P3 a , 



Til" I'm = —^P2?s—^Pa r n 

1*12 • ris'^i’sj’ai 
r23 a = S , 8 S + r a a » 

with similar results derivable from these by oyolio interchange of variables 
and suffixes. 



111. Lamg’s relations. The three parameters u, v, w are 
curvilinear coordinates of a pomt r m space. The length ds of an 
element of arc through the point is given by 

ds 2 = dr a = (rj du + r a dv + r z dwf 
=p a du 3 + q a dv a + r^dvP, 

since r lt r a , r 8 are mutually perpendicular. The three functions 
p, q } r are not independent, but are connected by six differential 
equations, consisting of two groups of three. These were first 
deduced by Lam6*, apd are called after him. We may write them 




* Legem sur let coordirtiet mrvilignes et leura diverges applications, pp, 78-79 
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and 


p a= M> + m\ 

r q r 









(23) 



They may be proved by the method employed in establishing the 
Mainardi-Codazzi relations. Thus if m the identity 
9 9 

dv ril = du r *' 

we substitute the values of r u and r ls given by (20) and (21), and 
after differentiation substitute agam the values of the second 
derivatives of r in terms of the first derivatives, we find an equa- 
tion in which the coefficient of vanishes identically, while the 
vanishing of the coefficients of r 9 and r„ leads to the third equation 
of (22) and the first of (23). Similarly from the identity 
9 9 

dw r *=dv rm 

we obtain the first of (22) and the second of (23); and from the 
identity 

9 _ 9 

9 u Tva dw T ° 

the second of (22) and the third of (23). 

Moreover, just as the six fundamental magnitudes E, F, G, 
L, M, 1 SF, satisfying the Gauss characteristic equation and the 
Mamardi-Codazzi relations, deter mine a surface except as to 
position and orientation in space (Art 44), so the three functions 
p, q, r, satisfying LamSs equations, determine a triply orthogonal 
system of surfaces except as to position and orientation in space. 
But the proof of this theorem is beyond the scope of this book*. 

Ex.t Given that the family w= const, of a tnply orthogonal system are 
surfaces of revolution, and that the curves v== const are meridians on these, 
examine the nature of the system. 

On the surfaces w = const , u and v are the parameters. Since the curves 
v = const, are meridians they are also geodesics, and therefore E is a function 
of u only (Art. 47), the parametric curves being orthogonal Thus p s *= 0 
From the first of (23) it then follows that either r 2 =0 or p B =0. 

* Bee Forsyth, §§ 248-261. t Of. Eisenhart, § 184. 
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In the first case, since pa=0 and r 2 =0, (16) gives k vu =0 and k w =0. Thus 
the surfaces a = const, are planes; and since they are meridian planes, the 
axes of the surfaces of revolution must coincide. The surfaces w= const. and 
u=» const are therefore those obtained by taking a family of plane ourves 
and their orthogonal trajectories, and rotating their plane about a line in it 
as axis. 

In the second case we have jt? 8 =0, and therefore, m virtue of (17), k w =0. 
Consequently the family of surfaces to = const, are developables, either circular 
cylinders or ciroular cones. Further, since j> 2 “0, k vu = 0 by (16), and therefore 
tne surfaces const, are also developables And we have seen that 

K u a =K mt s +K tu a , 

so that jc„ also vanishes. Thus the ourves of parameter u are straight lines, 
and the surfaces u** const parallel surfaces. These parallel surfaces are planes 
when the surfaces w = const, are cylinders. 

*112. Theorems of Darboux. In conclusion we shall con- 
sider the questions whether any arbitrary family of surfaces forms 
part of a triply orthogonal system, and whether two orthogonal 
families of surfaces admit a third family orthogonal to both. As 
the answer to the second question supplies an answer to the first, 
we shall prove the following theorem due to Darboux 

A necessary and sufficient condition that two orthogonal families 
of surfaces admit a third family orthogonal to both is that their 
ourves of intersection be lines of curvature on both . 

Let the two orthogonal families of surfaces be 

u(oo,y,z) = const.) ^ 

v («, y, z) = const.) ' 

Their normals are parallel to the vectors Vu and Vv. Denoting 
these gradients by a and b respectively, we have the condition of 
orthogonality of the surfaces, 

• a»b = 0. 

If there exists a third family of surfaces 

w (a, y, z) = const (26), 

orthogonal to each of the above families, then any displacement 
dr tangential to (25) must be coplanar with a and b; that is 

a x b • dr=Q 

* This Art. is intended only for readers familiar with the formulae of advanced & 

Vector Analysis. The differential invariants employed are three-parametrio, and I 

should not be confused with those of the following chapter. | 
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The condition that this differential equation may admit an integral 
involving an arbitrary constant is 

(axb)« V x(axb) = 0, 
which may be expanded 

axb*(b* Va-a*Vb + aV •b-bV.a) = 0 ...(26). 
The scalar triple products from the last two terms vanish, owing 
to the repeated factor. Further, since a • b = 0, it follows that 
0 = V (a • b) = a • Vb + b • Va + b x (V x a) + a x (V x b). 
Again the last two terms vanish since 

V x a = V x Vu = 0 
and 7 xb = VxV® = 0. 

Consequently a • Vb = - b • Va. 

Substitutmg this value in (26), we have the condition 

(a x b) • (a • Vb) = 0 (27) 

for the existence of a family of surfaces orthogonal to both the 
families (24). 

Now consider a curve cutting the family of surfaces u = const 
orthogonally. A displacement dr along this curve is parallel to 
the vector a at the point and therefore, in virtue of the con- 
dition (27), 

dr x b . (dr • Vb) = 0, 

which may be written 

[dr, b, db] = 0. 

Now the curve considered lies on a member of the family v= const.; 
and, as b is normal to this surface, the last equation shows that 
the curve is a lme of curvature. Thus the curves which cat the 
surfaces u = const, orthogonally are lines of curvature on the 
surfaces v = const. Hence their orthogonal trajectories on tho 
latter are also lines of curvature. But these are the curves of 
intersection of the two families (24). Since these are lmes of 
curvature on v = const., and the two families cut at a constant 
angle, it follows from Joachimsthars theorem that they are also 
lmes of curvature on the surfaces u = const., and Darboux’s theorem 
is established. 

We may now proceed to answer the other question, whether an 
arbitrary family of surfaces 

u («» y> &) = const (28) 
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forms part of a triply orthogonal system. If there is a second 
family of surfaces orthogonal to the above, their curves of inter- 
section must be lines of curvature on u = const Hence, a family 
of lines of curvature on (28) must constitute a normal congruence 
if there are to be three orthogonal families. 

Let t denote the wait tangent to a line of curvature on w=conBt. 
Then the necessary and sufficient condition that the lines of ourva- 
ture of this system should constitute a normal congruence is that 
t • dr admits an integral involving an arbitrary constant. The 
condition for this is 

t • V xt = 0 (29). 

As for the direction of t we observe that, if n is the unit normal 
to the surface u = const , the tangent t to a line of curvature ie 
parallel to the rate of change of n in that direction; that is to say 
t is parallel to dn, and therefore to dr • Vn. Hence, since dr has 
the direction of t, 

t • Vn = \t, 

where X is a scalar factor. Thus t is expressible in terms of th< 
first and second derivatives of u, and the equation (29) is therefore 
of the third order m these derivatives. Moreover the above analysii 
is reversible, and so we have Darboux’s theorem- 

In order that a family of surfaces u (as, y, z) = oonst. may font 
part of a triply orthogonal system, it is necessary a/nd sufficient tha 
u should satisfy a ceHain partial differential equation of the thin 
order. 

Such a family of surfaces is called a Lame family. 

EXAMPLES XIV 

1 . Show that any family of spheres or planes, whose equation oontain 
one parameter, can form part of a triply orthogonal system. 

22. Show that a family of parallel surfaoes is a Lamd family. 

3. Prove the existence of a triply orthogonal system of spheres. 

4. A necessary and sufficient condition that the surfaoes «= const. c 
a triply orthogonal system be parallel is that p be a function of u alone. 

5. The curves p™ oonst. are curves of equidistance on a surface it=cons1 
between consecutive members of that family. 

6. Examine the existence of a triply orthogonal system of minim* 
surfaces. 
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7. Prove that the equations (21), satisfied by r, are also satisfied by r®. 

8. Deter min e a triply orthogonal system of surfaces for whioh 

p=l, £=>1, r=Au+Bv+0, 
where A, B, G are funotions of w alone. 

9 . Prove that the surfaoes 

xy=va % , a: a +y a +a J =w (a^-y a ) 

are a tnply orthogonal system 

10 . Prove that the surfaoes 

yz=ax, iJx 2 +y 2 + s/x 2 +z i =b, Jas i +^->Jx 1 +z t =o 
out one another orthogonally Hence show that, on a hyperbolio paraboloid 
whose principal sections are equal parabolas, the sum or the difference of the 
distances of any point on a line of curvature from tho two generators through 
the vertex is constant. 

11. A triply orthogonal system of surfaces remains triply orthogonal 
after mversion (Art 83) 

1 2. Putting p*= a, q 2 =b, r a =c, rewrite the equations (20) to (23) of the 
present chapter in terms of a, b, o and their derivatives*. 

1 3. Oaloulate the first and second ourvatures of the surfaces of a triply 
orthogonal system m terms of j?,q,r, also in terms of a, b , c. 

1 4. The reciprocal system of vectors to i^, Pa, Ta of the present ohapter 
is 1, m, n, where [Elem. Vect Anal., Art 47] 

l=ri/o, m=r a /&, n=r s /o. 

Calculate the derivatives of these vectors m terms of 1, m, n , a, b, o. 

* For orthogonal systems either of these notations is satisfactory , hut, with triple 
systems generally, it ib better to treat the squares and soalai products of the deriva- 
tives of r as the fundamental quantities See Art. 128, or a reoent paper by the 
author “On Triple Systems of Surfaoes, and Non-Orthogonal Curvilinear Coordi- 
nates, ’’ Proa. Royal Soo. Edin. Vol. 40 (1926), pp 194 — 205. 




CHAPTER XII 

DIFFERENTIAL INVARIANTS FOR A SURFACE 

113. Point-functions. In tins chapter we propose to give a 
brief account of the properties and uses of differential invariants 
for a surface. The “differential parameters ” introduced by Beltrami 
and Darboux have long been employed in various parts of the sub- 
ject. The author has shown, however, that these are only some of 
the scalar members of a family of both vector and scakur differential 
invariants *, which play an important part in geometry of surfaces, 
and m the discussion of physical problems connected with curved 
surfaces. 

A quantity, which assumes one or more definite values at each 
point of a surface, is called a function of position or a point-junction 
for the surface. If it has only one value at each pomt it is said to 
be uniform or single-valued. We shall be concerned with both 
scalar and vector point-functions, but in all cases the functions 
treated will be uniform. The value of the function at any point of 
the surface is determined by the coordinates u, v of that pomt, it 
is therefore a function of these variables. 

114. Gradient of a scalar function. Consider first a scalar 
function of position, <f) (u, v). We define the gradient or slope of the 
function at any pomt P as a vector quantity whose direction is that 
direction on the surface at P which gives the maximum arc-rate 
of increase of tjj, and whose magnitude is this maximum rate of 
increase. There is no ambiguity about the direction; for it is the 
direction of increase, not decrease. 

A curve <f> = const, is called a level curve of the function Let 0, 
O' be two consecutive level curves, corresponding to the values <j> 
and <f> + d<j> of the function, where d(f> is positive. Let PQ be an 
element of the orthogonal trajectory of the level curves, intercepted 
between 0, O', and let dn be the length of this element Let PR 

* The theory of these invariants has been developed at some length by the author 
in a paper entitled: “On Differential Invariants in Geometry of Surfaces, with 
some applications to Mathematical Physios,” Quarterly Journal of Mathematics, 
Yol. BO, pp. 280-269 (1926). 
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be an element of arc of another curve through P, cutting O' in R, 
and let ds be the length of PR. Then clearly PQ is the shortest 
distance from P to the curve O', and its direction is that which 




Fig. 20. 

gives the maximum rate of increase of 0 at P. Thus the gradient 
of (f) at P has the direction PQ and the magnitude d(f>/dn. This 
vector will be denoted* by V<f> or grad <f>. If m is the unit vector 
in the direction PQ, orthogonal to the curve <f> = const., we have 



And from the above definition it is clear that grad <fj is independent 
of the choice of parameters u, v. It is itself a pomt-function for the 
surface. 

The rate of increase of <f> in the direction PR is given by 

d<f> d(f> dn _ d<f> q 

ds ~~ dnds dn * 

where 6 is the inclination of PR to PQ. Thus the rate of increase 
of <f> m my direction along the surface is the resolved part of V<j> in 
that direction If c is the unit vector in the direction PR, the rate 
of increase of </> in this direction is therefore o • This may be 
called the derivative of <f> m the direction of c. If dr is the elementary 
vector PR we have dr = c ds; and therefore the change dcfj in the 
function due to the displacement dr on the surface is given by 

d<f> = ^ds = ds( c.V<£) 

or d^> = dr»V0 (2). 

From the definition of it is clear that the curves </> = const, 
will be parallels, provided the magnitude of V<£ is the same for 
all points on the same curve; that is to say, provided (V<£)* is a 

* We shall borrow the notation and terminology of three-parametnc differential 
invariants. 




222 DIFFERENTIAL INVARIANTS FOR A SURFACE [XU 

function of <j> only Hence a necessary and sufficient condition that 
the curves <f> = const, he parallels is that (V<£) a is a function of <f> only 
The curves i/r = const, will be orthogonal trajectories of the curves 
$ = const, if the gradients of the two functions are everywhere per- 
pendicular. Hence the condition of orthogonality of the two systems 
of curves is* 

V<£ • = 0. 

Although the gradient of 0 is independent of any choice of 
parameters, it will be convenient to have an expression for the 
function in terms of the selected coordinates u, v This may be 
obtained as follows. If Su, 8v is an infinitesimal displacement along 
the curve <j> (u> v) = const., 

<j> 1 8u + faBv = 0. 

Hence a displacement du, dv orthogonal to this is given by 
(Art 24) 

du _ G(f)i — F<p 6 
dv ~ Efa — Jf'fa' 

The vector 

V = r, + (E<j> a - Ffr) r s 

is therefore parallel to V<£. But the resolved part of this in the 
direction of r x is equal to 

7E* v = m-m £ 

_ S' ' 1 dA 

* Beltrami's differential parameter of the flrBt order, A 1 <f>, ia the square of the 
magnitude of V0, that is 

A 1 0 = (V0)» 

His mixed differential parameter of the first order, A l (<p, yt -), is the Boalar produot 
of the gradients of <p and or 

A i(0> ^) = V0* V^. 

Darboux’s funotion 0 (</>, \ji) is the magnitude of the veotor produot of V<p and Vyf-; 
that is to Bay 

0(0, yfr) n=V0xV0 

The lnolination 9 of the curve 0= const to the ourve <p = couBt. is also the inclination 
of V0 to V0 And, smce oos a 9 + sm a 6 = I, it follows from the last two equations, on 
squaring and adding, that 

*i s (0, 10 +0® (0, l0=(V0) a (V0)i 

=Ai0 A x 0. 
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ach is H 3 times the derivative of (f> in the direction of r 2 . Hence 
id <jj is V/iZ 2 , or 

(3), 

nch is the required expression for the gradient. 

We may regard this as the result obtained by operating on the 
iction <f> with the vectorial differential operator 




tat this operator is invariant is clear from the definition of V<£ 
nch is independent of parameters. The operator V plays a funda- 
jntal part m the following argument, for all our invariants are 
pressible in terms of it. When the parametric curves cvre orthogonal 
takes a simpler form. For then F = 0 and if 2 = EG, so that 

- i a 1 a 

*-E Tl du + G ra dv’ 

form which will frequently be employed when it is desired to 
nplify the calculations. 

E3x. Prove the following relations : 

V<£ • Vyfs - ^ [E<pn fa - F (0! fa + <f>z fa) + (70! ^ J, 

V0 X Vyjr = ^ («}bi ^2 - 0 2 ^i) n. 



115. Some 

v are given by 



applications. The gradients of the parameters 
G F 



Vu = 



H i 1 H 2 a> 



Vv = 




F 

H 2 * 1 ’ 



that 

d therefore 



Vu x Vu = p 
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Hence (Vw) a =-^= G(Vu x Vv f, 

Vu • Vv - - ~ = -F(Vu x Vv)*, 

(Vv)* = ^- 2 = E(Vux Vv )*. 

If then it is desired to take as parametric variables any two func- 
tions <f>, yfr, the corresponding values E, F, U, H of the fundamental 
magnitudes are given by 

H*= ' 1 

( V<f>xVf )* 
and 

F=>E*(Vf)*, F=-H*Vcj)>Vy{r, G = B* (v<f>)*. 

If the parametric curves are orthogonal we have simply 

In order that curves u = const, may be a system of geodesic 
parallels, E must be a function of u only (Art 56). Hence a 
necessary and mfficient condition that the curves <f> = const. he 
geodesic parallels is that (V<£) ! he a function of <f> only. If the 
parameter <jj is to measure the actual geodesic distance from a 
fixed parallel, we must have (V<£) a = 1 
The following application of the gradient will be required later. 
If O' is a curve on the surface joining two points A, B, the definite 
integral from A to B of the resolved part of V<f> tangential to the 
curve is 

t being the unit tangent to the curve. Thus, if A is fixed, the 
definite integral is a point-function determined by the position of 
B. If is single-valued, and the definite integral is taken round 
aclosed curve, 0* becomes equal to <j, A and the integral vanishes. 
When the path of integration is closed we denote the fact by 
a small circle placed at the foot of the integral sign Thus 



( 4 ). 
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Conversely, suppose that the vector F is tangential to the surface, 
and that Jf»cZt vanishes for every closed curve drawn on the 

[B 

surface. Then J F»dr must be the same for all paths joining A 

and B. If then A is fixed, the value of the integral is a pomt- 
function ()> determined by the position of B. Hence, for any small 
displacement dr of B, we have 

F • dr = d<j> = V<j) • dr. 

This is true for all values of dr tangential to the surface. Hence, 
since F and V<£ are both tangential to the surface they must be 
equal, and we have the theorem • 

If a vector point-function F is everywhere tangential to the surface, 

and J F • dr vanishes for every closed curve drawn on the surface, 
then F is the gradient of some scalar point-function. 

116. Divergence of a vector. The operator V may be applied 
to a vector function F in different ways One of these leads to a 
scalar differential invariant, which we shall call the divergence of 
F and shall denote by div F or V • F. We define it by the equation 
div F = V • F 



_1 (ndF_ F dy\.]^ r J F dF_ dF\ 
-H* 1 'Vdu F d v) + H* * [ F dv F d J* 



That this is invariant with respect to the choice of parameters 
may be shown by actual transformation from one pair to another. 
But it is unnecessary to do this, as the invariant property will follow 
directly from another expression that will shortly be found for 
div F, which is entirely independent of coordinates. 

To illustrate the importance of the divergence function, consider 
the divergence of the unit normal n to the surface. Thus 

div n =-^- a r x • (Gnj, — Fn *) + jjp, r a • (-^ n s “ 



and, on substitutmg the values of n x and n a given in Art. 27, we find 
div n = - {EN- 2 FM+ GL ) i ° 

= -J (5), 



where J as usual denotes the first curvature. Hence: 
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The first curvature of a surface is the negative of the divergence 
of the unit normal *. 

If R i 8 a scalar point- function we may find the divergence of Rn 
in the same manner. Then, remembering that n is perpendicular 
to i*! and r, we find 

div Rn = R div n = - JR (0). 

The first curvature of a minimal surface vanishes identically. 
Hence minimal surfaces are characterised by the relations 
div n = 0 

or div Rn = 0. 

It will be convenient to have an expression for the divergence 
of a vector in terms of the components of the vector. Suppose, for 
instance, that 

F « Pr, + Qr t + Rn. 

Then clearly, from the definition, 

div P = div (PrO + div (Qr t ) + div (Rn). 

The value of the lost term has already been found. Consider the 
first term. We have 

div Pr, = ir,. [0 (P,r, + P r„) - P(P,r, + Pr,,)] 



+ • [E (P 9 r, + Pr„) - P( l\r x + Pr,,)] 



= Pi + 












* The reader who ib familiar with the thrro-paramatrio divergence will reeugniiw 
that (5) ib trae also for this value of div n. For tho two funotione differ only by the 

terra n • where ^ denotes differentiation along the normal. But n in porpen* 

dioular to its derivative, beoanne it is a vector of constant length. Thus tho v&iuo 
of the extra term is zero. 

This provides a formula for the first ourvnture of a surface of the family 
F(as, y, i)m const. 

For the unit normal is the veotor 

/Id*’ 1 dF 1 dF\ 

”\/i 5J’ p Sy * ftlit)* 



where 



. /dF\* , ( dF \ * , fdF\* 

'•■(«?) + w + w • 



Hence exoept for sign, whioh m arbitrary without some convention, 
Jeadivn 

3 / 1 3 F\ 0 fl dF\ 0 /I dl<'\ 

“5S U G) + 3J u + s u Ti}- 
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Similarly -we find div Qr a = ^ ^ {HQ). 

Hence the complete formula 

diTP =ff£ (jffP)+ ^ ( - ffe) ]“ ra (7) - 

An important particular case is that in which the vector F is 
equal to the gradient of a scalar function <f>. The divergence of the 
gradient* of <j> is V • V<J> and will be written V 3 </> The operator V s 
is analogous to the Laplacian of three parameters. Inserting in (7) 
the values of P and Q found from (3), we have 

: <» 

When the parametric curves are orthogonal this takes the simpler 
form 

V, *=vi (8,) - 

117. Isometric parameters. From the last result it follows 
that, when the parametric curves are orthogonal, 

-*<**»($) 

by Art. 115. If then u, v are isometric parameters, so that 
ds? = \(du' + dw J ), 

the quotient O/E is constant, and therefore V*u = 0. Conversely if 
P = 0 and also V*u = 0 it follows from the above equation that O/E 
is constant, or a function of v only, so that 
ds 3 = X (dii? + Vdv 3 ). 

We may then take JWdv for a new second parameter, and our 

parameters are thus isometric. Hence the theorem: 

* The invariant V 3 <p lfl identical with Beltrami's differential parameter of the 
second order, A^<p. 



IB— 2 




228 DIFFERENTIAL INVARIANTS FOR A SURFACE [XII 

A necessary and sufficient condition that u be the isometric para- 
meter of cm family of an isometric system is that Vhi = 0. 

Again, if the square of the linear element is of the form 
ds* = \(Udu a + Vdv*), 

where U is a function of u only, and V a function of v only, the 
parametric curves are isometric lmes (Art. 39). Also 



V*M = 



2Gdu 



(£) 



2G U'~~ 2 A’ U 



= -^(Vuff(u), 

where f(u) is a function of u only. Conversely if Vhi/(Vu) 2 is a 
function of u only, the curves u = const, and their orthogonal 
trajectories v = const, form an isometric system. For since 



it follows, in virtue of the last equation, that 
d_ ( G\ _ 2 _ (Vw) 



3 u\EJ (Vu) a (Vv) 



./(«) 






Thus 



3 . G 



-/(«). 



3 a G 

and therefore log ^ = 0, 

showing that the parametric curves are isometric Thus: 

A necessary and sufficient condition that a family of curves 
u = const, and their orthogonal trajectories form an isometric system 
is that Vhi/<y U y be a function ofu. 

118. Curl of a vector. The operator V may he applied to a 
vector function F in such a way as to give a vector differential 
invariant. We shall call this the curl or rotation of F and denote 
it by curl F or V x F. It is defined by the equation 



curl F = V x F 



=m r ' x 







The invariant property of this function will appear from another 
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expression that will be found for it, entirely independent of co- 
ordinates. 

Consider first the curl of a vector Bn normal to the surface 
Then 

curl 72n = i r x x [G (i^n + Bn x ) - F(B a n + Bn,)] 

+ r a x [E (B a n + J2n a ) - F (R 1 n + Bn^]. 

On substituting the values of n 2 and n a as given m Art. 27 we find 
that the terms involving these derivatives disappear, and the 
formula may then be written 

curl Bn = VBxn (9), 

We may notice that this vector is perpendicular to n and there- 
fore tangential to the surface. If B is constant, VB vanishes, so 
that the curl of any normal vector of coinstant length vanishes identi- 
cally In particular the curl of the umt normal is zero: or 

Vxn = curln = 0 (10). 

And we may here notice also that the curl of the position vector r 
of the current point on the surface vanishes identically or 

Vxr = curlr = 0 (11) 

As m the case of the divergence we may find an expansion for 
curl P in terms of the components of P. For, if 
P = Fr 1 + Qr a + Bn, 

we have curl F = curl Pr 2 + curl Qr a + curl Bn 

The value of the last term has already been found The first term 

is equal to 

oarl -Pr.-j^r, x [ff (P,r, + Pr n ) - F (P.r, + Pr„)] 

+ ^r, x [J?(P,r a + Pr„) - P(P,r, + Pr a )]. 

On substituting the values of r„ and r M as given by Gauss’s formulae 
( Art. 41) we find on reduction 

curling (PP) 

Similarly a 1 0 

curl Qr a = ^ (QQ) - ^ (FQ)J n + - Mr a ). 
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Taking the sum of the three results, we have the complete formula 

curl F = I [1 (FP +OQ ) - ^ (JBP + J®] n+^PM+QN) r, 

.-^(.PL+QM)t, + VRxu (12). 

One important consequence of this may be noticed. If we put 
F = V<£, and substitute the corresponding values of P and Q as 
found from (3), the coefficient of n vanishes identically. Thus: 

The curl of the gradient of a scalar point-function is tangential 
to the surface. 

An equally important converse will soon be proved, viz. ■ If both 
F and curl F are tangential to the surface, then F is the gradient 
of some scalar function. 



119. Vector functions (cont.). We have seen that o • V<£ is 
the derivative of cf> in the direction of the unit vector c. The same 
operator c • V may be applied to a vector function, giving the 
derivative of the vector in that direction. Thus 






is the derivative of F in the direction of c. As a particular case 
put c = rj*/13 and we find for the derivative of F in this 
direction 

S ^ E LB (OF,- FFJ + F(EF,- FT,)] 

_ JLf _j_?e 

fE' >JEdu 

as required Though this interpretation of c • VF as the “rate of 
change” of F in the direction of c is applicable only when c is 
tangential to the surface, we define the function c • VF for all 
values of c by the above equation. 

Similarly the operator V* defined by (8) may be applied to a 
vector point- function, giving a vector differential invariant of the 
second order. As illustrations we shall calculate the values of V 9 r 
and V a n, where r and n have their usual meanings We lose no 
generality by taking orthogonal parametric curves. Then, m virtue 

of (8'), 
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'■'-^(-VsKK'VU 

“V23[^(\/$) ri+ \/l( i ' a+ S r,_ ' H r ’) 

Thus V a r = Jn (13) 

is the required relation. 

Cor. 1. From this equation and (6) we have 
V.V» r = -J* 

Cor. 12. The current point r on a minimal surface satisfies the 
equation 

V a r = 0. 



Next consider the function V a n. For simplicity in calculation 
we shall take the lines of curvature as parametric curves. Then 
F= 0,M=0 and 

L N 



Hence by (8') 

V a n = — 



1 

*Jm [} 






Then in virtue of Gauss’s formulae for r u and r^, and the Mamardi- 
Codazzi relations, this reduces to 



V a n = 



(I? N*\ (l 0,1 d\(L N\ 

= (® j + ev“ U ri 0u + e r! 8jU + a) 

= -[J‘-2K]n-VJ (14), 

which is the required formula, K as usual denoting the second 
curvature 

Since VJ is tangential to the surface, by formmg the scalar 
product of each member of (14) with n we deduce 
2K = n .V*n + J* \ 

= n • V a n + (V • n) a J 
which may also be written 

2if = n • V a n — V • V a r (16) 



• (15). 
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Thus the second curvature is a differential invariant of n of the 
second order. 



120. Formulae of expansion. If <f) denotes a scalar point- 
function, and XJ, V vector point-functions, we require expressions 
for the divergence and the curl of the functions <j > U and U x V, in 
terms of the differential invariants of the separate functions. The 



formulae required may be expressed* 

V • (<£U) = V0 . U + <£V .U (17), 

V x(<£U) = V0xU + 0V xU (18), 

V.(UxV) = V.VxU-U.VxV (19). 



For brevity of expression in the proof of these we may suppose 
the parametric curves orthogonal. Then 

V . (*U)- ir, . (fan + £U.) + g r, . (fa U + <£U,) 

” r - ' * + & r » &) * u + + (j : «i * V + g r . • U.) 

= V(f> • U + 0V . u, 

which proves (17), and (18) may be established in a similar 
manner. In the case of (19) we have 

V.(IXxV) = ; ir 1 .(U 1 xV + UxV I )+Ir,.(U a xV + UxV 1 ). 

Then since the dot and the cross m a scalar triple product may 
be interchanged, provided the cyclic order of the factors is main- 
tained, we have 

V . (U X V) = (i r, x V, + 1 r, x U.) . V - U . Q, r. x V, + . . . ) 

= V« V xU-U.V X V 

as required 

As examples, apply (17) and (18) to the function Rn. Then 
div Rn = VR .n + iZdivn. 

But VR is perpendicular to n, and div n = - J. Hence 
div Rn = — JR 



* For oU»r (Ormola. w 1 7 of th. aatW, p 8pOT "On Di&nibl IhnrUnta 
etc , already referred to, or Examples XV below. 
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as previously found Similarly 

curl Rn = V22 x n + R curl n. 

But curl n = 0, and therefore 

curl Rn = VR x n, 
agreeing with (9). Again 

div ourl Rn = div (VR x n) 

= n • V x VR — VR . V x n. 

Now each of these terms vanishes; the first because curl grad R is 
tangential to the surface (Art. 118), and the second because 
curl n = 0 Hence 

div curl -Rn = 0 (20). 

Thus if a vector function is everywhere normal to the surface, the 
divergence of its ourl vanishes identically. 



Ex. 1. Show that divr=2. 

Ex. 2. Show that div Jt=t» VJ+2J 
and ourl «/r=V«/xr. 

Ex. 3. Prove the formulae • 

v(<^)=4>v^+^v$, 

V 2 + 2 V0 • V^+ ^V 2 #, 

V X V (0^) = <f> V X + t//V x Vqf>. 



121. Geodesic curvature. Take any orthogonal system of 
parametric curves, and let a, b be unit vectors in the directions of 
r, and r a , so that 

0 _ r i r a 

a_ 7 E' b w 

Then a, b, n form a right-handed system of mutually perpendicular 
unit vectors, such that 

axb = n, bxn = a, nxa=b. 

The vector curvature of the parametric curve v = const, is the arc- 

1 3a 

rate of change of a m this direction, which is equal to 

— r -~ E '-r 
3 H~duWB/ -JE a ZEJE' 
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by Art. 41. Hence the vector curvature of the curve v — const, is 
£ E * T> 

E 2 E»jQ 

The normal component of this, L/E, is the curvature of the 
geodesic tangent, or the normal curvature of the surface in the 
direction of a. The tangential component is the curvature relative 
to the geodesic, or the geodesic cwrvature (Art 53). Since this is 
regarded as positive when the relative curvature is in the positive 
sense for a rotation about the normal, the geodesic curvature of 
v = const, is the coefficient of b in the above expiession, or 

K o~ 5Ay<r 

Now the divergence of b is, by (7), 

1117 (vs ) = h sli(7e) = 7/W^ S)= 2A V(? 

— *»• 

Hence the geodesic curvature of the parametric curve v = const, is 
the negative of the divergence of the unit vector b. But the para- 
metric curves v = const, may be chosen arbitrarily. Hence the 
theorem : 

Given a family of curves on the surface, with an assigned positive 
direction along the curves, the geodesic curvature of a member of the 
family is the negative of the divergence of the unit vector tangential 
to the surface and orthogonal to the curve, whose direction is obtained 
by a positive rotation of one right angle ( about the normal ) from the 
direction of the curve 

The same result could have been obtained by considering the 
curve u= const In this case the vector curvature is 
1 db_E 0, 

•JGdv'G* 2 GJE*' 

The geodesic curvature of u = const is the resolved part of this in 
the direction of — a, which is the direction obtained by a positive 
rotation of one right angle from b about the normal Hence 
__G 1 
K ° ~ 1G*jE' 

But this is equal to div a, and is therefore the negative of div (— a), 
as required by the above theorem. 
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Bonnets formula for the geodesic curvature of the curve 
cf) (u, v ) = const. (Art. 55) follows immediately from this theorem. 
For the unit vector orthogonal to the curve is V<£/ j V<£ | . But 



I V* | = if VW - 2F <h<h + G<k')> 



and therefore 



i_ r a ( ~ f< &* \ 

= H du w - 2 Ffrfa + GW)) 



3/ Efr-Fh \1 
+ dv WW - 2 Ffrh + GW )) J * 

The sign is indeterminate unless one direction along the curve is 
taken as the positive direction. 

Another formula for the geodesic curvature of a curve may be 
deduced from the above theorem. For if t is the unit tangent to 
the curve, the unit vector orthogonal to the curve in the sense 
indicated is n x t. Hence the required geodesic curvature is 
K g = — div (n x t) 

= n • V xt-t.V xn 

by (19). But curl n is zero, and the last term vanishes, giving 
K g = n -curlt (22). 

Hence the theorem: 

Given a family of curves on the surface, with an assigned positive 
direction along the curves, the geodesic curvature of a member of the 
family is the normal resolute of the curl of the unit tangent. 

We may observe in passing that, since the parametric curves are 
orthogonal, the curl of the unit tangent a to the lme v — const, is, 

by (12), 

curl a = -r=. a — -= b - , n n, 

Vj EG E 2 E^G 

,.<ii i . N - G\ 

and similarly curlb^a-^b-)- 

If now we form the vector product curl a x curl b, the coefficient 
of n in the expression is equal to ( LN — M a )fE a or K. Hence the 
second curvature is given by 

K = n • curl a x curl b 

= [n, curia, curlbj 



.( 23 ). 
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Ex. Deduoe from (22) that 

K„=*n» curl (ri v! + r 2 i/) 

-3S (W+ ^ - 3 %^+™!- 

EXAMPLES XV 

1. Prove that divr=2 and curlr=0. 

2. Verify the values of curl PV\ and ourl $r a given m Art 118. 

3 . If <f> is a point-function, and Fia a function of $, show that 

vF'nF'vQ. 

Hence, by means of (17), prove that 

V*F=F"(v<t>) > +F , V*<l> 

4. If F=F(cf> f fa ...) is a funohon of several point-functions, show that 

V ^“!!f V ^ + §f V 'J r+ • 

5 . If u, v are geodesio polar coordinates, so that E=*\ t F=0 and H 3 =G, 
show that 

V<f) = <l)lTi + Q ( l ) 2 T i 

“ d **-*&“«+* a®)- 

Henoe, if E is a funotion of u only, show that j ^ satisfies the equation 
v 3 0=O; and also that 

E= -V s log ET. 

e. ift is a unit vector tangential to the surface, and b=t x n, show that 
the normal curvature in the direction of t is - (t • vn) • t, and the torsion 
of the geodesio in this direction (t • Vn) • b Deduoe Euler’s theorem on normal 
ourvature (Art. 31), and the formula (« b — K a ) sin 8oos6 for the torsion of the 
geodesio. 

7. Show that the directions of c and d on a surfaoe are conjugate if 
(c« Vn)*d=0; and hence that the asymptotio directions are such that 
(d • Vn) ■ d=0. Deduce the differential equation of the asymptotio lines 

(dr* vn)«oJr=0. 

8 . If t is the unit tangent to a line of curvature, show that (t • vn) x t = 0 
Deduoe the differential equation of the lines of ourvature / 

(dv Vn) x dr =0. 

9. If a, b are the unit tangents to the orthogonal parametno curves 
(Art. 121), show that 

Z=(a» va) • (b • vb)- (b • va) • (a - vb), 
and also that E » - div (a div a+b div b). 
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121 ] 

1 0. As in Art 120, prove the formulae 

v x (U x V)= V »vU— U • vV+Uv • V— Vv U, 
v(U« V)=V* vU+U • vV+Vx VxU+UxVxV. 

1 1 . If c is a constant vector, show that 

v(o«U)-e. vU + C X curl U, 

V«(cxU)=- c • curl U, 
v x (o x U)=c div U-c • vU. 

12 . if a is tangential to the surface, show that 

a» vr-a. 

And, if c is a oonstant vector, 

v(c»r)=c» vr, v*(cxr)«=o, 
vx(cxr)=2c-c«vr. 

13. Prove that U« vU=ivU 2 -UxcurlU. 

14. If r is the position vector of the current point on the surface, and 
jo=r • n, prove that vr 9 is twice the tangential component of r, and that 

(vr 2 ) 2 -4(r *-p*). 

Also show that V 2 r 2 =2 (2+pJ) 

15. If F is a function of <p and fa deduce from Ex. 4 that 

and that 

16 . If*,y, s are the rectangular coordinates of the current point on the 
surface, and l, m,n the direction cosines of the normal, show that 

(Vs) 2 +(Vy) 9 +(V«) 2 ~2 

and (vZ) a +(Vm) 2 +(Vra) 9 =,7 2 -22r. 

17. If y = | V(f> | , prove that the geodesic curvature of the curve <p = const 
is given by 

y V 2 (j> — Vy • V(f> 

W 1 

18. Prove that a family of geodesics is characterised by the property 
Zl • curl t=0, t being the umt tangent. Deduce that t is the gradient of some 
scalar funotion yfr , and that the curves conet. are the geodesic parallels to 
the family of geodesics, ^ measuring the actual geodesio distance from a fixed 
parallel 

1 9 . Show that the equation of the indicatnx at a point is (r • Vn) • r= - 1, 
the point itself being the origin of position veotors. 
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20 . Prove that the second curvature is given hy the formula 

22T=(V a r) a - 2 (curl grad a?) 8 . 

». v,e 

21. If p=r*n, show that vp=r*vn 

and v 2 p=p(2K- J 3 )- J-r* VJ 

=»p (2 K—J*)+J -divJr 
Hence, in the oase of a minimal surface, 

V a p=2 pE. 

22. Prove the relations 

div curl 0V = V • V x V0+0V • V x V, 

V s (0 V) = 0 v a V + 2 V0 • v V + Vv a 0. 

Transformation of Integrals 

122. Divergence theorem. We shall now prove various 
theorems connecting line integrals round a closed curve drawn on 
the surface, with surface integrals over the enclosed region. These 
are analogous to the three-parametric theorems of Gauss, Stokes 
and Green, and others deducible from them. Let G be any closed 
curve drawn on the surface ; and at any point of this curve let m 
be the unit vector tangential to the surface and normal to the 
ourve, drawn outward from the region enclosed by 0. Let t be the 
unit tangent to the curve, m that sense for which m, t, n form 
a right-handed system of unit vectors, so that . 

m = txn, t = nxm, n=mxt 
The sense of t is the positive sense for a description of the curve. 
If ds is the length of an element of the curve, the corresponding 




displacement dr along the curve in the positive sense is given by 
dr = td«. 

Consider first a transformation of the surface integral of the 
divergence of a vector over the region enclosed by 0. The area 
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dS of an element of this region is equal to Hdudv. If the vector 
P is given by 

F = Pr 1 + Qr a + Pn, 

then by (7) 

and the definite integral of div P over the portion of the surface 
enclosed by G is 

JJdiv TiS-jj^(EP)+^(HQ)^ dudv-fjjRdS 

=J [HP]*dv + J[3Q]*du -fj JRdS, 

N, M being the points in which the curve v = const, meets G, and 
B , A those in which u = const, meets it. If now we assign to du at 
the points B, A and to dv at the points N, M the values corre- 
sponding to the passage round 0 in the positive sense, the above 
equation becomes 

II div FdS = J EPdv—j EQdu- JJjRdS. 

Consider now the line integral J F • m ds taken round G in the 

positive sense. Clearly Pn • m = 0, and mds = t x nds = dr x n. 
- Hence 

J P . m ds = J (Pr 1 + Qr t ) • fo du + r a dv)x ^ . 

In the integrand the coefficient of du is 

j (Pr, + Qr,) • (Ft, - Er.) = -EQ 
and the coefficient of dv is 

l(Pr 1 + Qr fl ).(Gr 1 -Pr s ) = HP, 



so that J F»m ds=J 



EPdv- 



I EQdu. 

ihe surface 
which may 

JJdiv P dS = j Fluids — JJ JF * nd$ (24). 



Comparing this with the value found for the surface integral of the 
divergence, we have the required result, which may be wntten 
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This is analogous to Gauss’s “divergence theorem/’ and we shall 
therefore refer to it as the divergence theorem . The last term in (24) 
has no counterpart in Gauss’s theorem, but it has some important 
consequences in geometry of surfaces, and in physical problems 
connected therewith. 

From this theorem the invariant property of divF follows 
immediately. For, by letting the curve G converge to a point P 
inside it, we have for that point 

I F«mds 

divF + Jn.F=Lt^- d £ (25). 

Now the second member of this equation, and also the second term 
of the first member, are clearly independent of the choice ol 
coordinates. Hence div F must also be mdependent of it, and is 
thus an invariant. This equation may also be regarded as giving 
an alternative definition of div F. 

123. Other theorems. From the divergence theorem other 
important transformations are easily deducible. If, for instance, in 
(24) we put F = <£c, where <f> is a scalar function and c a constant 
vector, we find in virtue of (17), 

»cdS= j <£c«m ds — •ndS. 

And, since this is true for all values of the constant vector c, it 
follows that 

JJV(f)diSr=>J 4>mds-JJj4>ndS (26). • 

This theorem has some important applications, both geometrical 
and physical. Putting <f) equal to a constant we obtain the formula 

J mds = JJjndjS (27) 

If now we let the curve 0 converge to a point inside it, the last 
equation gives 

( mds 

;• (28)- 

Hence we have an alternative definition of the first curvature of 
a surface, independent of normal curvature or prmcipal directions. 
We may state it: 
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The limiting value of the line integral j mds, per unit of enclosed 

area, w normal to the surface, and its ratio to the unit normal is equal 
to the first curvature. 

In the case of a closed surface another important result follows 
from (27) For we may then let the curve G converge to a point 
outside it. The line integral in (27) then tends to zero, and the 
surface integral over the whole surface must vanish Thus, for 
a closed surface, 

f[jndS = 0, 

the integral being taken over the whole surface. In virtue of (13) 
we may also write this 

JJv a rdS= 0 . 

Again, apply the divergence theorem to the vector F x c, where 
c is a constant vector. Then by (19) the theorem becomes 

c • JJ curl F dS = c m x Fds - c •ffjn x FdS. 

And, since this is true for all values of the constant vector c, we 
have 

jJcurlFd£ = J m x Fds - jfjn xFdS (29) 

This important result may be used to prove the invariant property 
of curl F. For, on letting the curve G converge to a point inside 
it, we have at this point 

I m x Fds 

curl F + JnxF = Lt Jo (30). 

ou 

Now each term of this equation, except curl F, is independent of 
the choice of coordinates. Hence curl F must also be independent. 
It is therefore an invariant. The equation (30) may be regarded 
as giving an alternative definition of curl F. 

In the case of a minimal surface, J= 0 Thus (26) becomes 



= | (funds , 

J o 



W. 



10 
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and from (27) we see that 

| mcfa = 0 

for any closed curve drawn on the surface. Similarly (29) becomes 
J I curl FdS = j mxF ds. 

In particular if we put for F the position vector r of the current 
point, since curl r = 0 we obtain 

J r x mefo = 0. 

This equation and the equation J mds = 0 are virtually the equa- 
tions of equilibrium of a thin film of constant tension, with equal 
pressures on the two sides. The one equation expresses that the 
vector sum of the forces on the portion enclosed by 0 is zero, the 
other that the vector sum of their moments about the origin 
vanishes *. 

Analogues of Green’s theorems are easily deducible from the 
divergence theorem. For if we apply this theorem to the function 
<f>Vyfr, which is tangential to the surface, since by (17) 
dlv(0Vi^>) = V<j> • Vi jr + <f>V a yjr 
the divergence theorem gives 

J <f)Vyjr • mds = JJ(V<£ • + ^V 2 ^) dS. 

Transposing terms we may write this 

jjv<£ • VtydS = j <f > m • V-^rcfo — JJ<f>V B yfrd$ (31). 

On interchanging <j> and yfr we have similarly 

fjv4,.V^frdS=Jy]rm>V<f ) ds-JJr}rV B <f>dS . ..(32). 

These have the same form as the well-known theorems due to 
Green. From (31) and (32) we also have the symmetrical relation 

J ((f>V^-fVcf>).mds=JJ(<f>Vy-ylrV‘<f>)d / S ..(33). 

* For the application of these theorems to the equilibrium of stretohed mem- 
branes, and the flow of heat in a ourved lamina, see the author’s paper already 
referred to, §§ 16-17. 
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If in this formula we put yjr = const., we obtain the theorem 

jm*V<f>d8=jjv*<f>dS (34), 



which could also be deduced from the divergence theorem by 
putting P = V<£. 

Geodesic polar coordinates and the concept of geodesic distance 
may he used to extend this theory in various directions*. But for 
fear of overloading the present chapter we shall refrain from doing 
this. 

124. Circulation theorem. Consider next the definite 
integral of n • curl P over the portion of the surface enclosed by 
the curve G (Fig 27). If, as before, P = Pr, + Qr, + Bn, we have 
in virtue of (12) 

n . curl P = I {A (FP + <JQ) _ ® (EP + _FQ)j. . 

Henoe, smce dS= Hdudv, the definite integral referred to is 
JJn.VxF<25= JJ^(FP + GQ)-^(EP + 

= f[FP + GQ]*dv-f[EP + EQfdu. 

If now we assign to dv at JV, M and to du at B, A the values corre- 
sponding to the passage round G m the positive sense, this becomes 

JJn*V x Fd$ = J ( FP + GQ) dv+J (BP + FQ ) du. 

But the line integral 

J F • dr = j (Ptj + Qr a + Bn) • (r,du + r 2 dv) 

= f (EP + FQ) du + J (FP + GQ) dv. 

The two integrals are therefore equal, so that 

J jn • curl FdS = jF»dr (35). 

This may be referred to as the circulation theorem, and the integral 
in the second member as the circulation of the vector P round the 
curve 0. The theorem is analogous to Stokes's theorem, and is 
• Loc. cit., § 14. 
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virtually identical with it, since the normal resolute of our function 
curlP is equal to the normal resolute of the three-parametnc 
function. 

If we apply the above theorem to the function <f> c, where 0 is a 
scalar function and o a constant vector, we find m virtue of (18) 



Jjn • V<£ x cdS= | (f> c • dr. 



And, since this is true for all values of the constant vector o, we 
have the theorem 



JJn xV<f>d8=J <f>dr 



which is sometimes useful. 

If we apply the circulation theorem to the function V<£, we find 
JJn • V x V<f>d8 <=j V<£ • dr = 0. 

And since this is true for the region bounded by any closed curve, 
it follows that n • curl grad <f> vanishes identically. Thus the curl 
of the gradient of a scalar function is tangential to the surface , as 
already proved m Art. 118. Conversely, suppose that both P and 
curlF are tangential to the surface. Then, by the circulation 
theorem, 

J F*dr = ^Jn*ourlFd$=0. 

And, since this is true for any closed curve, it follows from Art. 
115 that P is the gradient of some scalar function. Hence the 
theorem- 

If a vector function and its curl are both tangential to the surface, 
the vector is the gradient of some scalar function. 

EXAMPLES XVI 

1 . Show that J r • dr =>0 is true for any closed curve. 

22 . By applying the divergence theorem to the funotion ourl iZn, prove that 
div curl iZn vanishes identically 

3. For a closed surface, prove that the integrals 

J Jn • curl FdS, jjnxvQdS 



vanish identically. 
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4 . Prove the relations 

JJ"V •V(f>dS= J 0V«m da- jJ(0divV+.70n* V)dS 



and 

ffV'VxTJdS= j [U. V, m]d6+jj(U»vxV-JTJxV'n)dS. 

5. If V= 70 and V 2 0=0, show that 

j jlPdS** j 0m • Vds. 

6. If F=70 and 7 2 0= — 27ro-, show that 

j F • mda = j j -2iradS. 

7. Show that j 070 • <fr= - ^ 0v0 • <f r. 

8 . Prom (18) and the ciroulation theorem deduce the relation 

j J<f>n»vxVdS= J 0V*dr- f J?(f>xV»nd$. 

Putting V= V0 in this result^ prove that 

JJv0xv0«ncf/5=J 070«<fr«=-J 0V0*<ir. 

9 . If cp ^=div (pV0), and 0 vanishes over the closed curve 0, Bhow that 

Jfopt^ds-- fjrwrds. 

10. If p=r • n and S is the area of the surface bounded by the closed 
curve 0. show that 



2 S=j vmds-J jjpdS. 



1 1 . Prove the relation 

fvJdS 



f fvJdS = J Jmds-j Jj*nd$. 



Henoe deduoe that 22Tn = V 2 n+Lt 
1 2. Show that, for any dosed ourve, 



Jmds 

dS 1 



j mxrak= j jjnxrdS. 



13. Deduoe formula (34) from the divergence theorem. 

1 4. The pole for geodesio polar coordinates is inside the dosed ourve 0, 
and u is the geodesic distanoe from the pole. In formula (33) put 0=logu, 
isolating the pole with a small geodesic cirde. Lettmg this geodesio circle 
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converge to the pole, deduce the analogue of Green's formula for the value of 
^ at the pole, viz. 

2jn/r =» j (yf,v log u -log • mds+ jj [log u i|r V a log u) dS. 

Hence show that 2v=J m • V lo guds-jjv* log udS. 

15. Show that the formulae of Ez. 14 are true with logH m place of 
log u. 

16. If, m Ez. 14, H is a function of u only, the function 

« f du 

a ~\s 

satisfies V s D=0. Using Q m place of log -a in that ezercise, prove the for- 
mulae 

2 mfr=J (^a-Q^)»mds+Jjav a ^dS 

and 2 jt= J m •VQds. 

The latter is analogous to Gauss’s integral for 4tt. 

1 7 Prove the following generalisation of (31) : 

yj?TvU.vF^=J OWW*mds-fjlTdiv(WvV)dS 



■/.' 



VWvU*mds- jj Vdxv(WvU)dS. 



18. A necessary and sufficient condition that a family of curves on a surface 
he parallels is that the divergence of the unit tangent vanish identically. (See 
Art 130.) 

1 9 . The orthogonal trajectories of a family of parallels constitute a family 
of geodesics', and conversely. (Ez 18.) 

20. The surfaoe integral of the geodesic ourvature of a family of curves 
over any region is equal to the circulation of the unit tangent round the 
boundary of the region. Hence this circulation vanishes for a family of 
geodesics. 

21. If S is a vector point-function for a given surface , the vector Si x 
is independent of the choice of parametric curves. (Art. 131 ) 

22. A necessary and sufficient condition that an orthogonal system of curves 
on a surface may he isometric is that, at <my point, the sum of the derivatives of 
the geodesic curvatures of the curves, each m its own direction, be zero. 

23. An orthogonal system of curves cutting am isometric orthogonal system 
at a variable angle 8 will itself he isometric provided V 2 #=0. 



-I 



T 



1 



“■ir 



1 
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CONCLUSION 

FURTHER RECENT ADVANCES 



125. Orthogonal systems of curves on a surface. Since 
this book was sent to the press, several important additions have 
been made by the author to our knowledge of the properties of 
families of curves and surfaces, and of the general small deformation 
of a surface. A brief account is here given of the new results es- 
tablished, and it will be seen that the two-parametnc divergence 
and curl introduced in Chapter XII play an important part in the 
theory. 

We are already familiar with the theorem of Dupin, which states 
that the sum of the normal curvatures of a surface in any two 
perpendicular directions at a point is invariant, and equal to the 
first curvature of the surface (Art. 31). The author has shown that 
this is only one aspect of a more comprehensive theorem dealing 
with the curvature of orthogonal systems of curves drawn on the 
surface — a theorem specifying both the first and the second curva- 
tures*. Let the orthogonal system considered be taken as parametric 
curves, and let a, b be the unit vectoi s tangential to these curves. 
Then the vector curvature of the curve v = oonst is (Art. 52) 



J_9a = Z 
\f E 3 u E 



2/vff b ”2 n-1,diTb 



and that of the curve u = const, is 



1 3b IV G x IV 

Tea v~o n iG-jE*~G n adlTa “ 



The sum of these vector curvatures has a component Jn normal to 
the surface, and a component — (adiva + bdivb) tangential to 
the surface. Now the divergence of the latter component, by (7) 
of Art. 116, has the value 



_ 1 

2 *JEG l> WEGJ dv WeQ/ J 

1 [3/1 3Vg| J/ l 3 
“ ~EG \3 U du ) dv \*/Q dv ) J * 



* “Some New Theorems m Geometry of a Surface,” The Mathematical Gazette, 
Vol. 18, pp. 1 — 6 (January 1928). 
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which is equal to the second ourvature K, in virtue of the Gauss 
characteristic equation. Hence the theorem: 

The sum of the vector curvatures of the two curves of am, orthogonal 
system through any point has a normal component whose magnitude 
is equal to the first curvature of the mrface , and a tangential com- 
ponent whose divergence is equal to the second curvature at that 
point. 

The normal component of this vector curvature is thus invariant, 
being the same for all orthogonal systems This is substantially 
Dupin’s theorem. The tangential component is not itself invariant, 
but it possesses an invariant divergence. The behaviour of this 
component is expressed by the following theorem*- 

The vector curvature is the same for orthogonal systems that cut 
each other at a constant angle. If however, the inclination 0 of one 
system to the other is variable, their curvatures differ by the tangential 
vector curl {On), whose divergence vanishes identically. 

Since the divergence of the normal component Jn is equal to 
— J\ we also have the result : 

The divergence of the vector curvature of an orthogonal system on 
the surface is invariant and equal to K — J*. 

126 . Family of curves on a surface. Again the author 
has shown f that many of the properties possessed by the generators 
of a ruled surface do not belong exclusively to families of straight 
lines on a surface, but that a family of curves on any surfaoe 
possesses a line of striction and a focal curve or envelope, though 
these are not necessarily real. When the surface is developable, 
and the curves are the generators, the focal curve is the edge of 
regression. 

Consider then a singly infinite family of curves on a given 
surface, and let these be taken as the parametric curves v = const. 
If a curve v meets 9 , consecutive curve v + dv, a pomt on the former 
corresponding to parameter values (u, v) must be identical with 
some pomt on the latter with parameter values {u + du, v +■ dv), or 

r (u, v) = r (u + du,v + dv). 

* For the proof of this theorem see § 6 of the author’s paper just referred to. 

f Loo. at., gg 1 — i. 
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Hence du + r 2 dv = 0. 

Now this is possible only where r x is parallel to r a ; that is to say 
where 

r x x r a = En = 0. 

Hence the required locus of points of intersection of consecutive 
curves of the family is given by 

H=0. 

This may be called the focal curve or envelope of the family; and 
the pomts in which it is met by any curve are the foci of that 
curve. A ourve touches the focal curve at each of its foci. Also 
this focal curve is clearly the focal curve of the family u = const., 
and of the family <£ (u, v) «= const. 

Consider next the possibility of a normal to a curve of the 
family v = const being normal also to a consecutive curve. The 
author has shown* that this is possible only where 

5b©-* 

Now J B r = 0 is the equation of the focal curve. Hence the locus of 
pomts possessing the required property is 

US)- 0 ’ ° r diTa =°- 

This locus may be called the line of striction of the family of curves, 
the line of striction of the generators of a ruled surface being a 
particular case. Hence the theorem: 

Given a one-parameter family of curves on a surface, with t as 
the unit tangent, the equation of the line of striction of the family 
may be expressed 

divt = 0. 

Or, since divt is the geodesic curvature of the orthogonal 
trajectories of the family of ourves, we have the result* 

The line of striction of a family of curves is the locus of points at 
which the geodesic curvature of their orthogonal trajectories is zero. 

An important example is that of a family of geodesics; and for 
such a family the author has proved f the following extension of 
Bonnet’s theorem on the generators of a ruled surface (Art. 72): 



Loe ett , § 2 . 



t Loe. oit., §3. 
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If a curve is drawn on a surface so as to cut a family of geodesics, 
then ‘provided it has two of the following properties it will also have 
the third: (a) that it is a geodesic, (6) that it is the line ofstriction 
of the family of geodesics, (c) that it cuts the family at a constant 



Another theorem is connected with the curl of the unit tangent 
to the family of curves. Since ^ 

, M L. E t 

0Ilrla_ V55 a -B b 2 £V<? n ’ 

it follows that a* curl a is equal to the torsion of the geodesic 
tangent to the curve v = const. (Art. 49), n • curl a to the geodesic i 
curvature of the curve (Art 54), and -b -curia to the normal . 
curvature of the surface in its direction. Hence the theorem ■ j 

If t is the unit tangent at any point to the curve of a family, the : 
geodesio curvature of the curve is n • curl t, the torsion of its geodesio J 

tangent is t • curl t, and the normal curvature of the surface in the ] 

direction of the curve is t x n • curl t. 1 

Since these three quantities vanish for geodesics, lmes of curvature 
and asymptotic lines respectively, it follows that- I 

A family of curves with a unit tangent t will he geodesics if I 

n • curl t vanishes identically ■ they will be lines of curvature if 
t • curl t is zero, and they will he asymptotic lines if t x n • curlt 
vanishes identically. 



127. Small deformation of a surface. The differential 
invariants of Chapter XII have also been employed by the author 
m the treatment of the general problem of small deformation of a 
surface, involving both extension and shear* A surface S under- 
goes a small deformation, so that the point whose original position 
vector is r suffers a small displacement s, which is a point-function 
for the surface; and the new position vector r' of the point is given 
by ' 

r = r + 8. 

It is shown that the dilation 6 of the surface, being the increase of 
area per umt area, is given by 

6 = div s 



1 



1 



* “On small Deformation of Surfaces and of thin elastic Shells,” Quarterly 
Journal of Mathematics, Vol 50 (1925), pp 272 — 296. 
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and that the unit normal n' to the deformed surface S' is expres- 
sible as 

n' = n-nx curl s, 

the change being due to a rotation of the element of surface repre- 
sented by the vector 

curl s — ■ ■J (n • curl s) n. 

The first curvature J' of the deformed surface is found to have the 
value _ 

J r/ = J r +n«V 9 B — 2V«s 

and the second curvature K' the value 

Z' = ( 1 - 2 0)K+K(V* • Vs) . n, 
where V and V* are two new invariant operators with properties 
similar to those of V. Inextensional deformation, m which the 
length of any element of arc remains unaltered, is considered as a 
particular case. 

The above relations are proved at the outset; and the paper 
then goes on to examine in detail the geometry of the strain. The 
extension in any direction at a pomt, or the increase of length per 
unit length of aro, is shown to be t • Vs • t, t being the unit vector 
in that direction ; and the sum of the extensions in two perpendicular 
directions on the surface is invariant, and equal to the dilation 6. 
The values of the ''components” of strain, the existence of principal 
lines of strain, and a geometrical representation of strain are also 
examined. 

The last two divisions of the paper, dealing with the stresses in 
a thin shell and the equations of equilibrium, do not belong to the 
domain of Differential Geometry. 

128. Oblique curvilinear coordinates in space. Much of 
the theory of Chapter XI has been extended by the author to triple 
systems of surfaces which do not cut orthogonally f. Let the three 
systems of surfaces be 

u = const , v = const., w = const., 
the position vector r of a pomt in space being a funotion of the 
oblique curvilinear coordinates u, i>, w. A set of fundamental 

f “On triple Systems of Surfaces and non-orthogonal Curvilinear Coordinates,” 
Pros. Boy. Soo. Edinburgh , VoL 46 (1926). 
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magnitudes for the system of surfaces may be defined by the 
equations 

a = r x a , b = r a a , c = r 8 a , 

/=r a *r 8 , g = r a >r lt h=T 1 *r a , 

the suffixes 1, 2, 3 having the same meanings as m Chapter XI. 
In terms of these quantities the unit normals to the parametric 
surfaces are 

r a xr, r 8 x r l r a x r B 

*/bc—f*’ *Jca — g 3 ’ \/ab — h 8 

Expressions are then determined for the three-parametric gradient 
and Laplacian of a scalar function m space, and for the three- 
parametric divergence and curl of a vector function. 

A formula is also found for the first curvature of any surface 
<f> (u, v , w) = const. 

and the properties of the coordinate surfaces are examined m some 
detail. The intersections of the parametric surfaces constitute 
three congruences of curves, which are studied along the lines 
explained m the following Art. Lastly, a simple proof of Gauss’s 
Divergence Theorem is given in terms of the oblique curvilinear 
coordinates. 

129. Congruences of curves. The method of Arts 103-5, 
in which a congruence of curves is defined as the intersections of 
two two-parametnc families of surfaces, is not very effective. The 
author has shown* that a curvilinear congruence is most advan- 
tageously treated along the same lmes as a rectilinear congruence. 
Any surface cuttmg all the curves of the congruence is taken as 
director surface , or surface of reference. Any convenient system of 
curvilinear coordinates u, v on this surface will determine the 
individual ourves of the congruence, and the distance s along a 
ourve from the director surface determines a particular point r. 
Thus r is a function of the three parameters u, v, 8, or 
r = r (w, v , 8 ) 

and the fundamental magnitudes a, b, c,/, g, h introduced in the 
preceding Art. are again employed. 

* “On Congruences of Ourves.” T&hoku Mathematical Journal, Vol 28 (1927), 
pp. 114—125. 
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By this method the existence and properties of the foci and 
focal surface are very easily established, the equation of the focal 
surface bemg 

[r ls r s> r„] = 0. 

Moreover, corresponding to the developable surfaces of a rectilinear 
congruence, are here introduced what may be called the envelope 
surfaces of the congruence. The number of these to each curve is 
equal to the number of foci on the curve. 

Hitherto nothing was known of points on a curve corresponding 
to the limits of a ray in a rectilinear congruence. The existence 
of such points on a curve is here proved by the following method 
First it is shown that 

Of all the normals at a given point, to the curve of the congruence 
through that point, two are also normals to consecutive curves 

It is then an easy step to the theorem : 

On each curve of the congruence there are certain points ( called 
“limits”) for which the two common normals to this curve and 
consecutive curves are coincident, and the feet of these normals are 
stationary at the limit points for variation of the consecutive curve 

This theorem then leads directly to the definition of principal 
surfaces and principal planes for a curve 

The divergence of the congruence is then defined as the three- 
parametric divergence of the unit tangent t to the curves of the 
congruence. The surface 

divt = 0 

may be called the surface of striction or orthocentric surface of the 
congruence. It is shown to have important properties, being the 
locus of the points of striction or orthocentres, which are the points 
at which the two common normals to the curve and consecutive 
curves are at right angles The orthocentre of a ray of a rectilinear 
congruence is the “middle point” of the ray. 

The properties of surfaces of the congruence (Art 104) are 
examined m some detail; and an expression is found for the first 
curvature of the surface 

v = <j> (u), or ifr ( u , v) = conet. 

In terms of the fundamental magnitudes the necessary and sufficient 
condition that the congruence may be normal is 
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which for a rectilinear congruence is simply f — gi . The first 
curvature of the surfaces, which are cut orthogonally by the curves 
of a normal congruence, is given by 

J = — div t, 

or, i ip denotes the value of the product [r l5 r 2 , r s ], 

6. 

P 

The common focal surface of the congruences of parametric curves, 
for the triple system of the precedmg Art., is given by 

p = 0. 



EXAMPLES XVII 



1. If, with the notation of Chap 
a curve in space is defined by 

V =■ 



I, the one-parametno operator V for 



prove that v«r=l, v*t=0, v«n=-K, v«b=0, 

vxr~0, Vxt=*cb, Vxn=-m, Vxb= -rb. 

Also calculate the one-parametric divergence and curl of (pit, <pn and 0b. 



£2. If, for a given surface, 1 and m are defined by 

1 r a xn H x ri 



show that 1, m, n form the reciprocal system of vectors to r l5 r 2 , n, satisfying 
the relations 

l«ri— 1, m*r a =l, 

and l»r 2 =m»r I =l«n«=m*n=0 

Prove also that 

Hn^Gri-Fr*, H*m=MTi-Fr u 

and similarly that 

ri-Al+^m, r^Al+C'm, 

and show that 

1 2 = GfR\ m *=EIR\ l«m= -F\B*, [1, m, n]-l/5. 

3. In terms of the vectors 1, m of Ex 2, show that 



so that 



1— Vu, m=Vv 



4. Prove that the focal curve of a family of ourves on a suriaoe (Art. 126) 
is the envelope of the family, being touohed by each member at the foci of 
that curve. 
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5 m Show that the focal curve of tho families of parametric curves is also 
the focal ourve of the family (f> («, v)= const. 

6> Prove that conseoutive parametric curves v= const, on a surface can 
possess a common normal only where 

a u\£!) ^ 

and deduce the equation div a=0 for the line of stnction of the family. 

7 . Show that the foci on a generator of a skew surface are two imaginary 
points equidistant from the central point, or point of stnction. Prove that, 
as the specific ourvature of the surface tends to zero, these points tend to 
coincidence , and deduce the dual nature of the edge of regression of a de- 
velopable surface, as formed by the coalescenoe of the focal ourve with the 
line of stnction. 

8 . The parametnc curves are orthogonal, and the curves const, are 
geodesios (divb=0). If a ourve 0 outs these at a variable angle 6, its unit 
tangent is a cos 6 +b am 6 , and its geodesic ourvature is div (b cos 6 - a sin 6). 
Show that this latter expression is equal to 

where d6jdt is the arc-rate of increase of Q along C. Deduoe the theorem of 
Art. 126 on a family of geodesics 

9* An orthogonal system of ourves on a surface is inclined at a vanable 
angle 6 to the orthogonal parametno ourves. Show that the unit tangents to 
the curves are 

(acosd+bsintf), (b cos Q- asm 6) 

Deduoe the value of the tangential component of the vector ourvature of this 
orthogonal system, and show that it may be expressed in the alternative forms 

-(adiva+bdivb)+nx vd, 
or - (a div a + b div b) - curl (0n) 

10 . A surface S undergoes a small deformation as described m Art. 127, 
the displacement s being of the first order, while small quantities of higher 
order are negligible. Show that the fundamental magnitudes for the deformed 
surface are 

E , =JS+2ti»b 1> G I '=G [ +2ra«S2, ^'“-f+to-Sa+ra^Si). 

Deduce that E' = E ( 1 + div b), 

and hence that the dilation 6 is equal to div s. Also show that the umt 
normal can be expressed as 

n'=n-nx curia 
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11. If m, v, iff are (oblique) oumlmear coordinates in space, prove that 
the normal to the surface 0 («, v, w) = const, is parallel to the vector 
0i r a x r 8 +0 s r 8 x ri + 0 3 ri x r a , 

and show that this vector is p times the rate of change of 0 in the direction 
of the normal, where p=[r 1 , r a> r 8 ] 

IS. If the position vector r of a point in space is a function of the three 
parameters u, v, w, while a, b, o,f g, h are the magnitudes of Art 128, and 
A, B, C, F t <?, H are the co -factors of these elements in the determinant 

i)«= a h g 
h b f 
9 f 0 

prove that pr a xr 8 =»Ar 1 +#r a +G ( r 8l 

with two similar formulae. Also show that the unit normals to the parametric 
surfaces are r a x TjJA, etc. 



1 3. With the notation of Ex. 12, if 1, m, n are the reciprocal system of 
veotors to r lt r a , r 3 defined by 

1= iv^rs m _ r 8 xri rixr 2 

P ’ P ’ = P ’ 

show that 1* ri=m • r a =n» r 3 =l, 

while 1 • r s =>m • r^etc =0. 

Prove that ri<=al+Am+gm, 

2?l=Ari+5ra+G , r 8> 

and write down the corresponding formulae for r a , r 8 , m and n. Also show that 
1 a =A/A m *=BID, n *=C/Z>, 

m«n =F/I>, n«l=<?/A l«m« H/J) 



14. If, with the same notation, the three-parametno V is defined by 
V«= 

prove that 

ir» / 



^ +m i +n L 



V X (P1+ §m+5n)=^s (F a - Qs) iv 

Deduce from the former that the first curvature of the parametric surface 
tteaoonsfc. is given by 



-in /a 



pL^ V 



,^) + ^(^) + s(72)]' 



Also prove the identity V • V x F=0, where F is any vector point-function. 
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15. If a, b, o, f, g, h are the magnitudes of Art 128, prove the relations 
ra«ra8=i&3j Ti*r^=h a — &^i> r i* r 23 = $ (gi+h 3 ~/i)> 

and write down all the corresponding formulae 



1 6. With the notation of Exx 12 — 16, show that, for a triply orthogonal 
system of surfaoes (/=< 7 =A = 0), 

D=p i =dbc, F=Q=R=* 0, 

A=bc, JS=ca, C=ab , 
l^rja, m = r 2 /b, n=r 3 /c, 



V 



a du ” r b do 



+ 



Tsd_' 
o dto ‘ 



The first order magnitudes for the surface u=oonst are 6, 0, c; and the 
second order magnitudes are - bf^sfa, 0, - c t /2*/a. The first curvature of the 
surface is 






The second derivatives of r are given by 

rn=i(ail-aam-asn), rs3=i(&3nn-C2n), 
and similar formulae, and the derivatives of 1, in, n by 

b= -^(aii+^na+Os 1 !), la=-^(aal-&im), 

and so on. Lamp’s relations are equivalent to 

OjOs __ c^a a s b a 

ass “l^ := '2^ + '2r* 



k/al [s Gu) + s (^)] + ^" 0 ' 



with similar formulae 



17. With the notation of Art. 129, show that conseoutive curves of the 
congruence can meet only where [r^ Ta, r 3 ]=0. This is the equation of the 
focal surface. 

18 . For any vector point-function m spam, the scalar triple product of its 
derivatives m three non-coplanar directions , divided by the scalar triple product 
of the unit vectors in those directions, is an invariant. 

19. Eor a family of parallel surfaces, the three-parametrio Amotion 
curl n vanishes identically. 

20 . If a family of curves on a surface outs a family of geodesics at an 
ingle which is oonstant along any one curve, the geodesic curvature of any 
member of the former vanishes at the line of striotion of the latter. (Ex 8 ) 

17 



w. 
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130. Family of curves {continued) Some further im- 
portant properties of families of curves on a surface should here be 
mentioned. Consider first the arc-rate of rotation of the tangent 
plane to the surface, as the point of contact moves along one of the 
curves We have seen that the direction of the axis of rotation is 
the direction conjugate to that of the curve at the pomt of contact 
(Art. 35). The author has shown* that 

Iftis the unit tangent for a family of curves on a surface, the 
tangential component of curl t gives both the direction of the accis of 
rotation of the tangent plane, and the magnitude of the arc-rate of 
turning, as the point of contact moves along a curve of the family. 

In the case of a family of geodesics n • curl t vanishes identically, 
and curl t is therefore tangential to the surface. Thus: 

Iftis the unit tangent for a family of geodesics, curl t gives loth the 
direction conjugate to that of t, and also the arc-rate of rotation of the 
tangent plane , as the point of contact moves along one of the geodesics. 

The moment of a family of curves may be defined as follows. 
Consider the tangents to two consecutive curves at two points 
distant ds along an orthogonal trajectory of the curves. The quotient 
of their mutual moment by ds 2 is the moment of the family at the 
point considered. It is a point-function for the surface ; and the 
author has shown thatf the moment of a family of curves with unit 
tangent t has the value t • curl t. This is equal to the toision of the 
geodesic tangent, and vanishes wherever a curve of the family 
is tangent to a line of curvature (Art 49). The locus of such 
points may be called the line of zero moment of the family. Its 
equation is t • curl t = 0. Similarly the line of normal curvature of 
the family is the locus of points at which their geodesic curvature 
is zero Its equation is n* curl t = 0 And the line of tangential 
curvature is the locus of points at which the normal curvature 
vanishes. It is given by n x t • curl t = 0. 

In connection with a family of parallels the author has proved 
the theorem J. 

A necessary and sufficient condition that a family of curves with 
unit tangent t be a family of parallels is that dw t vanish identically. 

* “On Families of Curves and Surfaces." Quarterly Journal of Mathematics, 
Vol 50 (1927), pp 850—301. 

+ hoc. at., § 6. 

X Loc cit., § 7. 
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The quantity div t may be called the divergence of the family. 
Thus the characteristic property of a family of parallels is that its 
divergence is everywhere zero. Further, — divt is the geodesio 
ourvature of the orthogonal trajectories of the family, and, if this 
is zero, the orthogonal trajectories are geodesics. Thus: 

The orthogonal trajectories of a family of parallel curves constitute 
a family of geodesics. And conversely, the orthogonal trajectories of 
a family of geodesics constitute a family of parallels 
Thus to every family of parallels there is a family of geodesics, 
and vice versa. The expression “geodesic parallels” is therefore 
tautological, as all parallels are of this nature. And, in connection 
with the properties of geodesics, the following theorem may also be 
mentioned*: 

If a family of curves on a surface cuts a family of geodesics at 
an angle which is constant for each cmve, the line of normal cur- 
vature of the former is the line of stnction of the latter. 

With the notation of Art 1 22 we may define the fluso of a family 
of curves across any closed curve 0 drawn on the surface, as the 



value of the line integral J t • m ds taken round that curve. Simi- 



larly the value of the integral J t • dr may be called the circulation 

of the family round G. Then from the Divergence Theorem it follows 
immediately that: 

The surface integral of the divergence of a family of curves over 
any region is equal to the flux of the family across the boundary of 
the region. 

Similarly from the Circulation Theorem we deduce that: 

The surface integral of the geodesic curvature of a family of 
curves over any region is equal to the circulation of the family round 
the boundary of the region. 

And since the divergence of a family of parallels, and the geodesic 
curvature of a family of geodesics vanish identically, it follows that- 

For any closed curve drawn on the surface , the fiuco of a family 
of parallels and the circulation of a family of geodesics vanish 
identically. 



* Loc. at., §7. 
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Again, if a, b are unit tangents to the orthogonal parametrio 
curves, we have seen that 

K = — div (a div a + b div b). 

Hence the total second curvature of any portion of the surface is 
given by 

jJiTd$= — J (adiva + bdivb)«mds 



provided the parametric curves present no singularities within the 
region. We may take a family of geodesics as the curves v = const. 
Then div b = 0. And since the geodesics may be chosen arbitrarily, 
subject to possessing no singularity withm the region, we have the 
theorem : 

The integral f t • m div t ds round a closed curve has the same 



vaJ,uefor all families of geodesics, being minus the total second cur- 
vature of the region enclosed. 

If, however, the geodesics of the family are concurrent at a pole 
withm the region enclosed by 0, we must isolate this pole with 
(say) a small geodesic circle O ' , and take the line integral round both 
curves. Then, letting the circle C' converge to the pole, we find 
the limiting value of the line integral round it to be 2 it, and our 
theorem becomes 

\\Kd8 = 2t r — f t • m div t ds. 



This formula expresses the total second curvature of a portion of 
the surface, with reference to the boundary values of the divergence 
and the direction of a family of concurrent geodesics, with pole in 
the region considered. 

This theorem is more general than the Gauss-Bonnet formula 
JjzdS = 2’7r—J Kgds 



for the line integral of the geodesic curvature K g of a closed curve, 
which may be deduced from the above theorem as a particular 
case*. 



131. Family of surfaces. We have shown in Art. 1X9 that, 
if V is the two-parametric operator for a surface, the second our- 

* Loe. eit , 8 8. 
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ature of the surface is given by the formula 
2K = n • V*n + (V • n)>. 

/hen we are dealing with a family of surfaces, n is also a point- 
mction in space; and it should be possible to find a similar formula 
i which V is three-parametric. The author has shown* that, m 
srms of this operator, 

2 K = n • V a n + (V • n ) s + (V x n) 9 , 
formula expressing the second curvature of the surface of a family, 

) a space differential invariant of n This may be transformed and 
ntten 

2 K = div (n divn + n x curl n), 

hich expresses K as the divergence of a certain vector. 

By analogy with the line of stnction of a family of curves, we 
ay define the line of parallelism of a family of surfaces as the 
cus of points at which the normal to a surface is normal also to 
consecutive surface. In terms of three-parametric differential 
variants, the equation of this line may be expressed f 
n • Vn = 0, 
curl n = 0, 

ther of which is equivalent to two scalar equations. With the 
itation of Art. 128, if the given family of surfaces is the family 
= const., the scalar equations are 

i/'r.'uo ifr.'Uo 

iese conditions are satisfied identically for a system of parallel 
rfaces. Thus: 

A necessary and sufficient condition that a family of surfaces he 
rcdlels is that curl n vanish identically. 

In closing, we may mention certain other differential invariants 
point-functions in space, and point-functions on a surface. In 
onection with the former the author has proved the theorem^. 
For any vector point-function in space, the scalar triple product 
its derivatives in three non-coplanar directions , divided by the 
liar triple product of the unit vectors in those directions , is an 
variant. 

* Loc. oit., §2. f Loc. at , §8. $ Loo. cit., §4. 
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If the vector is of constant length, this invariant vanishes. For 
then the three derivatives are perpendicular to the vector, and are 
therefore coplanar. 

There is a similar differential invariant for a point-function on a 
given surface; and, in this connection, the author has proved the 
theorem*: 

For the vector point-function non a given surface , the cross-product 
of the derivatives of s in the directions of two unit vectors a, b tan- 
gential to the surface, divided hy the triple product [a, b, n], is 
independent of the directions chosen. 

Taking the two directions as those of the parametric curves, we 
see that the value of this invariant is S! x s 2 jH. This function is 
therefore independent of the choice of parameters on the surface 
We have already seen that this differential invariant of the position 
vector r of a pomt on the surface is equal to the umt normal n 
And it is easily verified that the same differential invariant of the 
unit normal has the value Kn. If this invariant of any point- 
function s is denoted by A (s), we have the formula 
K = n« A (n) 

for the second curvature of the surface. 

Finally, considering the same invariant of (f>n, where <f> is a scalar 
point-function, we easily deduce that the value of (0in s — cfrjiJ/H 
is independent of the choice of parameters. And, if s is a vector 
point-functon, by considering A (<j> s) we find that s x (^Bj — faBj/H 
is a differential invariant of <f> and s. 

* Loo . cit., §4. See also the author’s paper “ On Isometno Systems of Gurvap 
and Surfaces”. Amur. Joum. of Math., Vol. 49 (1927), pp. 627—534. 
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DIRECTIONS ON A SURFACE 

The explanation of Arts. 23, 24 may be amplified as follows, so 
as to attach a definite sign to the inclination of one direction to 
another on a surface. We define the positive direction along the 
normal as that of the umt vector 

n = Tj x ^1 II 

which we have seen to be a definite vector (p. 4). Then the positive 
sense for a rotation about the normal is chosen as that of a right- 
handed screw travelling in the direction of n. Consequently the 
angle to of rotation from the direction of Tj to that of r s m the 
positive sense lies between 0 and v, so that sin to is positive. For 
any other two directions on the surface, parallel to the umt vectors 
d and e, the angle yjr of rotation from d to e in the positive sense 
is then given by 

Bin|n = dxe, cos yfr = d • e. 

In the case of the displacements dr and Sr, of lengths ds and Ss, 
corresponding to the parameter variations ( du , dv) and (Su, Sv) 
respectively, the angle yjr of rotation from the first to the second is 
such that 



ds Ss sm i/r n = dr x Sr 

= (rj du + r a dv) x (r x Su + r 2 Sv) 

= JET (du Sv — Su dv) n. 

Consequently 

ds Ss sm yfr = H (dm Sv — Su dv). 

Similarly 

eZs&cos yf rr=EduSu + F (du Sv + Su dv) + Gdv Sv. 

In particular the angle 6 from the direction of r x to that of 
(du, dv) is given by 

_ H dv a 1 f „dAi t v ,dv\ 
smB= TEdi' ooa '’ = M i? 3 
Similarly the angle & from the direction of (du, dv) to that of r 2 
(Fig. 11, p 55) satisfies the relations 

^ H du ^ 1 (ndu ~dv\ 

8m ^ = Vff2F’ coa& “v5rS +e S )• 
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NOTE II 

ON THE CURVATURES OF A SURFACE 
In the preceding pages we have avoided the use of the terms 
mean curvature and total curvature for J and K respectively, because 
we consider them both unsuitable and misleading. If any justifica- 
tion is needed for the course we have taken it will be found in the 
following considerations, which show that J is the first curvature 
of the surface, being exactly analogous to the first curvature k of 
a curve. 

It was proved in Arts. 116 and 119 that, for a curved surface, 



V * n — / (1), 

V s r = «7n (2), 

n • V 9 n + (V • n) s = 2if (3), 



the symbols having their usual meanings. If now we wish to 
introduce a one-parametric V for a twisted curve, it must be 
defined by 




Then, with the notation of Chapter I for a curve, 

V • n = t * ^ = t • (rb — «t) = — « (4), 

which corresponds to (1). Further 

V 9 <£ = V . (t<£') = t • (KUfi + t<f> ") = cf>" 

and therefore 

V 9 r = r" = /m (5), 

corresponding to (2). Similarly 

V a n = n" = -r'b — (/c 9 + t 2 ) n — /e't 

and therefore 

n « V 9 n = — (/c a + r 9 ), 

so that 

n • V*n + (V • n) 9 = — r 9 (6), 

which corresponds to (3). These formulae show that J is exactly 
analogous to k as a first curvature, and that 2 K corresponds to 
— r 9 . Thus, as the torsion of a curve is frequently called its second 
curvature, so the quantity K is a second curvature for the surface. 
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This terminology is also justified by the order of the invariants 
involved. For, on comparison of (1) and (3), it is seen that K is a 
differential invariant of n of higher order than J, just as t is of 
higher order than k. And these conclusions are also confirmed by 
the theorem of Art. 126 on the vector curvature of an orthogonal 
system. For this theorem shows that J is determined by the 
curvatures of the orthogonal curves; whereas to find K, it is 
necessary to take the divergence of the tangential component of 
this curvature. Hence K is of higher order than J 
The quantity J is not a “mean” at all. The half of J, which is 
the mean of the principal curvatures, does not occur naturally m 
geometrical analysis And K is not the “total” curvature of the 
surface, any more than t is the total curvature of a curve. The 
relation which exists between the areas of an element of a surface 
and its spherical representation (Art. 87) is not sufficient to justify 
the title; for the theorem expressed by (48) of Art 123 shows that 
J has at least an equal right to the same title. Thus the terms 
first and second are more appropriate, and the author believes they 
will meet with general approval. 
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